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Abstract: Herein, we examine the oscillatory behavior of all solutions of a
fractional order difference equations with damping term of the form

AMu(8) + p(t) A%(t) + () F[G(H)] = 0, ¢ > o > 0,

t—1+a
where G(t) = > (t—s—1)"%u(s) and A® denotes the Riemann-Liouville

s=tg
difference operator of order 0 < o < 1. We arrive at some new sufficient

conditions for the oscillation of solutions of fractional order damped difference
equations using generalized riccati type transformation technique under suitable
conditions.
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1. Introduction

Riccati type transformations are useful in the investigation of oscillation of
solutions of differential/difference equations. Recently, paper [5] dealt with
oscillation criteria of fractional differential equations. Motivated basically by
this paper, and the cited papers in the references, we aim at obtaining some new
oscillation theorems for a class of damped fractional order difference equations
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of the form

A u(t) +p(t)A%u(t) + () FIGH)] = 0, t =1t >0, (1)
t—1+a

where G(t) = Y. (t—s—1)"%u(s) and A% is the Riemann-Liouville differ-
s=to

ence operator of order 0 < o < 1. Following assumptions are considered in the
discussion of the this paper:

(C1) p: [to,o0) — R is a continuous function with p(t) < 0.
(Ca) q: [ty,00) — R is a continuous function with ¢(t) > 0.

(C3) f: R — R is a continuous function with wf(u) > 0 and there exists a

f(w)

constant m > 0 such that =———= > m for all u # 0.
u

The problem of determining the oscillation of solutions of various equations
like ordinary differential equations, difference equations, dynamic equations on
timescales and functional differential equations has been a very active area of
research in the last few decades (see [6], [7]). Recent years have witnessed the
study of qualitative properties, especially oscillation of solutions of fractional
difference equations (see [1], [2], [4], [9]) and the references therein.

By using Riccati type transformations, we establish some new sufficient
conditions for the oscillation of solutions of equation (1). Therefore it is hoped
that this paper will contribute to the study of oscillation for fractional order
difference equations with damping term.

2. Preliminaries and Basic Results

This section introduces basic definitions and some preliminary results of discrete
fractional calculus, which will be used throughout this paper.

Definition 1. (see [8]) A solution u(t) of (1) is said to be oscillatory if it
is neither eventually positive nor eventually negative; otherwise, it is nonoscil-
latory. Equation (1) is said to be oscillatory if all its solutions are oscillatory.

Definition 2. (see [1], [3], [7]) Let v > 0. The v-th fractional sum f is

defined by
t—v
AT = g 2 (=5 =17 (),

S

Il
=)
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where f is defined for s = a mod (1) and A™Yf is defined for ¢t = (a + ) mod

(1) and t™) = Ié(jim and A7V f : Ny — Ngio.

Definition 3. (see [2], [3], [7]) Let © > 0 and m — 1 < u < m where
m denotes a positive integer m = [u]. Set v = m — u. The p-th fractional
difference is defined as

AFF(t) = AT F(t) = ATATV ().

Theorem 4. (see [1], [2]) Let u(t) be a solution of (1) and G(t) =
S s = 1) u(s), then AG() = T(1 — a)A%u(t).

s=tg

Theorem 5. (see [5]) Let o € (0,1), and t > 0. If u is a solution of (1),
then (A'™u) (t) = A (A%u) (¢).

Proof. From Definition (3), by considering u = 1+ «a, m = [1+a] =
l+Ja]=1landv=1—p=1-(1+a)=—a, we have

(A1) (1) = AA~CDu(t) = A[A%u(t)].

3. Main Results

This section establishes some sufficient conditions of oscillation criteria results
and inequalities.

Theorem 6. Suppose that (C1) — (C3) hold. If

— p*(s)

Jin 3 o) ] = @
=lo
then every solution of equation (1) is oscillatory.

Proof. Suppose that u(t) is a non oscillatory solution of (1). Without loss
of generality, we may take u(t) is an eventually positive solution of (1). Then
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u(t) > 0 and G(t) > 0 for t > t; > tg. Let us define the sequence w(t) by
Riccati transformation as follows:
A%u(t)

w(t)=— G for t > t;. (3)

Here, w(t) is well defined and satisfies the inequality for ¢ > ¢;. It follows that

Aw(t) = —A [Aau(t)} [A(t)]AG()  A[A%u(t)]

Git) |~ GH)GEt+1)  G+1)°
Applying Theorem (4) and Theorem (5) to (1), we get

(1 — ) (A%u(t))?
G(t)G(t +1)

A%u(t)
G(t+1)

FIG(1)]
Glt+1)

Aw(t) = +p(t) +4q(t)

Since AG(t) is a non increasing function, we have

(1 —a) (A%u(t))?
(G(t))?
From (3) and (C3), we get

A%u(t)

Aw(t) > 0

+p(t)

Aw(t) > T(1 — a)w?(t) — p(t)w(t) + mq(t). (4)

Let us sum the above expression (4) from ¢; to ¢ — 1 on both sides, we obtain

t—1 t—1
D Aw(s) > ) [T = a)w?(s) — p(s)w(s) + ma(s)]
t—1 2
(- a ols) P (s P
=ra )321([() 2F(1—a)} +{ a(s) 4r(1—a)D'
In view of (2), there exists to > t; such that
t—1 2
(s)
wt) >TA—a) > |w(s) = =2 | for £t
Sz;l [ 2r(1 — a)} ?
_ 2
Now we take Hyi(t) = T'(1 — «) :Zt:l [w(s) - %] , then

w(t) > Hy(t) for t > t;. From Hi(t) applying the fact that p(t) < 0, we can
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easily see that,

= p(s) 7°
AH (t) =T(1—a)A | ) [w(s) — m} ]
>T(1—a)HE(t), fort>t
AHy(1)
Nl—-—a) < 0

Now summing the above expression from ¢ to t — 1, we have

t—1

SN AH\(s) _ 5~ [Hi(s+1)  Hils)

s=to s=to s=to

Since AH(t) is a non decreasing sequence, we have

t—1 t—1 1 1 1 1 1
2 T(-a)< ;tQ Lh(s—i— 1) Hl(s)} = Hi(t)  Hi(tz) - Hi(t2)'

s=to

t—1 1

Letting ¢ — oo, lim Y TI'(l —a) < . This leads to a contradiction, which
t—o0 s, H(t2)

completes the proof of the theorem. O

Theorem 7. Assume that (C1) to (C3) holds; and a positive double
sequence H(t,s) such that

H(t,t) =0 fort>to;H(t,s) >0 fort> s>t
AgH(t,s)=H(t,s+1)— H(t,s) <0 fort>s>t.

It
_ R K2 (¢, s)k
A SUP e 2;0 {mQ(S)H ) - Faames] = ®

where h, (t,s) = AgH(t,s) — p(s)H(t, s), then every solution of equation (1) is
oscillatory.

Proof. Suppose to the contrary that u(t) is a non-oscillatory solution of (1).
Without loss of generality, we take u(t) is an eventually positive solution of (1).
Proceeding as in Theorem - 6, we arrive at the equation (4). Now multiplying



438 A.G.M. Selvam, R. Janagaraj

by H(t,s) and taking summation from ¢; to ¢t — 1, we get

t—1 -1
— qu(s)H(t, s) > — Z H(t,s)Aw(s)
s=t1 s=t1
t—1 (6)
> [T = a)w?(s)H(t,s) — p(s)w(s)H(t,s)] .
Summation by parts formula yields
t—1
= H(ts)Aw(s) = H(t, t)w(t) + Y w(s + 1)AH(t, 5). (7)
Using equation (7) in (6) yields
t—1
— Y " mq(s)H(t,s) > H(t, t1)w(t) +Z (s +1)AH(t, s)+
t—1
D> [T = a)w?(s)H(t,s) — p(s)w(s)H(t, s)] .
s=t1

Since Aw(t) > 0, we see that w(t + 1) > w(t) and we get

t—1

= > ma(s)H(t,s) > H(t,t1)w(tr)+
s=t1
-1
Z [(AH(t,s) — p(s)H(t,s)) w(s) + (1 — a)w?(s)H(t,s)]

—qu H(t,s) > H(t, t1)w(t))+
s=t1

(8)
70— a)H(t, s)w?(s) + hy (¢, 5)w(s)]

s=t1

where hy(t,s) = AgH(t,s) — p(s)H(t,s). Now

;[F(l—a)H(t,s) 2(s) 4+ hy(t, s)w ;4F1h_;8) 3

2

+ Z VI —a)H(t, s)w(s) + ha (t,5)

= 2/T(1—a)H(t,s)
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t—1 t—1

Z [I‘(l —)H(t,8)w?(s) + h(t, s)w(s)] > — Z

s=t1 s=t1

MA(t )
A1 — )H(t,s)

Using the above equation in (8), we get the following inequality

o t—1 2 (4 s
— Z mq(s)H(t,s) > H(t, t1)w(t1) — Z 4I‘(1h—|_—(2)_[3]két7 s)
t—1 h2 (t,s)k
—H(t,t1)w(ty) > mq(s)H(t,s) — =
(t,t1)w(t1) E; [ a()H(ts) = 5 —a)H(t,s)}
t—1 2 (t,s
s;tl [mq@)ﬂ (t5) = 4r(1h t%ﬂﬁt,s)] = ittt Y

Since AgH(t,s) < 0 fort > s>ty and 0 < H(t,t1) < H(t,tg) for t > s > to.

i
Also 0 < H(t,s) < H(t,to) for t > s > to, then 0 < H((:’:)) <1lfort>s>t.
5 L0
Hence
R K2 (t, s)k
i) 2 maH(0.9) ~ 3 ) <
R h2 (t, s)k
tte) 22 maH0.9) ~ 3 ) +

t—1

1 RA (t,s)k
H{(t, to) ;1 {mQ(S)H(t’S) T ia)H(t,s)} '

Using (9) in the above inequality, we obtain

- B2 (¢, 5)k
i) 2 [W’(S)H(t’s) S a)H(t,s)} =

1 K2 (t,s)k
H{(t, to) ; [mQ(S)H(t’ 9~ I - A s)} Fulin)

1 ¥ hi(t,s)k R
Ht 1) S:Z {mCI(S)H(t7 5) — m] <w(t)+ Z mq(s)

s=tg
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Letting t — oo, we get

‘ -1 h2 (t,s)k
Jim Su}Dm g;o [mQ(S)H(t’ s) = 4T(1 . a)H(t,s)

ti—1
<w(ty) + Z mq(s) < oo,

s=to

which is a contradiction to (5). This completes the proof. O
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