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Abstract: Consider a representation p : Bg — GLg(C) constructed by M.
Al-Tahan and M. Abdulrahim. We construct a representation ¢ equivalent to
the restriction of p on Ps; and show that ¢ is a direct sum of irreducible sub-
representations, which are not equivalent to the reduced Burau representation
restricted to P3. Also, we show that the subrepresentations of ¢ are unitary
relative to unique invertible hermitian matrices.
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1. Introduction

Let B,, be the braid group on n strands. There exists an obvious surjective
group homomorphism 7 : B, — S,,. The kernel of 7 is referred to as the pure
braid group P,, with @ generators. Burau constructed a representations of
B,, of degrees n and n — 1, known as Burau and reduced Burau representations
respectively [4]. The reduced Burau representation of B, was proved to be
irreducible [5].

Also, researchers gave a great value for representations of the pure braid
group P,. M. Abdulrahim gave a necessary and sufficient condition for the irre-

ducibility of the complex specialization of the reduced Gassner representation of

Received: December 12, 2018 © 2019 Academic Publications

§Correspondence author



250 H.A. Haidar, M.N. Abdulrahim

P,, [1]. Moreover, M. Al-Tahan and M. Abdulrahim constructed an irreducible
representation of Bs of degree 6, namely, p : B3 — GLg(C), [2]. In our work, we
define a representation ¢ equivalent to the restriction of the representation p of
Bs on P3; and show that ¢ is a direct sum of three irreducible subrepresentations
of degree two each, namely ¢;, ¢2, and ¢3 (Theorem 2). Moreover, we show
that each of ¢1, ¢2, and ¢3 is not equivalent to the complex specialization of
the reduced Burau representation restricted to P3 of dimension 2 (Theorem 3).
Finally we show that each of the irreducible subrepresentations of ¢ is unitary
relative to a unique invertible hermitian matrix (Theorem 4).

2. Definitions and preliminaries

Definition 1. Let C" = r x 1 (or column) vectors, C = 1 x 7 (or row)
vectors. A matrix X € M, (C) is a pseudoreflection if X — I has rank 1. If X
is a pseudoreflection, then X = I — AB, where A € C" and B € C .

Notation 1. Let (x) : M, (C [t*!]) be an involution defined as follows:
(his ()" = hy(t™), h(t) € C 1]

Definition 2. Let N and U be elements of GL,, (C), U is called unitary
relative to N if UNU* = N.

Definition 3. ([3]) The braid group on n strings, B, is the abstract
group with presentation B, = {01,...,0,-1;0i04110; = 0;410;0;4+1, for i =
1,2,...,n—2,0i0; = ojo; if |i — j| < 1}.

The generators o1, ...,0,_1 are called the standard generators of B,,.

Definition 4. ([3]) The pure braid group, P,, is defined as the kernel of
the homomorphism B,, — S,,, defined by o; — (i,i+1),1 <i <n—1. It has

the following generators: A;; = oj_loj_g...ai+1a§ol+1...a]-_f20;fl, 1<id, 5 <n.
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3. Representations of B3 and P
3.1. Reduced Burau representation of Bs of dimension 2

Definition 5. ([6]) The reduced Burau representation of the braid group
on three strands f3 : By — GLa(Z[t*!]), where Z[tT!] is a Laurent polyno-
mial ring, is the matrix representation defined on the generators o1, oo of By by

53(01):<:§ [1)>,ﬁ3(02):<é :i)

Proposition 1. ([5]) For z € C*, the complex specialization of the
reduced Burau representation of By, namely (,(z) : B, — GL,_1(C), is
irreducible if and only if z is not a root of f,(t) = "1 +t""2 4 .+t + 1.

Definition 6. For any z € C*, f3(z) : B3 —> G'L9(C) is the representation
obtained from (3 by the specialization ¢t — z.

Definition 7. Let 3(z) : P3 — G L2 (C) be the complex specialization of
the reduced Burau representation restricted to the pure braid group P; defined
as follows:

22 0

e~ (L7 1) mee - (o ).

and

P3(2)(Ars) — < _Z(,:— 1) 2 1—211 >

Theorem 1. ([5]) Let X; =1 — A1By,....,X, =1 — A.B, ber invertible
pseudoreflections in M, (C), where r > 2. Let I" be the directed graph whose
vertices are 1,2,...,r, and which has a directed edge from i to j (i # j ) precisely
when B;A; # 0. Let G be the subgroup of GL,(C) generated by Xi,..., X,.
Then the following are equivalent:

1) G is an irreducible subgroup of GL,.(C).
2) For each i # j, with 1 <1, j <r, the graph I contains a directed path from
ito j, and (B;A;) € M,(C) is invertible.

Proposition 2. ([7]) (Shur’s Lemma) Suppose that F' is n x n matrix such
that Fa(g) = a(g)F for every g € G, where « is an irreducible representation
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of the group G. Then F = Al for some A € C, where I is the n x n identity
matrix.

Proposition 3. The complex specialization of the reduced Burau repre-
sentation restricted to P3, namely B3(z), is irreducible if and only if 23 # 1.

Proof. Consider Us the free normal subgroup of P3 with generatores Ajs
and Agz. It is easy to see that 83(z)(A13) and B3(2)(Ags) are pseudoreflections.

We can see that 53(2)(1413) = IQ — AlBl and ﬁg(Z)(Agg) = IQ — AQBQ,

where
1 z
A1—<_z>,A2—<Z+1>,Bl—(1—Z Z—l),

By=(0 1—-2).

Let F' be the inner product < B;A; >. The determinant of I’ equals to
23 — 1. Thus B3(2) restricted to Us is irreducible if and only if 23 — 1 # 0 (see
Theorem 1). It follows that (3(2) restricted to Py is irreducible if 23 — 1 # 0.
Now, let us show if 22 +2 +1 =0 or z — 1 = 0 then $33(2) restricted to P is
reducible. If z — 1 = 0 then Ao = A13 = As3 = I5. Thus it is reducible.

Otherwise, if 22 + z +1 = 0 then the reducibility on P follows from re-
ducibility on Bs (see Proposition 1). O

3.2. Representation of B; of Dimension 6

A new six dimensional representation of Bs was constructed by M. Al-Tahan
and M. Abdulrahim.

Definition 8. ([2]) Let z be a non zero complex number with 22 # 1. We
consider the representation p of Bz given by

1—2z 2z O 0 0 0
1 00 0 0 0
0 00 =z2z2' 00
plon) = O 0z 0 00
0 00 0 0 1
0 00 1—21t10
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and

O O = OO
N
OO R O OO

Proposition 4. ([2]) The representation of Bz, p : B3 — GLg(C) is
irreducible.

4. Reducibility of the representation p restricted to Ps

We construct a representation ¢ equivalent to the restriction of p on P;. More
precisely, we conjugate by the matrix

100000
0100 0O
001 00O
= 00 0O0T1O0
000001
00 01O0O0

It is easy to see that ¢ is a direct sum of three representations, namely ¢1, ¢,
and ¢3. Then we prove that ¢1, ¢o, and ¢3 are irreducible. Moreover, we show
that each of ¢1, ¢2, and ¢3 is not equivalent to the complex specialization of
the reduced Burau representation restricted to P3 of dimension 2. Finaly we
show that ¢1, ¢, and ¢3 are unitary relative to unique invertible hermitian
matrices.

Definition 9. let z be a non-zero complex number, with 22 # 1. Consider
¢ P3 = GLg(C), defined as follows:

22—z+1 —2(z—-1) 0 0 0 0
—z+1 z 0 0 0 0
0 0 1 0 0 0
(Ar2) = 0 0 z—1 1 0 0 |’
0 0 0 0 1 0
0 0 0o o0 =L 1

« ‘
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1 z-1 0 0 0 0
0 1 0 0 0 0
0o o =1 =l 0
o) =g Lz 71 g 0 ’
0 0 0 0 1 —z2(z-1)
0 0 0 0 0 22
and
1 00 0 0 0
=l 10 0 0 0
0 01 1-z 0 0
M) =1 g 00 2 o 0
0 00 0 z z—1
0 00 0 1—-2 2—-2

Theorem 2. The representation ¢ is a direct sum of irreducible subrep-
resentations.

Proof. The representation ¢ is reducible because there is an invariant sub-
space spanned by e; and es. Moreover, we write ¢ = ¢1 @ po @ ¢z, where ¢,
¢9, and ¢3 are given by

</>1(A13)=<; (1)>7¢1(A12):<22—Z+1 —Z(z—1)>’

- —z+1 z

¢>1(A23)=<(1) z11>,

1 0 2z—1  z—1
$2(A12) = ( L1 1 >, $2(A2s) = ( T >,
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Now, we use Theorem 1 to show that ¢1, ¢2, and ¢3 are irreducible. Consider
Us the free normal subgroup of P; with generatores A3 and Asz. It is easy to
see that ¢y (A1) and ¢ (Aas) are pseudoreflections, where k € {1,2,3}. We see
that

k(A1) = 1o — Aﬁk)ng), ¢r(Az3) = I — Aé’“)Bék),

where

2 —1 2 1—2z 2
Ag):<1+z>’Ag):<Z—1>’B§):(0 1_Z)7

Bg) =(1/z 1/z).

@ _(1-=z G _ [ —* (3) _
A _<z—1>’ A3 _<1+z>’B1 _(1 1)’

B =(0 1-2).

Let F} be the inner product < Bi(k)Ag-k) > . It is easy to see that det(Fy) =

77(2;1)2 # 0 and det(F,) = det(F3) = (z — 1)? # 0. Thus ¢}’s, restricted to Us,
are irreducible (Theorem 1). It follows that ¢1, ¢2, and ¢3 are irreducible. O

Theorem 3. The representations ¢1, ¢2, and ¢3 are not equivalent to
the complex specializations of the irreducible reduced Burau representation
restricted to the pure braid group Ps.

Proof. For any non-zero complex number z with 22 # 1, it is easy to see
that the images of the generators of P; under the complex specialization of
the irreducible reduced Burau representation restricted to P3 have two distinct
eigenvalues 1 and 22 (see Definition 7). But each of the images of As3 under
o1, and Ao under ¢ and ¢3 has only one eigenvalue equals to 1. O

It was shown that the reduced Burau representation of the braid group is
unitary relative to a hermitian matrix (see [8]). We show that ¢, ¢2, and ¢3,
which are irreducible, are unitary relative to hermitian matrices. Thus, we get
the following theorem.
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Theorem 4. The representations ¢, ¢o, and ¢3 are unitary relative to
unique invertible hermitian matrices Ny, No, and N3 respectively.

Proof. We define the matrices N1, No, and N3 as follows:

0 z+1 0 =z '+1
N1:<z1—|—1 0 >’N2:(z+1 —?

0 z+1
N3: < Zfl_i_l 7(Z:1)2 )

For i € {1,2,3}, det(V;) = Ll # 0. Also, it is easy to see that N = N;.
Thus N;’s are invertible and hermltlan We also have for i € {1,2,3}

$i(A12)Ni(9i(A12))" = Ny, ¢i(A23)Ni(pi(A23))* = Ny,

¢i(A13)Ni(¢i(A13))" = N;.

Moreover, ¢;’s are irreducible (Theorem 2), and the uniqueness of N;’s, up to
scalar multiplication, follows from Shur’s lemma. U
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