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Abstract: We prove, in b-Menger spaces [9] the existence of common fixed
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main results.
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1. Introduction

Let (M,d) be a metric space and suppose A C M. A mapping f : A — M is
called nonexpansive if its Lipschitz constant k(f) does not exceed 1. Thus this
class of mappings includes the contractions and strictly contractive mappings;
moreover it contains all isometries (including the identity). Explicitly, f: A —
M is nonexpansive if

d(fa, fb) < d(a,b),  abe Al
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If M is a Banach space with norm ||.|| and A is a nonempty subset of M,
in this context a mapping f : A — A is nonexpansive if

[fa = folf <lla =bf, abeA

The nonexpansive mapping f may frequently fail to have a fixed point in a set-
ting which permits the existence of a decreasing sequence { 4; };e of nonempty,
closed, convex and f-invariant (f(A;) C A;,i € IN)) sets having empty inter-
section. However, Kirk [7] observed that the presence of a geometric property
called 'normal structure’ (M.S. Brodskii, D.P. Milman, On the center of a con-
vex set, Dokl. Akad. Nauk. SSSR, 59 (1948), 837-840) guarantees that the
nonexpansive f such that A is nonempty, weakly compact convex subset of a
Banach space M, has a fixed point in M.

Since its publication in 1965, many have tried to extend it to metric spaces.
But because of its strong connection to the linear convexity structure of linear
spaces, it was hard to come up with a nice and flexible extension. For example,
Takahashi [15] was may be the first one to give a metric analogue to Kirk’s
theorem. His approach was based on defining a convexity in metric spaces
extremely similar to the linear convexity also known as Menger convexity [1]-
3], [8]-

In 1987 Hadzié¢ [6] offered an extension of Takahachi’s structure to Menger
spaces and proved fixed point theorem for nonexpansive mappings in proba-
bilistic metric spaces with a convex structure.

Following Hadzi¢’s approach, Jesi¢ et al. [14] have introduced, strictly con-
vex and normal structure in Menger spaces and proved fixed point theorem for
nonexpansive mappings.

Recently, Mbarki et al. [9] introduced the probabilistic b-metric spaces
(b-Menger spaces) as a generalization of probabilistic metric spaces (Menger
spaces) and they studied some topological properties and showed the fixed
point property for nonlinear contractions in these spaces.

This paper is organized as follows. In Section 2, we present some basic con-
cepts and definitions on b-Menger spaces. In Section 3, we show some geometric
and topological properties in convex b-Menger spaces and we define the fully
convex b-Menger spaces. We finish this section by proving the main result in
this paper, i.e., the existence of common fixed point for nonexpansive mappings
in fully convex b-Menger space using the normal structure property. Finally, in
Section 4, we construct a significant example of fully convex b-Menger spaces
from the literature and we prove a common fixed point theorem in these spaces.
Our results generalize some well-known results in the literature.
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2. Preliminaries

In this section, we collect some basic definitions, notation and conventions of
the theory of probabilistic b-metric spaces, which will be used throughout the

paper.

Definition 1. A distance distribution function (briefly, a d.d.f.) is a
nondecreasing function F' defined on IR™ U {oc} that satisfies f(0) = 0 and
f(oco) =1, and is left continuous on (0,00). The set of all d.d.f’s will be noted
by AT; and the set of all F' in A% for which tliglo f(t)=1by D*.

A simple example of distribution function is Heavyside function in DT

0 if t<0,
H(t)_{1 if > 0.

A commutative, associative and nondecreasing mapping T : [0,1]2 — [0,1] is
called a t-norm if and only if

1. T(a,1) = a, for all a € [0, 1],
2. 7(0,0) = 0.

As examples we mention the three typical examples of continuous t-norms as
follows:

Ty(a,b) = ab, Ty (a,b) =min(a,b) and T7(a,b) = max{a+b—1,0}.
We define the operator 1™ recursively by T (a1, az) = T'(a1,az2) and T"(ay, as,

vy @py1) = T(T" Yay,az, ..., a,),an41) for all m > 1 and ay, as, ..., an11 € [0,1].

Definition 2. [9] A b-Menger space is a quadruple (M, F, T, s) where M
is a nonempty set, F' is a function from M x M into AT, T is a t-norm, s > 1
is a real number, and the following conditions are satisfied: For all p,r,q € M
and z,y > 0,

1. F,, = H,
2. Iy =H = p=r,
3. Iy = Fp,

4. (s +y)) > T(Ey(a), Fyr(y).
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It should be noted that a Menger space is a b-Menger space with s = 1.

Definition 3. Let {z,} be a sequence in a probabilistic semimetric space
(M, F) (i.e., (i), (i1) and (éi7) of Definition 2 are satisfied).

1. A sequence {z,} in M is said to be convergent to x in M if, for every
e >0 and 0 € (0,1), there exists a positive integer N(e,d) such that
F, .(€) >1— 4, whenever n > N(e,0).

2. A sequence {z,} in M is called Cauchy sequence if, for every for every

e >0 and 0 € (0,1), there exists a positive integer N(e,d) such that
F, .. (€) >1—0, whenever n, m > N(e, ).

3. Results and discussion
3.1. Some topological properties of b-Menger space

Different kinds of topologies can be introduced in a b-Menger space (M, F, T, s).
The strong topology is introduced by a strong neighborhood system p = Upe M s
where p, = {N,(t) : t > 0}, and

Ny(t)={qe M : F,(t)>1—t}fort>0andpe M.

In [9] the following results are proved.

Lemma 4. Let (M, F,T,s) be ab-Menger space with T is continuous, then
the family  consisting of () and all unions of elements of this strong neighbor-
hood system determines a Hausdorff topology for M. Also, the function F' is
in general not continuous.

It is special interest (e, A)-topology on (M, F, T, s) which is introduced by
a family of (g, \)-neighborhood {Ny (e, A)}penms, e>0, ac[o,1], Where

Np(e,\) ={ge M : Fyy(e) >1— A}
Since N, (t,t) = Np(t) for t > 0, and

Np(min{e, A\}) C Np(e, A) for every e >0, A€ [0,1] and p e M
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the strong neighborhood system is equivalent to the (¢, \)-neighborhood system.
Hence we reach the same conclusions as in Lemma 4, with (e, A)-topology in
place of strong topology.

In this topology the function g is continuous in p € M if and only if for
every sequence p, — p it holds that g(p,) — g(p).

Here and in the sequel, when we speak about a b-Menger space (M, F, T, s),
we always assume that T is a continuous t-norm and RanF C D™.

Definition 5. Let A be a subset nonempty of a b-Menger space (M, F, T, s),
the closure A of A is the set of all p in M such that, for any € > 0, A € (0,1),
there is a ¢ in A such that

Fpg(e) >1—A.
As direct consequence of Definition 5 we have the following.

Lemma 6. Let A be a subset nonempty of a b-Menger space (M, F, T, s).
Then

1. p € A if and only if for any € > 0, A € (0,1), Np(g,\) N A # 0.
2. p € A if and only if there exists a sequence {p,} in A such that p, — p.
3. A is a closed set if and only if A = A.

4. A is a closed set. Moreover, A is the smallest closed set containing A.

The set Nple,\] = {¢g € M : Fy(e) > 1 — A}, is called closed (e, \)-
neighbourhood of a point p € M.

Definition 7. We say that a b-Menger space has the property (P;) if the
closed (g, \)-neighbourhoods are closed sets.

Proposition 8. Let (M, F,T, s) be ab-Menger space, if for any ¢ € M, t >
0 and sequence p,, — p in M we have

Foq(t) > liminf F, 4(). (3.1)
n

Then (M, F,T,s) has the property (P;).
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Proof. Let p € Nyle, A], by Lemma 6 there exists a sequence {p,} C Ng[e, A]
such that p,, — p, and so

Fp.q(e) > 1 —Xforall n € N,
we deduce that
Foq(e) > liminf F, ,(¢)

> 11—

Consequently, p € Nyle, A] and hence N[e, A] is closed set. O

Example 9. Let M =R,i € IN* — {1}. Define F': M x M — A™ by
Fuylt) = H(t — |z — 1),

Firstly, from [9], (M, F,Ty,2"71) is a b-Menger space. Next, let p, — p in
(M, F, Ty, 271, Clearly, p, — p in (M,] . |). Now, let ¢ € M, t > 0, we can
write
t—|pj —ql" = inf (t — [pn — q['), Vj € IN%,
n>j

and passing to limit as j — oo in the previous inequality, we get
t—lp—q'> sup inf (¢ = [pn - ql"),
which implies
H(t—|p—ql') > H(sup ;). (3.2)

where 2; = inf,>;(t — |p, — ¢|*). Since {x;} 1 sup; x;. Using the fact that H is
non-decreasing left continuous function, we obtain

H(sup z;) = lim H (x;) = sup H (z;). (3.3)
J J J

On the other hand,

H(z;) > H(inf(t— |p, —q["))
n>j
> H(t—sup|pn, —q|")
n>j
> inf H(t — |pn — ql").
n>j



COMMON FIXED POINT THEOREM IN b-MENGER.... 225

It follows by (3.2) and (3.3) that

H(t—1|p—ql")

v

H(sup z;)
J

> sup H(z;)
J

v

sup inf H(t — |p, — q|).
j n=j

Therefore, condition (3.1) is satisfied, then (M, F,Tys,2°"1) has the property
(Pr).

Definition 10. A subset A of a b-Menger space is called compact if every
open cover of A has a finite subcover.

Consequently, a subset A of a b-Menger space is compact if and only if, from
any family of closed subsets of A whose intersection is empty, we can extract a
finite subfamily whose intersection is empty.

Remark 11. Since (M, F,T,s) is a Hausdorff topological space, then
every compact subset A is closed set.

3.2. Some geometrical properties and fully convex b-Menger space

Egbert [5], in 1968 introduced a probabilistic generalization of the notion of
diameter of nonempty set in metric space.

Definition 12. Let (M, F,T,s) be a b-Menger space and A C M. The
probabilistic diameter of set A is given by

D(t) = inf F
A(t) sup inf, ab(€),

and the diameter of the set A is defined by

D, =supsup inf Fy(e).
t>0 e<t a,bcA

If Dy =1 the set A will be called probabilistic bounded.

Example 13. Let (M,d, s) be a b-metric space. Define F : M x M — A™
by
Fpq(t) = H(t — d(p,q)).
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It is easy to check that for a nonempty subset A of M we have
D4(t) = H(t — diam(A)),
where
diam(A) = sup{d(p,q) : p, q € A}.
Indeed, let ¢t > 0, if H(t — diam(A)) = 1 then diam(A) < t, we deduce that
H(e —diam(A)) =1
for every diam(A) < e < t, and since,

a?glefAH(s —d(p,q)) > H(e — diam(A)),

for every € < t. Consequently, we get

Dy(t) = sup ianH(s—d(p, q))

e<t a,be

> sup H(e — diam(A))
e<t

> sup  H(e — diam(A))
diam(A)<e<t

> 1,

and hence, D(t) > H(t — diam(A)). On the other hand, suppose that H (¢t —
diam(A)) = 0, then diam(A) > t. Now, let ¢ < t, so for { = diam(A) — ¢ there
exist a,b € A such that d(a,b) > diam(A)—( > 0, which implies H (e —d(a, b)) =
0, and so inf, pea H(e — d(a,b)) = 0. Since the choice of ¢ < t was arbitrary,
this is true for all € < ¢, which gives

Da(t) =sup inf H(e —d(a,b)) =0.

e<t avbeA

Hence
D4(t) < H(t — diam(A)).

We conclude that D4 (t) = H(t — diam(A)). So, A is probabilistic bounded in
(M, F, Ty, s) if and only if A is bounded in (M, d, s).

From the definition of functionals sup and inf, we have the following lemma.

Lemma 14. Let (M,F,T,s) be a b-Menger space. A set A C M is
probabilistic bounded if and only if for each A\ € (0,1) there exists t > 0 such
that Fu(t) > 1 — X for all a,b € A.
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Lemma 15. Every compact subset A of a b-Menger space (M, F,T,s) is
probabilistic bounded.

Proof. Let A be a compact subset of a b-Menger space M. Let fix € and
A € (0,1). Since T? is continuous in (1,1,1) there exists 6 € (0,1) such that
T?(1—6,1—45,1—6) >1— \. Now, we will consider an (g, §)-cover {N,(e,d) :
a € A}. Since A is compact, there exist aj,as,...,a, € A such that A C
Ui~ Ne, (g, A). Since Ran(F) C DT then for all i, j there exists g;; > ¢ such
that Fo,q,(ci;) > 1—0. If we take t = (25°+s)p where p = max{e;;}, let a,b € A.
Then there exist i, j € {1,...,n} such that a € Ny,(¢,0) and b € Ng;(¢,d). Thus
we have Fyq,(€) > 1 — 0 and Fy,,(e) > 1 — 0. It follows that

Fap(t) = Fap((25° + 5)p) > T*(Fua,(p); Fasa, (p), Fayu(p))
> TQ(Faal (519) a;a; (519) (52J))
> T*(Fuay(€), Faa; (53), F. ( )
> T?(1—6,1— 61—5)>1—)\.

Therefore Fyp(t) > 1 — X for all a,b € A. Hence, by Lemma 14, we obtain that
A is probabilistic bounded set. U

Remark 16. Note that " RanF C D™ is a necessary condition in Lemma,
15. For example, consider M = {p,q} and F,y(t) = 1H(t — |p — q|) + 1e(t),

where
1 if t =00
€oo(t) = { 0 if otherwise.

Clearly, M is a compact space and is only semi-bounded.
We adopt the following Hadzi¢’s convex structure concept.

Definition 17. [6] Let (M, F,T,s) be a b-Menger space. A mapping
W : M x M x[0,1] — M, is said to be a convex structure on M if for every
(z,y) € M x M holds W(x,y,0) =y, W(x,y,1) = z and for all z,y,z € M,
Ae(0,1,) and t >0

t t

Proposition 18. Let (X, F,T,s) be a b-Menger space with a convex
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structure W. If x € X and X € [0, 1], then
W(z,z,\) = =.
Proof. Let © € X, then W(x,2,0) = z and W(x,z,1) = x. Now, let
A€ (0,1), we have

t t

Fow (w0 (t) > T(Fm(ﬁ%Fm(m

)
for all £ > 0. Hence, Fyyy (541 (t) = 1, for all £ > 0, hence W(z,z,\) =z. 0O

Definition 19. Let (M, F,T,s) be a b-Menger space with a convex struc-
ture W. A subset A C M is said to be convex set if for every a,b € A and
A € [0,1] it follows that W (a,b,\) € A.

Definition 20. Let (M, F,T,s) be a b-Menger space with a convex struc-
ture W. We denote by (Cy) the condition: For every A € [0,1], ¢ > 0 and
a,b,c € M we have

Fyy (apne(t) > min{ Feqo (1), Fen(t) }-

Lemma 21. Let (M,F,T,s) be a convex b-Menger space with a convex
structure W satisfying (C1). Then the closed (g, A)-neighbourhoods Nle, \|
are convex sets.

Proof. Let a,b € N;[e, A] be arbitrary points, then
For(e) >1—Xand Fpe(e) > 1— A
Now, using (C7) with ¢ € (0,1), we obtain
Fw(ab)e(€) = min{F(c), Fe(e)} = min{l — A\, 1 = A} =1 - ),

we deduce W (a,b,0) € N,[e, A]. Also, W(a,b,0) = b and W(a,b,1) = a belong
to Nzle, A], and hence the proof is completed. O

It is easy to check the following lemma.
Lemma 22. Let (M,F,T,s) be a b-Menger space and {A,} for p € ¥

be a family of convex subsets of M. Then the intersection A = (.5 A, Is a
convex set.

HEX
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Definition 23. Let (M, F,T,s) be a b-Menger space with a convex struc-
ture W and A C M. The closed convex shell of set A denoted by co(A), is the
intersection of all closed, convex sets that contain A.

Definition 24. A convex b-Menger space (M, F, T, s) with a convex struc-
ture W : M x M x[0,1] — M will be called fully convex if, for arbitrary a,b € M,
a # b there exists A € (0, 1) such that W(a,b,\) ¢ {a,b}.

Example 25. Let n € IN* — {1}. Define F: R x R — A™ by
Fop(t) = H(t — |a — b|"), t>0.

From [9], (IR, F, Tys, 2" 1) is a b-Menger space and in general it is not a Menger
space. Define W : IR x IR x [0,1] = R as

W(a,b;A) = Aa + (1 — A)b.

We prove that W is a fully convex structure. Indeed, let a,b € IR. It is clear
that W(a, b;1) = a and W (a,b;0) = b. Now, let X\ € (0,1). Suppose that

Min(H(x — la— "), H(-Ls b= ) =1,
then
L > |a — ¢|" and t > |b—¢|"
A 1—A ’
and so
Ma+(1=XNb—¢" = |Ma—c)+ 1 =X)(b—-0o)|"
< [AMa—¢l+@=N[b—¢["
< AMa—¢"+ (1 =A)[b—c|”
(By convexity of function f(x) = ")
t t
A-+ (1 —=N)——
< AR TN
2t.
Therefore,
t t
Fyy(apn)e(2t) > T(Fac(xﬁ Fbc(ﬁ))-

Thus, W is a convex structure. On the other hand, let a,b € IR such that a # b.
Suppose that for all A € (0,1), W(a,b;\) € {a,b}. If W(a,b;\) = a we obtain

(1—Na=(1-\b,

which is a contradiction. On the other hand, if W (a,b;\) = b, we also obtain
a contradiction. Hence W is a fully convex structure.
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3.3. Normal structure and fixed point theorem
We require the following definitions in our further discussion.

Definition 26. We say that a € B is a diametral point of B if

inf Flp () = Dp(t
sup inf ab(€) B(t),

holds for all ¢ > 0.

Remark 27. A point a € B is non-diametral of B if there exists r > 0
such that
sup inf Fyp(e) > Dp(r).

e<r be

Definition 28. Let (M, F,T,s) be a b-Menger space, we say that it pos-
sesses a normal structure if, for every closed, probabilistic bounded and convex
set B C M, which consists of at least two different points, there exists a point
b € B which is non-diametral.

Definition 29. Let (M, F,T,s) be a b-Menger space with a convex struc-
ture W. We denote by (C3) the condition: For every § € (0,1), a,b,c € M and
a # b, there exists tg > 0 such that

Fw (a,p,6)c(to) > min{Feo(to), Fup(to)}.
Definition 30. The probabilistic b-metric F' has the property (P») if for
all compact subset A of M, p € A, there exists qo € A such that

inf F,, = F,,,.
aea P Pqo

Before stating our main result, we need the following lemmas.

Lemma 31. Let (M,F,T,s) be a fully convex b-Menger space with a
convex structure W satisfying (Cy) and suppose that the mapping F' has the
property (P). Let A C M be nonempty, convex and compact subset of M.
Then A possesses a normal structure.

Proof. To the contrary, assume that A has not a normal structure. So, by
the Definition 28, there exist a closed, probabilistic bounded and convex subset
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B C A and two different points a; and as in B then B not have a non-diametral
point which gives by the use of Definition 26 that

sup inf Fy(e) = Dp(t),

e<t beB
for every a € B. In other hand, by the Definition 24 and the fact that M is
fully convex, there exists 6 € (0,1) such that W(ay,az,9) ¢ {a1,a2}. But B is
a convex set it follows that W (a1, as,d) € B. Hence

Dp(t) = sup inf Fw (ay,02,80(€)-

Thus the infimum of the above equality is attained since B is closed subset of
the compact A and F possesses the property (P). Let ag € B such point. So,
we get

DB(t) = sup FagW(al,ag,é) (6)
e<t

In one side, since the mapping Fi, (4, ,a,6)(-) 18 nondecreasing and left contin-
uous we obtain

Dp (t) = Fa3W(a1,a2,5) (t)

In the other side, with the fact that the structure W satisfies the condition (Cs)
and the use of the infimum and supremum properties we have that, there exists
to > 0 such that

DB(tO) = FagW(al,ag,é) (tO)
> min{Fa3a1 (to), Fa3a2 (tO)}
which is a contradiction because we have D < F,;, for all a,b € B. O

Lemma 32. (Zorn’s Lemma) Let M be a nonempty partially ordered set
in which every chain has a lower bound. Then M has a minimal element.

We say that a subset D of A is invariant under f,g: A — Aif f(D)Ng(D) C
D. The (f, g)-invariant subsets of A which are nonempty, closed and convex are
of particular interest since the search for common fixed points of f and g may be
confined to such sets. Also, the intersection of any family of nonempty, closed,
convex (f, g)-invariant subsets of A is itself closed, convex and (f, g)-invariant,
although it may be empty.

Lemma 33. Let (M,F,T,s) be a b-Menger space and let A C M be a
nonempty, convex and compact subset of M. Let f and g be two self~mappings
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on A such that A is (f, g)-invariant. Denote by I" a collection of all nonempty
subset of A, closed, convex and (f, g)-invariant. Then I" has a minimal element
Ay. Moreover, if A1 = Co(f(Ap) Ng(Ap)), then Ay = Ay.

Proof. We have A is a compact set, then by Remark 11 the set A is closed.
In other hand A is (f, g)-invariant, also A is convex. So, A € I" which implies
that T' # (). Now, we order this collection of I with inclusion: For Dy, Dy €
A, D1 < Dy provided Dy C Dy, then (T',<) is a partially ordered set. By
compactness, any arbitrary chain of the collection I" such {4;,7 € I} the subset
Micr Ai # 0, hence an upper bound relative to the order relation <. Finally,
using Zorn’s Lemma we deduce that there exists a maximal element of I' relative
to < denoted Ag. Moreover, we have A; = Co(f(Ao) Ng(Ap)) and A is (f, g)-
invariant, then

Ar = Co(f(Ao) Ng(Ao)) = Co(f(Ao) Ng(Ao))

Q CO(A()) = A_o = Ao.

Thus A; C Ag. Furthermore, 41 C Ay = f(A41) Ng(41) C f(Ap) Ng(A4p) C
Co(f(Ao) Ng(Ap)) = Ay which claim that A; is (f, g)-invariant. So, A; € T’
and Ag C Ay. Therefore Ay = A1, which achieve the proof. O

Lemma 34. Let (M,F,T,s) be a convex b-Menger space has the prop-
erty (P;) with the convex structure satisfying the condition (C), assume that
there exists ( € (0.1) such that 1 — ¢ = sup,_, infyeqa, Fup(e) for some r >
0 and some a € Ag and consider U = ([Nyecq, No[r,¢])(V Ao and V =

(ﬂbef(Ao)ﬂg(Ao) Nb[T, C]) mAO, W]th U 7é @ Then U = V

Proof. Since f(Ap) N g(Ag) C Ay, we get immediately V' C U. But to
have U C V, we will take an arbitrary ¢ in V. So, by the definition of the
set V we get ¢ € Ny[r, (], for every b € f(Ap) N g(Ap). Then Fp.(r) > 1 -,
Vb € f(Ao)Ng(Ap), which implies that also b € N.[r, (], for all b € f(Ag)Ng(Aop).
Therefore

f(Ao) Ng(Ao) € Ne[r, ¢].
By Lemma 21, the Definition 7 and F' satisfies (P;)-condition it follows that
the set N,[r, (] is closed and convex, thus

Ay = Co(f(Ao) Ng(Ao)) € Ne[r, ¢].

Now, we use the Lemma 33 in order to get Ag C N.[r, (] since Ay = A;. So,
every b € Ap belongs in N,[r, (] it means that ¢ € Ny[r,(]. Hence ¢ € U and
therefore U = V. U
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Definition 35. [14] Let (M, F,T,s) be a b-Menger space and let f be a
self-mapping on M. We say that f is a nonexpansive mapping if

Ffafb(t) > Fab(t)a

for all a,b € M and t > 0.
Now, we are ready to state and prove our main theorem.

Theorem 36. Let (M, F,T,s) be a fully convex b-Menger space has the
property (Py) with a convex structure W satisfying (Cy) and (C3), suppose
that F' has the property (P,), and let A C M be a nonempty, convex and
compact subset of M. Let f and g be two self~mappings on A such that A is
(f, g)-invariant and satisfying

Fagy(t) = Fap(t), (3.4)

for all a,b € A, a # b and for every t > 0. Then f and g have at least one
common fixed point on A.

Proof. To prove this result, we will proceed by absurd. So, let Ay the
minimal element of I', such that I' is the collection of all nonempty subsets
of A, closed, convex and (f, g)-invariant (see Lemma 33). Indeed, we suppose
that Ag has at least two different points. Since the convex structure W satisfies
(Cy), F verifies (P,) and A is nonempty, convex and compact subset of M, thus
using Lemma 31 we obtain that A possesses a normal structure. Furthermore,
by Lemma 33, we have that Ag is closed subset of the compact set A then Ay is
also a compact set, so using Lemma 15 we conclude that Ay is a probabilistic
bounded set. Then, by what we obtained previously and Definition 28 it follows
that there exists some non-diametral point ay € Ay which means by Remark
27 that

Ir >0, sup inf Fyp(e) > Da,(r). (3.5)
e<r bEAQ
In other hand, applying Definition 30 and the fact that Ay is a compact subset
of M and F having the property (P,), we have

by € Ag, sup inf F, p(e) = Fogp,(t), for allt >0 (3.6)
e<t bEAp

Then, from (3.6) we deduce

Foopo (1) > D, (). (3.7)
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Also, we have that there exists ' < r such that F,,(r") > Dya,(r). Indeed,
suppose to the contrary, for all v’ < r that

Faobo (T/) < DAO (T)
is left continuous, so, letting ' — r, we get

Faobo(r) < DAO(T)7

which lead to a contradiction with (3.7). So, there exists ' < r such that
Fagpo (") > D g, (r). (3.8)

Let ¢ a real number such that 1 — ¢ = sup, ., infpe 4, Fyp(€), then

But F,

0bo

sup Fop(e) >1—¢ forall be Ap

e<r’
by monotonicity and left continuity of the function Fy;, we get F,,(r') > 1—¢
for all b € Ay, hence ag € Ny[r', (] for all b € Ay therefore ag € U and U # ).
It follows from Lemma 34, that U = V. The set U is closed and convex as an
intersection of closed and convex sets. It remains to show that f(U)Ng(U) C U
therefore U € I to infer that U = Ay. For that, let ¢ € U and b € f(Ag)Ng(Ap).
Then there exists a € Ay such that b = f(a) and b = g(a). Taking ¢t =/ in the
inequality (3.4), then

Frop(r') = Fryga) (') = Fea(r') > 1= C.
Thus, the definition of the set V implies f(c) € V. It follows that f(U) C V
and since V = U, we have that f(U) C U. Also, since b = f(a) we get

Fg(c)b(rr) = Fg(c)f(a) (T) > Fca(r) >1-,
and by the definition of the set U we get g(c) € V. So, g(U) CV but V ="U,
then g(U) C U and therefore U € I" hence U = Ay. This implies that

UcC ()Nl
beU

From last we have that for every a,b € U it holds that F,(r') > 1 — ¢, then
infope Fop(r’) > 1 — ¢. From the last and (3.8), it follows that
Dy(r) = sup inf Fgp(e) > sup inf Fu(e) > 1 — ¢ > Dy, (r).
e<r abGU T‘l§€<’l" abEU
This is a contradiction with U = Ag. Then Ay consists of only one point Z and
since f(Ap) Ng(Ap) C Ap this means that f(Z) = g(T) =7 and T is a common
fixed point of the mappings f and g. This completes the proof. O
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If we take f = g in Theorem 36, we get the following.

Corollary 37. Let (M, F,T,s) be a fully convex b-Menger space has the
property (Py) with a convex structure W satisfying (Cy) and (C3), suppose
that F' has the property (P,). Let A C M be a nonempty, convex and compact
subset of M. Then any nonexpansive mapping f of A into A has a fixed point.

4. Applications

We require the following lemma in our further discussion.

Lemma 38. ([12]) Let (M, || ||) be a Banach space. The following condi-
tions are equivalent

1. M is strictly convex.

2. Ifl<p<ooandzx,y € M, x#y, then |[Ax+ (1 —N)y||P < A||z||P+ (1 —
N|y||P for every 0 < A < 1.

Example 39. Let M be a Banach space strictly convex and 1 < p < oo.
Define F': M x M — AT and W : M x M x [0,1] — M by

Fap(t) = H(t — [la = b]|"),

and
W(a,b; \) = Aa+ (1 — N\)b.

From [9] , (M, F, Ty, 2P~ 1) is a b-Menger space( but is not in general a standard
probabilistic metric space). Proceeding as in Example 25, we prove that W is
a fully convex structure. Consider the function f: IR — IR given by

f:z::{m if x e A,

2x otherwise.

where A be a nonempty, convex and compact subset of M. It is very essay
to see that N,(t) = B(a,t™P) is the open ball of radius t™7 centred at a in
(M,]| . ||)- So, a subset A is compact in (M, F, Ty, 2P~1) if and only if A is
compact in (M, | . ||). We claim that F' has the property (/%). Indeed, let B
be a compact in (M, F,Ty,2P~ ') and b € B. This implies that B is compact
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in (M,| . ||) and since a — [ja — b||P is continuous, then there exists ay € B
such that
llap — b||P = sup |la — b||P.
acB

We can check easily that

inf Fop = Fyp.
aeB ab aogb

Which prove our claims. By following the same lines of proof as in Example
9, we show that (M, F,Tys,2P~') has the property (P;). Next, we prove that
(M, F, Ty, 2P~1) satisfies the conditions (Cs) and (C;). Indeed, let a,b,c €
M and X € [0,1]. By Lemma 38 we get

W (a,b,A) = cll” < Alla = c|[” + (1 = )b — <[,

N W (a,b,A) = cl|” < max{fla —c[[?, [b — ||}
Therefor

W (a,b,A) — el < la—c|[” or [W(a,b,A) = ¢|[” < [b—c|]”, (4.1)
then

FW(a,b,A)c > Fye or FW(a7b7>\)C > Fpe.

Hence, condition (C3) holds. Now, we prove that
W (a,b,A) — el <lla—c|[” or [W(a,b,A) = ¢|[” <[b—c|[". (4.2)

for all a,b,c € M, A € (0,1) and a # b. Suppose that (4.2) does not hold, which
in view of (4.1) gives

W (a,b,%) = ¢l = [la — c[|” and [[W(a,b,A) = ¢[[" = [[b—]|”, (4.3)

Taking [|b — ¢|| = r, we get

Wia,b,\) —c a—c b—c
r r r
and )
b=l _fa—cl |
r r
Since (M, || . ||) is strictly convex
_ bh—
H/\u el _)\)QH <1,
r r
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which a contradiction with (4.4). Therefore, (4.2) holds. Now, if
W(a,b,A) — ¢’ <lla—c|
we take tg > 0 such that
IW(a,b,\) — c||” <ty < |la—c]|P.
On the other hand, if
W(a,b,A) =[P <[[b—cl,
we take tg > 0 such that

W(a,b,A) =l <to <|[b—c].

We conclude that condition (Cy) holds. Taking ¢ is the identity function on M.
Clearly, all the conditions of Theorem 36 are satisfied and every point of the
set A is a common fixed point of f and g.

5. Conclusion

The geometric condition of normal structure plays a crucial role in the fixed
point theory. In this paper, we use this condition to prove the existence of
fixed point (common fixed point) for nonexpansive mappings in the framework
of b-Menger spaces. Our main theorems extend and unify the existing results
in the recent literature. Example is constructed to support our result.
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