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Abstract: A numerical quantity that characterizes the whole structure of a
graph is called a topological index. More preciously topological indices are num-
bers associated with molecular graphs for the purpose of allowing quantitative
structure-activity/ property/ toxicity relationships. These topological indices
correlate certain physico-chemical properties like boiling point, stability, strain
energy etc of chemical compounds. The concepts of hyper Zagreb index, first
multiple Zagreb index, second multiple Zagreb index and Zagreb polynomials
were established in chemical graph theory based on vertex degrees. These in-
dices are useful in the study of anti-inflammatory activities of certain chemical
networks. In this paper, we determine the hyper Zagreb index, first multiple
Zagreb index, second multiple Zagreb index and Zagreb polynomials of the line
graph of 2D—lattice, nanotube and nanotorus of TUC4Cg[p, q] by using the
concept of subdivision.
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1. Introduction

Chemical graph theory is a branch of mathematical chemistry in which we ap-
ply tools of graph theory to model the chemical phenomenon mathematically.
This theory contributes a prominent role in the fields of chemical sciences. A
moleculer/ chemical graph is a simple finite graph in which vertices denote the
atoms and edges denote the chemical bonds in underlying chemical structure.
This is more important to say that the hydrogen atoms are often omitted in
any molecular graph. A topological index is actually a numeric quantity associ-
ated with chemical constitution purporting for correlation of chemical structure
with many physio-chemical properties, chemical reactivity or you can say that
biological activity. Topological descriptors play a vital role in Quantitative
structure-activity (QSAR) and structure- property (QSPR) study.

A nano structure is an object of intermediate size between microscopic and
molecular structures. It is product derived through engineering at molecular
scale. This is the something that has a physical dimension smaller than 100
nanometers, ranging from clusters of atoms to dimensional layers. Carbon
nanotubes (CNTs) are types of nanostructure which are allotropes of carbon
and having a cylindrical shape.

In last decade, graph theory has found a considerable use in this area of
research. Graph theory has provided chemist with a variety of useful tools, such
as topological indices. Cheminformatics is new subject which is a combination
of chemistry, mathematics and information science. It studies Quantitative
structure-activity (QSAR) and structure-property (QSPR) relationships that
are used to predict the biological activities and properties of chemical com-
pounds. In the QSAR / QSPR study, physico-chemical properties and topo-
logical indices such as Hyper-Zagreb index, first multiple Zagreb index, second
multiple Zagreb index and Zagreb polynomials are used to predict bioactivity
of the chemical compounds.

Molecules and molecular compounds are often modeled by molecular graph.
A molecular graph is a representation of the structural formula of a chemical
compound in terms of graph theory, whose vertices correspond to the atoms of
the compound and edges correspond to chemical bonds. A graph G(V, F) with
vertex set V' and edge set E is connected, if there exists a connection between
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any pair of vertices in G. A network is simply a connected graph having no
multiple edges and no loops. For a graph G, the degree of a vertex v is the
number of edges incident to v and denoted by deg(v).

A graph can be recognized by a numeric number, a polynomial, a se-
quence of numbers or a matrix which represents the whole graph, and these
representations are aimed to be uniquely defined for that graph. A topological
index is a numeric quantity associated with a graph which characterize the
topology of graph and is invariant under graph automorphism. There are some
major classes of topological indices such as distance based topological indices,
degree based topological indices and counting related polynomials and indices
of graphs. Among these classes degree based topological indices are of great
importance and play a vital role in chemical graph theory and particularly
in chemistry. In more precise way, a topological index T'op(G) of a graph
G, is a number with the property that for every graph H isomorphic to G,
Top(H) = Top(G). The concept of topological index came from work done by
Wiener [30] while he was working on boiling point of paraffin. He named this in-
dex as path number. Later on, the path number was renamed as Wiener index.
The Wiener index is the first and most studied topological index, both from
theoretical point of view and applications, and defined as the sum of distances
between all pairs of vertices in G, see for details [13].

One of the oldest topological index is the first Zagreb index an introduced
by Gutman and Trinajstic on based degree of vertices of G in 1972, [14]. The
first and second Zagreb indices of a graph G are defined as:

My(G) = ) [deg(u) + deg(v)], (1)
weE(G)

My(G) = ) [deg(u) x deg(v)]. (2)
weFE(G)

In 2013, Shirdel, RezaPour and Sayadi [28] introduced a new degree based of
Zagreb index named “hyper Zagreb index” as:

HM(G)= Y [deg(u) + deg(v)]”. (3)
weF(G)

Ghorbani and Azimi defined two new versions of Zagreb indices of a graph G
in 2012, [10]. The first multiple Zagreb index PM;(G), second multiple Zagreb
index PM5(G) and these indices are defined as:

PM(G) = [ Idegu) +deg(o)], (1)
weE(G)
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PMy(G) =[] [deg(u) x deg(v)]. (5)
weE(G)

The properties of PM;(G), PM»(G) indices for some chemical structures have
been studied in [4, 10].

The first Zagreb polynomial M; (G, z) and second Zagreb polynomial Ms(G, x)
are defined as:

M, (G, z) = Z gldeg(u)+deg(v)] (6)
weF(G)

My(G,x) = Z pldeg(u)xdeg(v)] (7)
weF(G)

The properties of M1(G, ), My (G, x) polynomials for some chemical structures
have been studied in [12].

Nowadays there is an extensive research activity on the HM(G), PM;(G),
PM5(G) indices and My (G, z), M1(G,z), polynomials and their variants, see
also [4, 5, 7, 8, 9, 10, 14, 15, 28]. For further study of topological indices of
various graph families, see [1, 2, 3, 6, 15, 16, 17, 21, 22, 25, 26, 27].

2. Topological indices of L(S(G))

The subdivision graph [23, 24] S(G) is the graph obtained from G by replacing
each of its edge by a path of length 2, or equivalently, by inserting an additional
vertex into each edge of G, [4]. The line graph of the graph G, written L(G), is
the simple graph whose vertices are the edges of G, with ef € E(L(G)) when e
and f have a common end point in G. In 2011, Ranjini et al. calculated the ex-
plicit expressions for the Shultz indices of the subdivision graphs of the tadpole,
wheel, helm and ladder graphs, [24]. They also studied the Zagreb indices of the
line graphs of the tadpole, wheel and ladder graphs with subdivision in [23]. In
2015, Su and Xu calculate the general sum-connectivity indices and co-indices
of the line graphs of the tadpole, wheel and ladder graphs with subdivision in
[29]. In [19, 20], Nadeem et al. computed ABCy and GAs indices of the line
graphs of the tadpole, wheel, ladder, 2D—lattice, nanotube and nanotorus of
TUC4Csg|p, q] graphs by using the notion of subdivision.

In this paper, we compute hyper Zagreb index, first multiple Zagreb index,
second multiple Zagreb index, Zagreb polynomials for the line graph of subdi-
vision graphs of 2D—lattice, nanotube and nanotorus of TUC,Csp,q]. Let p
and ¢ denote the number of squares in a row and the number of rows of squares,
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(@) (b) (c)

Figure 1: (a) 2D—lattice of TUC4Csg[4,3]; (b) TUC4Cs[4,3] nan-
otube; (c) TUC,Cs[4, 3] nanotorus.

respectively in 2D—lattice, nanotube and nanotorus of TUC,Cs|p, q] as shown
in Fig. 1 (a), (b), and (c), respectively.

The numbers of vertices and edges of 2D —lattice, nanotube and nanotorus
of TUC4Cg|p, q] are given in Table 1.

Graph No of vertices | No of edges
2D — lattice of TUC4Cs|p, ¢ 4pq 6pg —p—q
TUC4Csg|p, q] nanotube 4dpq 6pg —p
TUC,4Cs]p, q] nanotorus 4dpg 6pq

Table 1: Numbers of vertices and edges.
Lemma 1. Let G be a graph. Then ZuGV(G) dy, =2|E(GQ)|.
This is also known as handshaking lemma.

2.1. Zagreb indices and Zagreb polynomials of line graph of the
subdivision graph of 2D lattice of TUC4Cs|p, q]

Theorem 2. Let R be the line graph of the subdivision graph of 2D—lattice
of TUC4Cslp, q]. Then

My(R) = 108pq —38(p +q),
Ms(R) = 162pq —67(p +q) + 4,
HM(R) = 648pq—264(p+q) + 8,
PMi(R) = 4@pt2a+d) o 5(p+da=8) o (18pg—1lp—1lg+d)
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PMy(R) = A4@pt20+4) o gp+4a=8) y g(I8pg—1lp—1llg+d)

Mi(R,z) = ((2p+2q+ 4)3:4 + (4p +4q — 8)3:5
(18pg — 11p — 11q + 4)a5,

My(R,z) = (2p+2q+4)2* + (4p + 4q — 8)a®
(18pg — 11p — 11q + 4)2°.

Proof. The subdivision graph of 2D—lattice of TU C4Cs|p, q] and the graph
R are shown in Fig. 2 (a) and (b) respectively. In R there are total 2(6pg—p—q)
vertices among which 4(p + ¢) vertices are of degree 2 and remaining all the
vertices of degree 3. It is easy to see from Lemma 1 that the total number
of edges of R is 18pg — 5p — 5q. The edge set E(R) divides into three edge
partitions based on degrees of vend vertices,

Ei(R) = {uv € E(R) | deg(u) = 2,deg(v) = 2},

E>(R) = {uv € E(R) | deg(u) = 2,deg(v) = 3},

E3(R) = {uv € E(R) | deg(u) = 3,deg(v) = 3}.

Among these three partitions of edge set correspond to their degree sum
of neighbors of end vertices the number of edges in Fy (R) are 2p + 2q + 4, in
by (R) are 4p + 4q¢ — 8 and in FEj (R) are 18pqg — 11p — 11q + 4. Now using
equations [(1)-(7)], we have

)

NV VY

(a) (b)

Figure 2: (a) Subdivision of 2D—lattice of TUC4Cs[4,3]; (b) Line
graph of the subdivision graph of 2D—lattice of TUC,Cs[4, 3.

Mi(G) = > [deg(u) + deg(v)],
weE(G)
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Figure 3: (a) Subdivision of 2D—lattice of TUC4Cs[3,1]; (b) Line
graph of the subdivision graph of 2D—lattice of TUC4Cg|[3, 1].

M (R)

HM(G)

HM(R)

Z [deg(u) + deg(v)]

uwvEF1(R)
Z [deg(u) + deg(v)] + Z [deg(u) + deg(v)],
uvEFa(R) uvEF3(R)

4B (R)| + 5| E2(R)| + 6| E5(R)|,

4(2p + 2q+ 4) + 5(4p + 49 — 8)

6(18pq — 11p — 11q + 4) = 108pq — 38(p + q),
S [deglu) x deg(v)],

weE(G)

Z [deg(u) x deg(v)]

uweF (R)
Z [deg(u) X deg(’u)] + Z [deg(u) X deg(v)],
u’UEEQ(R) u’UEEg(R)

A|E1(R)| + 6| E2(R)| + 9| E5(R)],
4(2p+2q +4)+6(4p +4q — 8)
9(18pq — 11p — 11q + 4) = 162pq — 67(p + q) + 4,

3= [deg(u) + deg(v)]?,

weE(G)

Z [deg(u) + deg(v)] 2
uweE(R)

Z [deg(u) + deg(v)] S Z [deg(u) + deg(v)] 2,
u’UEEQ(R) uUEEg(R)

16| Ev(R)| + 25| E2(R)| + 36| E5(R)|,
16(2p + 2q +4) + 25(4p + 49 — 8)

1057
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PM(G) =

PMi(R) =

Ml(G, J})

M1 (R, x)

MQ(G, J})

J. Xu, M.K. Siddiqui, M. Imran
36(18pg — 11p — 11q + 4) = 648pq — 264(p + q) + 8,

[T [deg(u) + deg(v)].

weE(G)

H [deg(u) + deg(v)]

uweF (R)

[T [degw) +degw)] x ] [deg(w) +deg(v)],
uv€Fs(R) uweFE3(R)

AIE1 (R o 5lE2(R)]y glEs ()
42 +20+4) o 5(Ap+4q=8)  g(18pg—11p—1lg+d)

1 ldegu) x deg(v)),

weE(G)

H [deg(u) x deg(v)]

uwveE (R)
H [deg(u) x deg(v)] x H [deg(u) x deg(v)],
uUEEQ(R) uUEEg(R)

gV B s glB2(R)] o glEs(R)]

2p+2q-+4 Ap+4q—8 18pg—11p—11g+4
42pt2a+4) o g(ApH+4a=8) o g(18pg—11p—Tlg+4)

=Y pldesurdes(w)],
weE(G)
=Y gldesturrdeg(v)
uweF (R)
+ Z gldeg(u)+deg(v)] 4 Z pldeg(w)+deg(v)]
uvEFs(R) uvEF3(R)
= Z zt + Z 0+ Z
uweF (R) uvEF2(R) uwweFE3(R)

= |E((R)|z" + |Ea(R)[2° + |E3(R)|2®,
= (2p+2¢+4)zt + (4p +4q — 8)2°
+ (18pg — 11p — 11q + 4)a5

= Z x[deg(u)Xdeg(U)]’

weE(G)
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(8)
My(Ryz) = 3 gldeswxdegtv)
uwvEF1(R)
+ Z gldeg(u)xdeg(v)] | Z gldeg(w)xdeg(v)]
uUEEQ(R) u’UGEg(R)
= Z zt + Z x5 + Z a:g,
uwvEF1(R) uv€Fs(R) uvEF3(R)
(9)

= |Bi(R)|z" + | Ea(R)|2° + +| B3(R)|2”,
= (2p+2q +4)zt + (4p + 4q — 8)a®
+ (18pg — 11p — 11q + 4)z°.

Theorem 3. Let H be the line graph of the subdivision graph of TU C4Cs|p, q]
nanotube. Then

Mi(H) = 108pg — 38p,

My(H) = 162pg — 67p,
HM(H) = 648pg — 264p,
PM(H) = 4% x 5% x ¢U8pa—11p),
PMy(H) = 4% x 6% x 9U8pa—11p),
M(H,z) = 2pz*+ 4pz® + (18pg — 11p)z",
My(H,z) = 2pz*+ 4pz® + (18pg — 11p)a”.

Proof. The subdivision graph of TUC4Cg[p, q] nanotube and the graph H
are shown in Fig. 4 (a) and (b) respectively. The graph H contains 12pg — 2p
vertices of which 4p vertices are of degree 2 and others are of degree 3. Now
using Lemma 1 it is easy to compute that the total number of edges of H is
18pg — 5p. To prove the above statement the edge set E(H) divides into three
edge partitions based on degrees of end vertices,

E\(H) = {uv € E(H) | deg(u) = 2,deg(v) = 2},

Ey(H) = {uv e E(H) | deg(u) = 2,deg(v) = 3},
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E3(H) = {uv € E(H) | deg(u) = 3,deg(v) = 3}.

Among these three partitions of edge set correspond to their degree sum of
neighbors of end vertices the number of edges in E (H ) are 2p, in Fy (H G) are
4p and in E3(H) are 18pg — 11p. Now using equations [(1)-(7)], we have

EN N LN

TSNS

(a)

Figure 4: (a) Subdivision of TUC4Cjg[4, 3] nanotube; (b) Line graph
of subdivision of TUC4Cs[4, 3] nanotube.

M(G) = > [deg(u)+ deg(v)],
weF(G)

MH) = Y [deglu) + deg(v)]
uwveE (H)

+ Z [deg(u) + deg(v)] + Z [deg(u) + deg(v)],
wvEF2(H) uweFE3(H)

= 4|E1(H)| + 5|E2(H)| + 6[E3(H)],

= 4(2p) + 5(4p) + 6(18pg — 11p) = 108pq — 38p,

My(G) = Z [deg(u) x deg(v)],

weE(G)
(a) (b)

Figure 5: (a) Subdivision of T7UC4Cjg[3, 1] nanotube; (b) Line graph
of subdivision of TUC4Cjs[3, 1] nanotube.
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My(H) = Y [deglu) x deg(v)]

uwveE (H)
+ Z [deg(u) X deg(’u)] + Z [deg(u) X deg(v)],
uUEEQ(H) u’UGEg(H)

= A[E\(H)| + 6|E2(H)| + 9| E5(H)|,
= 4(2p) + 6(4p) + 9(18pqg — 11p) = 162pq — 67p,

HM(G) = > [deg(u)+deg(v)]”,
weE(G)

HM(H) = Z [deg(u) + deg(v)] 2
wveE (H)
+ Z [deg(u) + deg(v)] 24 Z [deg(u) + deg(v)] 2,
uwveE(H) uwveE3(H)
= 16|E1(H)| + 25|E2(H)| + 36| E3(H)],

= 16(2p) + 25(4p) + 36(18pg — 11p) = 648pq — 264p,

PMi(G) = ][ I[deg(u)+deg(v)],
weF(G)

PMy(H) = H [deg(u)—i—deg(v)]
wweEF1(H)

X H [deg(u) + deg(v)] x H [deg(u) + deg(v)],
uUEEQ(H) u’UGEg(H)

= 4B o 5lE2(H)] 5 glEs(H)]

42P x 5% x 6(18pa—11p)

PMy(G) = ][ I[deg(u) x deg(v)],
weF(G)

PMs(H) = H [deg(u) x deg(v)]
wweEF1(H)

X H [deg(u) x deg(v)] x H [deg(u) x deg(v)],
uUEEQ(H) u’UEEg(H)
= 4B o glE2(H] 5 gl Es(H)]
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— 42« %P % 9(18pq—11p)’

M(G,z) = Z gldeg(u)+deg(v)]
weE(G)
M (H,z) = Z pldeg(u)+deg(v)]
weE, (H)
+ Z gldeg(w)+deg(v)] 4 Z gldeg(u)+deg(v)]
weEy(H) weEs(H)
D S0 DRI
weE, (H) weEs (H) weEs(H)

= |Ei(H)|e" + | Eo(H)|a® + +|Bs(H)|2°,
= 2pxt + 4pa® + (18pq — 11p)a®,

My(G,z) = Z gldeg(u)xdeg(v)]
weF(G)
My(H,z) = Z pldeg(u)xdeg(v)]
we B (H)
+ Z gldeg(u)xdeg(v)] | Z gldeg(w)xdeg(v)]
wwe By (H) weEs(H)
= Z zt + Z %+ Z z,
we By (H) we By (H) weEs (H)

= |Ei(H)|z* + |Ba(H)|2® + +|B5(H)|2°,
= 2pxt + 4pa® + (18pg — 11p)a®.

Theorem 4. Let K be the line graph of the subdivision graph of TU C4Cg|p, ¢
nanotorus. Then

Mi(K) = 108pq,
My(K) = 162pq,
HM(K) = 648pq,
PM,(K) = 61,
PMy(K) = 9184,
My(K,z) = 18pqa®,
My(K,z) = 18pqa®.
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Proof. The subdivision graph of TUC,Cs|p, q] nanotorus and the graph K
are shown in Fig. 6 (a) and (b) respectively. In K, there are total 12pq vertices
and all of them are of degree 3. Now Lemma 1 implies that the total number
of edges of K is 18pq. Therefore we get the trivial edge partition, based on the
degrees of the vertices i.c By (K) = {uv € E(K) | deg(u) = 3,deg(v) = 3} with
|E1(K)| = 18pg. Now using equations [(1)-(7)], we have

M(G) = ) [deg(u) + deg(v)],
weF(G)

Mi(K) = ) [deg(u) +deg(v)] = 6|E1(K),
uwveF (K)

= 6(18pq) = 108pq.

@ (b)

Figure 6: (a) Subdivision of TUC4Cs[4, 2] nanotorus; (b) Line graph
of Subdivision of TUC4Cjg[4, 2] nanotorus.

My (G) = Z [deg(u) x deg(v)],
weE(G)

My(K) = > [deg(u) x deg(v)],
uweF(K)
= 9|Ei(K)| = 9(18pq) = 162pq,

HM(G) = Y [deg(u) + deg(v)]’,
weF(G)
HM(K) = Z [deg(u)—l—deg(v)]2,

uwveF (K)
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= 6°|E1(K) = 36(18pq) = 648pq,

PM(G) = ]I ldeg(u) +deg()],
weE(G)
PMi(K) = [ [deg(u)+ deg(v)] = 611U = 61801,
UUEEl(K)
PM(G) = H [deg(u) x deg(v)],
weE(G)
PMy(K) = H [deg(u) x deg(v)] = 9lE1(E)| — g18pg,
weF(K)
MGo) = 3 sttt
weE(G)
My(K,z) = Z pldeg(w)+deg(v)] _ Z 26— 18pqm6,
uwveF (K) weE (K)
My(Gox) = Y agldealwxdestol]
weE(G)
MQ(K,J;‘) = Z x[deg(u)xdeg(v)} _ Z l‘g _ 18pqx9,
weEFE(K) weE (K)

3. Conclusions

In this paper, we have computed hyper Zagreb index, first multiple Zagreb
index, second multiple Zagreb index and Zagreb polynomials of the line graph
of 2D—lattice, nanotube and nanotorus of TUC,Csg|p, ¢] by using the concept
of subdivision. In future we are interested to find some other restructures and
compute their topological indices of their line graphs.
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