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Abstract: Let Ay, Ay, ..., A, (p € N) be non empty subsets of a metric space
(X,d). In this paper, a map T : UY_;A; — UY_| A;, called p-cyclic orbital
contraction of Boyd-Wong type is introduced. Convergence of a unique fixed
point and a best proximity point for this map are obtained in a uniformly
convex Banach space settings. Moreover, the obtained best proximity point is
the unique periodic point of the map.
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1. Introduction and Preliminaries

It is well known that a large number of attempts were made to weaken the
contraction condition of Banach contraction theorem, which is of great impor-
tance in non-linear analysis, both of abstract and applied directions. One such
generalization of the contraction map is given in [1] which is stated as follows:
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Definition 1. A function 1 : [0,00) — [0,00) is said to be an upper semi
continuous from the right if r; \, 7 > 0, then lim; supy(r;) < ¥ (r).

Theorem 2. ([1]) Let X be a complete metric space and T : X — X
be such that d(Tz,Ty) < ¢¥(d(x,y)), =, y € X, where ¢ : [0,00) — [0,00)
is upper semi continuous from the right and satisfies ¥ (t) < t for t > 0 and
¥(0) = 0. Then for any x € X, {T™x} converges to a unique fixed point of T
in X.

As a generalization of Boyd-Wong’s theorem, in [2], the following fixed point
theorem is proved.

Theorem 3. Let Ay, Ay, ..., A, (p > 2) be non empty closed subsets of
a complete metric space (X,d). Suppose T : U'_JA; — UY_| A; be a map
satisfying the following conditions:
1) T(AZ) - Ai+1 where Aeri = Az
2) d(Tx,Ty) < Y(d(z,y)),x € Ai, y € Ait1,1 <i < p, where ¢ is a map as
defined in Theorem 2. Then T has a unique fixed point in N_; A;.

Note that in NY_; A;, T'is a self map and is a map defined by Boyd-Wong. In
[3], Eldred and Veeramani further extended Boyd-Wong’s result by introducing
a notion of cyclic maps which is defined as follows:

Definition 4. Let A and B be non empty subsets of a metric space (X, d).
A mapT: AUB — AUB is said to be a cyclic map if T'(A) C Band T'(B) C A.
A point x € A C B is said to be a best proximity point, if d(z, Tx) = dist(A, B),
where dist(A, B) = inf{(z,y) :x € A,y € B}.

Note that if dist(A, B) = 0, then the obtained best proximity point is a
fixed point. Hence best proximity point theorems are direct extensions of fixed
point theorems.

Theorem 5. ([3]) Let A and B be non empty, closed and convex subset
of a uniformly convex Banach space. Let T : AUB — AU B be a cyclic map
such that

where ) is a map as defined in Theorem 2. Then there exists a unique best
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proximity point & € A. Further, if xg € A, and x,41 = Tz, then {za,}
converges to this unique best proximity point.

In [3], the following lemma is proved, which is used to prove the main results.

Lemma 6. Let A and B be non empty and closed subsets of a uniformly
convex Banach space X. Let A be convex. Let {z,} and {y,} be sequences in
A and {z,} be sequence in B such that lim, ., ||z, — 2| = dist(A, B) and
limy, 00 ||Yn — 2n|| = dist(A, B), then lim,,_,~ ||Zn, — yn|| = 0.

In [6], a notion of p-cyclic map is introduced. If (X,d) is a metric space,
Ay, As, ...y Ap, (p > 2) are non empty subsets of X, then a map T : UP_  4; —
UP_, A; is called a p-cyclic map if T(A;) C A;j41, where A,11 = A;. A point z €
A; is said to be a best proximity point of T"in A; if d(z, T'z) = dist(A;, Ai+1). In
[4], the following best proximity point theorem for a contraction of Boyd-Wong
type, is obtained for a p-cyclic map.

Theorem 7. ([4]) Let Ay, Ag,...,Ap, (p > 2) be non empty closed and
convex subsets of a uniformly convex Banach space. Let T : UY_j A; — UP_| A;
be a p-cyclic map satisfying the following condition, for x € A;, y € Ai11,1 <
i< p,

[Tx = Tyll < P(lz -yl — dist(As, Aivr)) + dist(Ai, Aiya), (2)

where 1 is a map as given in Theorem 2. Then for x € A;(1 < i < p), the
sequence {TP"x} converges to a point z € A; such that z is a best proximity
point of T in A; and unique periodic point in A;. Further, T*z is a best
proximity point of T" and also unique periodic point of T in A;yy.

In [5], a notion of cyclic orbital contraction is introduced in which the
contraction condition need not be satisfied for all the points. Fixed points and
best proximity points are obtained for such a map. In [10], the following notion
of p-cyclic orbital non expansive map is introduced.

Definition 8. Let (X,d) be a metric space. Let Aj, Ag,..., Ay, be non
empty subsets of X. Let T': UY_ | A; — UY_| A; be a p-cyclic map such that
for some x € A;, (1 < i < p), the following inequality holds for each k& =
0,1,2, ., (p — 1)

d(Tpn+k$,Tk+1y) < d(TPn+k_1g;7Tky)7 V y e A; and V neN. (3)
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Then the map T is called p-cyclic orbital non expansive map.

In [10], the following proposition is proved which is useful to prove the main
results.

Proposition 9. Let X be a strictly convex normed space. Let Ay, A, ..., Ap,
be non empty subsets of X. Let T : U!_; A; — UY_| A; be a p-cyclic orbital non
expansive map such that for some x € A;, (1 < i < p),the inequality (3) holds
for each k = 0,1,2,...,(p — 1). Suppose for each k = 0,1,2,....,(p — 1) and
y e A,

lim d(TP" R ~1e, T*y) = dist(A;yp_1, Airr)

n—oo
and {TP"*Fz} converges to z, € A;yr. Then the following hold:

a) diSt(Al, Ag) = diSt(Ag, Ag) =..= diSt(Ap_l, Ap) = dist(Ap, Al),
b) zx is a best proximity point of T' in A;,y and zj = Tkzy for k=1,2,...,p,
¢) zj, is the unique periodic point of T with period p in A; .

2. Main Results

We introduce a notion of p-cyclic orbital contraction of Boyd-Wong type,
which is defined as follows:

Definition 10. Let (X,d) be a metric space. Let Ay, Ay, ..., A, be non
empty subsets of X. Let T': UY_ | A; — UY_| A; be a p-cyclic map such that
for some z € A;, (1 <i < p), for all y € A; and for all n € N, the following
inequality holds:

(TP g, TRy < [d(TP e, TRy) — dist(Aipp—1, Aigr)]
+  dist(Aitk—1, Aitk), (4)
where 1) : [0,00) — [0, 00) is upper semi continuous from the right and satisfies

W(t) < tfor t >0 and ¥(0) =0 . Then T is called p-cyclic orbital contraction
of Boyd-Wong type.

Proposition 11. Let (X,d) be a metric space and A;, As, ..., A, be non
empty subsets of X. Let T : UY_| A; — UY_| A; be a p-cyclic orbital contraction
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map of Boyd-Wong type, with an © € A;, 1 < i < p, satisfying (4). Then the
following hold:

a) T is a p - cyclic orbital non expansive map.

b) lim,, oo d(TP"Fg, TP RN = dist(Aiir, Aigrs1), y € Ay, for each k €
{0,1,2,...,p}

c) limy, o0 d(TP" Lo, TP™y) = dist(A;_1, A;), y € A;.

d) limy, 00 d(TP™ Pz, TP Hy) = dist(A;, Aiy1), y € A

e) lim,, oo d(TP" Pz, TP ly) = dist(A;, Aiy1), y € A;.

£) limy, oo d(TP" 2, TP PTYy) = dist(A;, Aj1), y € Aj.

Proof. Let x € A;, 1 <i < p, satisfy (4) and y € A;.
a) Let d(TP"tF—1x, TFy) > dist(Ajip—1, Aipr)-
Let pp = d(TP"Fx, TF1y), pup_y = d(TP"F=1g Tky) and d = dist(Aip_1,
Ajik). To prove that pup < pp_1, let pur_1 > d. Then (ur_1 —d) > 0. Since
P(t) < t, for t > 0, we have up < Y(pup—1—d)+d < pp—1 —d+d = pg—1. Thus
e < -1

If pup = d, then ¥(ux—1 —d) = 0. Since ¥(0) = 0, we have ug_1; = d. Thus
ui = d = pp—1. Hence it is proved that T is a p-cyclic orbital non expansive
map.

b) Let y € A; and k € {0,1,2,...,p}. Since T is a p-cyclic orbital non
expansive map, the sequence {TP"*z, TPP+k+1yY i a non increasing sequence,
bounded below by dist(A;ik, Ajrrr1). Therefore, this sequence converges to
r > dist(Aipg, Ajyrg1), where © = in f,d(TP ey, TPPHR+LY)) I r = dist(Aiy,
Aitk+1), there is nothing to prove. Hence, let r > dist(A; 1k, Aitx+1). Now

d(Tp(n—i—l)—i—kl,7 Tp(n+1)+k+1y) < d(Tpn+k+1l,7 Tpn+k+2y)
< p(d(TP g, TP HRtYy) — dist(Aipr, Aipig1)) + dist(Air, Aiprr),

(TP g, POy ) — dist(Ai g, Aigrgr) <
P(A(TP o, TPy — dist(Aig, Aivkan))-
Letting n — oo, we get
Ui — oo [d(TPOHD+h g Tr )bty — dist(Aipg, Aiprg1)]
< limsupp oo (d(TP" o, TP+ y) — dist(Aipr, Aipre))
[r — dist(Ajrr, Aiyg+1)] < (r — dist(Aipr, Aipry))-
Let t = (r — dist(A;1k, Aizkr1))- Then we get t < 9(t), which is the contradic-
tion to definition of ¢ that ¢ (t) < ¢, for t > 0. Hence r = dist(Aitk, Aitkt1)-
Similarly c), d), e) and f) can be proved. O
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The following proposition is useful to prove the main result, the proof of
which follows from Lemma 6 and Proposition 11.

Proposition 12. Let A, Ao, ..., A, be non empty, closed and convex
subsets of a uniformly convex Banach space X. Let T : UY_| A; — UY_| A; be a
p-cyclic orbital contraction map of Boyd-Wong type with an x € A;, 1 <1 < p,
satisfying (4). Then the following hold:

a) [|[TP"x — TP Pz|| — 0
b) TPz — TP Px| — 0
c) || TPy — TPrtr iy — 0.

Theorem 13. Let (X,d) be a complete metric space. Let Ay, A, ..., A,
be non empty and closed subsets of X. Let T : UY_j A; — UY_| A; be a p-cyclic
map such that for some x € A;, 1 < i < p the following is satisfied for all y € A;
and for all n € N:

(TP, TR y) < p[d(TP e, Thy)) (5)
where 1) is a map as given in 2. Then N_, A; is non empty and {T""z} converges

to zo € N¥_, A; which is the unique fixed point of T'.

Proof. When dist(A;ik, Aitk+1) = 0 in (4), we get (5). Let x € A4; (1 <

i < p) satisfy (5). Let us prove that, given ¢ > 0, there exists an ng € N such
that

d(TP"x, TP"x) <€, for all n,m > ng, (6)

by induction on m. Let € > 0 be given. Now
d(TP"z, TP"x) < d(TP"x, TP ) 4+ d(TP" o, TP z).

By similar argument as in Proposition 11 b), it can be shown that by putting
dist(Aipr, Aiyrs1) = 0, limy_sood(TP™z, TP Hlz) = 0. Hence there exists an
ng € N such that

d(TP™ g TP ) < (6/p),0 < § < (¢/2),m > ny. (7)
Hence it is enough that if we prove that
d(TP"x, TP z) < (e/2),  m,n > ng. (8)

Fix ng € N such that (7) holds. Now (8) is true for m = n. Assume that
(8) is true for some m, m > ng. We will prove that (8) is true for (m + 1) in
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place of m. Now

d(TP" g, TP+ D+ g d(TP "z, TP z) + d(TP" g, TP+ 2g)
o A(TP Py PP
(e/2) + (8/p)p

€.

ANVANEEE N VAN

Hence {TP"z} is a Cauchy sequence and hence converges to a limit say, £ € A;.
By putting dist(A4;-1,A;) = 0, in Proposition 11, c), it can be proved that
limy, 00 d(TP" L2, TP"z) = 0. Now

d(€,T€) = lim d(TP"x, TE) < lim d(TP" 'z, €) = lim d(TP" 1o, TP"z) = 0.
n n n

Since T is p-cyclic, £ € MY_,A; and is a fixed point. To prove that £ is
unique, consider 7 be such that n = Tn. It can shown by similar argument
as in Proposition 11, b), d(T?"x, TP" 1) — 0 as n — oco. Hence d(£,7) =
d(TPz, TP"*1n) — 0 as n — oo. Hence n = &. O

Remark 14. It is easy to see that Theorem 3 is a corollary of Theorem
13.

Theorem 15. Let Ay, As, ..., A, be non empty, closed and convex subsets
of a uniformly convex Banach space X, T : UY_jA; — UY_| A; be a p-cyclic
orbital contraction map of Boyd-Wong type. Then for every x € A; (1 <i <p)
satisfying equation (4).{TP"z} converges to a unique z; € A; which is a best
proximity point of T' in A; and it is also a unique periodic point of T in A;.
Moreover, T9z; = Zi+j is a best proximity point and unique periodic point of T
in Ajyj, for j=1,2,...,(p—1).

Proof. If dist(A;, Aix1) = 0, in (4), then by Theorem 13 we have a unique
fixed point of T in N?_; A;. Hence assume dist(A;, A;41) > 0. We claim that,
for every € > 0 there exists an ng € N such that for all m > n > ng,

ITP™ 2 — TP+ le|| < dist(A;, Aipr) + €. (9)

Suppose not, then there exists an ¢y > 0 such that for all £ € N, there exists
myg > ny > k, for which

|TPmk g — TPl || > dist(Ay, Aisr) + €o. (10)
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By choosing my to be the least integer greater than nj to satisfy the above
inequality, we have,

| TPm=Py — TPl || < dist(Ay, A1) + €o. (11)

Now for each k, dist(A;, Aj11) + € < ||[TP™ra — TP F g
< || TPy — TP Pr|| 4 || TP Py — Tpnk+1$”
< || TP — TP Py || 4 dist(A;, Air1) + €0, by (8).By letting k& — oo and by
Proposition 12, b), we have
dist(As, Aj11) + €0 < limg__oo || TP 2 — TP Hg|| < dist(A;, Aip1) + €o. Now,
|| TPk g — TpnkJrle < || TPk — TPt Py|
+|| TPty — TPtpFly|| | TPretPHly — TPretly||. Now by using p-cyclic
orbital non expansiveness of T, (p — 1) times to ||[TP™+ Py — TPtPHly| we
get,

| TPms+py — TPrctptly|| < ||TPmetly — Truet2y)|
S 1/)(”Tpmkl‘ - Tpnk—’—ll‘H - d’iSt(Ai, Ai+1)) + diSt(Ai, Ai+1).

Let us denote dist(A;, Aj11) by d and ||T™x — TP™+lz|| by up. Since
k. — d | €, limsupg_o0oth(ur — d) < ¥(€p). By Proposition 12, (a) and (c), we
have
limg_yoo||[TP™ 2z — TP HPz|| = 0 and
im0 || TP TPy — TPtly|| = 0.

Thus limp_seo||[TP™ 2 — TP la|| < 1h(eg) + dist(A;, Aiiq).
diSt(Ai, Ai+1) + €9 < @D(Go) + dist(Ai, Ai+1).
Therefore ¢y < 1(€p), a contradiction. Hence the claim follows. Now by Propo-
sition 11, b),
||Tpn.1‘ — Tanrle — dist(Ai, Ai-i—l)-
Combining this with the claim, by Lemma 6, we have the following: For every
€ > 0 there exists an ny € N, such that ||TP™z—TP"z|| <€, m >n > n;. Hence
{TP"z} is a Cauchy sequence in A; and converges to a z; € A;. By Proposition
9, b) and c), z is a best proximity point of 7" in A; and also unique periodic
point of T in A;. Further, 77z = Zi4+; is a best proximity point in A; ;.

Now we prove that, for any y € A;, y # = satisfying the inequality (4), the
sequence {TP"y} converges to the same z; € A;.

Let {TP"y} converge to n € A;. By what we have proved, ||n — Tn|| =
dist(A;, Air1). Also, TPy = n and ||[TPTly = Tp|. Claim: |z — Tyl =
dist(A;, Aix1). Suppose ||z; — Tn|| > dist(A;, Aiy1). Then

||Zi - TT/H - dZSt(Ala Ai+1) > 07

1Tz —T*nl| < ¥z — Tnll — dist(Ai, Ait1)) + dist(A;, Air)
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< Nz =Tl — dist(A;, Aigr) + dist(A;, Aigr)

= TPz - Ty

< Tz = TP,
Thus we arrive at a contradiction. Therefore ||z; — Tn|| = dist(4;, Air1) =
ln — Tnl||. Since the underlying space is uniformly convex Banach space and
the sets are convex, we have n = z;. O

Remark 16. It is easy to see that Theorems 5 and 7 are corollaries to

Theorem 15.
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