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1. Introduction

In 1908, Phragmén and Lindelof (see for example Ali [1] and Levin [7, pp. 53])
introduced the function

1 F 0
h(6) = lim sup osirre )i [F(re?)]
r—00 TP

as the indicator function of an entire function F'(z) of order 0 < p < oco. For

the function ‘
F(z) = eAiB P

holomorphic in an angle {z = re? : a < 0 < 8}, f — a < 27, we have
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‘F(mw)‘ _ €(A cos pf+ B sin pf)rP

9

and its indicator is equal to
H(8) = Acos p + Bsin pb,

(such functions are called sinusoidal or p-trigonometric) which has the same
value of h(f) at the points 61 and 02 where 0 < 0y — 0] < %, then for [0, 6] C
[a, B] we have

W) < H(H), 6<0<0s.
This property is called a trigonometric p-convexity.

Trigonometrically p-convex functions have numerous applications in the the-
ory of entire functions and in the theory of cavitational diagrams for hydropro-
files Avhadief et al. [3], Levin [7] and Maergoiz [8].

In 1921, Pélya [11] showed that if the function f(x) is differentiable and not
identically a constant on [a,b] with f(a) = f(b) = 0, then there exists at least
one point £ in (a,b) for which

b
71> = | Sy 1)

this inequality is called Pélya integral inequality. The relation (see for example
Pélya et al. [12, pp. 80 and 267], Qi [13] and Klambauer [6, pp. 322-323])

b —a)?
/ f(:v)dm<L(b 1 ) , (2)

is known in the literature as Pdlya type integral inequality, which holds for
function f(x) which is differentiable and not identically a constant in [a, b] with

f(a) = f(b) = 0 and

L= sup |f(x)]
x€[a,b]

In 1919, Steffensen [15] (see e.g. Niculescu et al. [10, pp. 190] and Qi [13])
proved that if two functions f(t) and ¢(t) are integrable on [a, b] such that f(t)
never increases and 0 < ¢(t) < 1. Putting for abbreviation

b
)\:/ (t)dt. (3)
Then, , . .
a+
/b_Af(t)dt</a f(t)gb(t)dt</a f(t)dt. (4)
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If ¢(t) = 0 or ¢(t) = 1 or f(t) is a constant for all ¢, the two limits in (4)
coincide.

The object of the present paper is to establish certain integral inequalities
for trigonometrically p-convex functions, which are resemble to Pdlya integral
inequality Pélya [11], Steffensen integral inequality Steffensen [15] and Hermite-
Hadamard’s inequality Mitrinovié¢ et al. [9]. Furthermore, we acquire that
integral inequality for product n'® trigonometrically p-convex functions. We
are interested in real finite functions on a finite or infinite interval I such that
I C R. The rest of this paper falls into three parts. After Introduction, Section
2 contains the basic concepts and result, which are needed in this paper. The
goal of Section 3 is to introduce a certain inequalities trigonometrically p-convex
functions.

2. Definitions and preliminary results

In this section, we present the basic definitions and results which will be used
later. For more details about the basic definitions and results concerning the
class of trigonometrically p-convex function, see (Ali [1]- Green [5], Levin [7] -
Maergoiz [8] and Roberts et al. [14]).

Definition 1. (see Ali [1]) A function f : I — R is said to be Trigono-
metrically p-Convex Function if for any arbitrary closed subinterval [u, v]
of I such that 0 < p(v —u) < 7, the graph of f(x) for x € [u,v] lies nowhere
above the p-trigonometric function, determined by the equation

M(z) = M (z;u,v, f) = Acos px + Bsin pz,

where A and B are chosen such that M(u) = f(u) and M (v) = f(v). Equiva-
lently, if for all € [u, v]

f(z) < M(z) = flu)sinp(v — x) + f(v)sin p(z — u) )

sin p(v — u)

The trigonometrically p-convex functions possess many of properties anal-
ogous to those of convex functions. For example: [1] If f: I — R is trigono-
metrically p-convex function, then for any u,v € I such that 0 < p(v —u) <,
the inequality

f(z) > M(zsu,0, f),

holds outside the interval [u,v].
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Definition 2. (see Levin [7]) A function
T, (z) = Acos px + Bsin pz,
is said to be supporting function for f(z) at the point u € I if
Ty(u) = f(u) and Ty(x) < f(z), Vzel. (6)

Theorem 3. (Ali [1]) A function f : I — R is trigonometrically p-convex
function on I if and only if there exists a supporting function for f(x) at each
point x € I.

Proposition 4. (Ali [1)) If f : I — R is differentiable trigonometrically
p-convex function, then the supporting function for f(x) at the point u € I has
the form

Tu(aj) = f(u) CcOos p(a;‘ — U) + f ;’LL)

sinp(z —u), Vaxel. (7)

Remark 5. (Al [1]) For a trigonometrically p-convex function f : I — R,
if f(x) is not differentiable at the point u, then the supporting function has the
form

Tu(x) = f(u)cosp(x —u) + Ky ssinp(x —u), Voel, (8)
where
Ko e (2, 1) )

Theorem 6. (Maergoiz [8]) A trigonometrically p-convex function f :
I — R has finite right and left derivatives f (x), f_(z) at every point x € I

and f(z) < f ().

Theorem 7. (Levin [7]) Let f : I — R be a two times continuously
differentiable function. Then f is trigonometrically p-convex on I if and only if

£ (@) + P2 f(x) >0, Vrel.
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3. Main Results

The aim of section is to establish various Pdlya and Steffensen type integral in-
equalities for trigonometrically p-convex functions. This section splits into two
subsections. The goal of the first one is to introduce Pdlya integral inequalities
for trigonometrically p-convex and drive an inequality, which like to Hermite-
Hadamard’s inequality for trigonometrically p-convex Ali [2]. Whereas, the
purpose of the second is to give Steffensen integral inequalities for trigonomet-
rically p-convex. In addition to obtain that integral inequalities for product n
trigonometrically p-convex functions.

3.1. Pélya integral inequalities

Theorem 8. Let f : [a,b] — R be differentiable trigonometrically p-
convex function such that 0 <b —a < % and not identically constant on [a, b]
with f(a) = f(b) = 0 and

= inf |f (z)].
m= nf |f ()]
Then
b—a
4

b 4m
/ f(x)dx > ? sin? o( ). (10)

Proof. Since f(z) is trigonometrically p-convex function, then from Defini-
tion 2 we have

Tu(z) < f(z), V€ |a,b], (11)

where T),(x) is the supporting function for f(x) at the point u € [a,b]. Conse-
quently,

/abf(x)dx > /ab T, (2)dz

a+b b

_ /a2 Ta(a:)da:+ﬁ+b Ty (x)dzx. (12)

=
As f(z) is differentiable, f(a) = f(b) = 0 and by using Proposition 4, then the
supporting functions Ty (z) and Tp(x) for f(x) at the points a € [a, aT‘H’] and
b € [%42, ] have the forms

Ty (z) = % sin p(x — a), (13)
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and
sin p(x — b), (14)

Q)
P

respectively. Substitute from (13) and (14) in (12) it follows that

/abf(x)dx = [0

sin p(z — a)dx

= 22— cosp5 ]+ =L cosp(“ )
2sin? p(252) 2sin? p(232)
= f(a) L= (=f ()
p? p?
S m2sin2 2(I’TTQ) 2sin? /;(I’TT‘I)
- P P
4 b—
= p—?sinQ (= %)
This completes the proof. ]

Theorem 9. Let f : [a,b] — R be trigonometrically p-convex function
and not identically constant on [a,b] with f(a) = f(b) =0 and 0 <b—a < L

then ) ) ) )
/a f@)dz < = F( ) tan (=), (15)

Proof. As f(z) is trigonometrically p-convex function, then by using Defi-
nition 1 and f(a) = f(b) = 0, we obtain

a+b

f(.l‘) S M(m;a>va)
(5 +b
= sinp(Qb%a) sin p(x — a), V:L‘E[a,QQ ]. (16)
And
fa) < M@ T
atb
= TG g, v e [P (1)
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Consequently, if we integrate (16) over = € [a, i] and (17) over x € [a+b b],

we get

/abf(x)dx - /2 dx—i—/ fla

IN

1 a+b b—a 1 a+b b—a
n + np

Then, the theorem is proved. U

Theorem 10. Assume that f : [a,b] — R be trigonometrically p-convex

function such that 0 < b —a < 7 and not identically constant on [a,b] with

fa) = f(b) =0 and

= inf |K
w xéﬂl . | Kz £l
Then,
4w —a b 2, .,a+b b—a
)< [ fa)de < 2 FOS D an T, (9
p 4 a pr 2 4
where K, f € [f_f), f*;x)]
Proof. From Theorems 8, 9 and Remark 5 we deduced (18). O

The inequality (18) is similar to

b—a

b b—
22 sin p( 2=

2 b 1
3] ) < / Fla)dr < S [F(a) + F0) tan p( ).
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This relation is in Ali [2] as Hermite-Hadamared’s inequality for trigonomet-
rically p-convex function, which holds for trigonometrically p-convex function
f:I—)Randa,bEIwitha<bsuchthat0<b—a<%.

3.2. Steffensen integral inequalities

Theorem 11. Assume that f : [a,b] — R is non-negative trigono-
metrically p-convex function where 0 < b —a < 3, with fla) = 0 and
g : a,b] = [0,00) is continuous non-increasing function. Then

a+A
/ F)g()de < — Z((b”) > [ st (19)

where

b
A= / sin p(z — a)dzx.

Proof. Since f(x) is trigonometrically p-convex function and f(a) = 0, then
from Definition 1 the p-trigonometric function M (x;a,b, f) can be written in
the form

M(x;a,b, f) = % sinp(z — a). (20)
Consequently, from (5) we have
fz) < % sin p(x — a), Yz € [a,b]. (21)

As g(z) > 0, then from (21), we get:

b
/ f(z)g(z)dr < smg((bb) a)/ sin p(z — a)g(z)dz. (22)

Since,
O<b—a<,
2p

then
0<sinp(zx —a) <1 Vz€la,b.

By integrating the above inequality over z, we get

b
0< / sin p(x — a)dz < (b —a). (23)
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Consequently, we have
0<A<b—a. (24)

Assume that

a+A b
h(z) = / g(x)dx — / sin p(x — a)g(z)dz. (25)

Now, we prove that h(z) > 0. From (24), we observe that
a+\ a+X
h(z) = / g(z)dx — / sin p(z — a)g(x)dx
a b a
- / sin p(z — a)g(x)dx

+A
b

a+A
= / (1 =sinp(z —a))g(x)dx — / sin p(z — a)g(z)dx.
a a+A
In fact that g(x) is non-increasing implies g(z) > g(a + A) for all = € [a,a + A,
then we get

a+A
h(z) > gla+ )\)/ (1 —sinp(z —a))dx

_ /a " in p(z — a)g(z)dz

+A

a+A
= gla+ )\ — / sin p(z — a)dx)

b

- / sin p(z — a)g(z)dx
a+A

b

b
= gla+ M) /Jr)\ sinp(x — a)dzx) — /+>\ sin p(z — a)g(z)dx
b

= / (9(a+A) — g(z))sin p(z — a)dx. (26)
a+A

Using the fact that g(x) is non-increasing implies g(x) < g(a + A) for all z €
[a + A, b]. Hence, we get

b
/ (g(a+N) — g(z)) sin ple — a)dz > 0,
a+A

thus, from (26) implies
h(z) = 0, (27)
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Using (25) and (27) one obtains

a+A

/a ' in ple — a)g(x)de < / o(z)dz. (28)

a

As f(z) > 0, then from (22) and multiplying the inequality (28) by sin]; EZ)_G) >0
we conclude that

’ f(b) -
[ t@stern < L [ sinpte — (ot
f(b) a+A\
sin p(b — a) /a g(x)dz.
Therefore, the theorem is hold. O

Theorem 12. Assume that f : [a,b] — R is trigonometrically p-convex
function, where 0 < b—a < 55 with f(a)=0and f (a) >0 and if g : [a,b] —
[0,00) is continuous non-increasing function. Then

b b
Koy [ stado < [ (o (29)

where

b
A= / sin p(z — a)dzx.
a

Proof. By utilising Remark 5 and f  (a) > 0, then from (9) we get
Koy > 0. (30)

As f(z) is trigonometrically p-convex function, then by using Definition 2 we
have
T,(x) < f(z), ¥z € [a,8]. (31)

Since f(a) = 0, then by using Remark 5 the supporting function 7, (z) for f(x)
at the point a € [a,b] can be written in the form

To(x) = Kq psinp(z — a). (32)
Using (31) and (32), one obtains

Ko ¢sinp(x —a) < f(z), Vo € [a,b]. (33)
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We have g() is non-negative, then from (33) we get that

b b
Ka,f/ sin p(x — a)g(x)dx </ f(x)g(x)d. (34)
Let ) )
U(x) = / sin p(x — a)g(z)dr — /b)\g(a:)da:. (35)

Thus, by (24) implies
b=\ b
P(x) = / sin p(z — a)g(z)dxr — /b)\[l —sinp(z — a)]g(x)dx. (36)

In fact, since g(z) is non-increasing, then —g(z) > —g(b — \) for any b — A <
x < b. Hence, we get

b—\
b(z) > / sin p(z — a)g(z)dz

b

—g(b—M\) A_A[l —sinp(z — a)|dx
b—X\

= / sin p(z — a)g(z)dx

b

—g(b— N[\ — /b)\ sin p(z — a)dx]
b—AX

b—X
= / sin p(x — a)g(z)dzr — g(b — \) / sin p(x — a)dx

b—A
= / [9(x) — g(b — \)]sin p(z — a)dzx.

Similarly, from the fact that g(z) non-increasing implies
g(z) > g(b— M) for all a < x < b— A, then we conclude that,

P(x) = 0.

Consequently, we get
b b
/ g(x)dx < / sin p(x — a)g(z)dz. (37)
b—X a

If we multiply (37) by K, ¢ > 0 and from (34), then the desired result (29)
holds, this completes proof. O
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Theorem 13. Let fi(x),fa(z),....fn(x) be trigonometrically p-convex
functions, non-negative, non-increasing and defined in a < x < b where 0 <
b—a< 21,0 for which

fila) =0, i=1,2,3,...,n

and let g : [a,b] — [0,00) be continuous and non-increasing function. Then

b
/ F1(&) o) o (@) g )

b - A (1+An
< H [fraalo W[ gtwan, (33)
smp sin pA, a
where,
a+Ar
A1 = / sinp(z —a), r=1,2,...,n—1 (39)
o
A= / sin p(z — a)dx. (40)
a

Proof. Since fa(z), f3(x), ..., fn(x) and g(z) are non-negative and non-increasing
functions, then the function fao(x).f3(x)...fn(x).g(x) is non-negative and non-
increasing. Therefore, from the fact that fi(x) is trigonometrically p-convex
functions, non-negative and non-increasing with fi(a) = 0 and by using Theo-
rem 11 we get

f1(b)
sinp(b — a)

a+A1
></ fa(x)...fru(x)g(x)d.

b
/ F1(&) o) o (@) g )

Using (23) and (24), we have
0< A\ <b-—a.

Again, since f3(x), ..., fn(z) and g(x) are non-negative and non-increasing func-
tions, fo(x) is trigonometrically p-convex functions, non-negative and non-
increasing with fs(a) = 0 and by using Theorem 11, we get

a+A1 f (a—i—)\ ) a+A2
/a Fo(@). fo(z)g(z)dz < QSIT,All/ f3(2)...g(x)dz,
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where

0< Xy <M.

Repeating the above argument and using Theorem 11 each time, then we obtain

J1(b) fala + A1)...fla + Ap—1)
sin p(b — a) sin pA1...sin pA,—1

b
[ h@he) @ <

a+An
X / g(x)dz
a
- 1(b) H fr+1 a+ M)
~ sinp( b—a sin p A,
at+An
<[ glayaa,

where
O< A< M1 <..<Ax<b—a.

O

Theorem 14. Let fi(x),f2(x),....fn(z) be trigonometrically p-convex
functions non-negative, non-increasing and defined in a < x < b where 0 <
b—a< o for which

fila)=0, i=1,2,3,....n

Then

b 2 ; )\
/a Fu@) fo(@).o fr () da < flp(szslpn Ao Hf +81m“p4; . ()

where A\, A1 defined in (39) and (40).

Proof. Using Theorem 13 and from (38) we have by putting g(x) = 1 that

b 1(b) g Ar)
/afl(ﬂf)fz(x)...fn(x)dx < oo 3] Hf+s1map4;
a+Ap
X/ " dx
J1(b)

sin p(b — a)
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- f freila+Ar)
. 42
H sin pA, )\n (42)

Now, if we take r =n — 1 in (39), then we get

a+An_1
A = / sin p(z — a)dx
a
1 a+Ap—
= L cospla — ajenet
P
1
= _[1 — COos p)‘n—l]
p
2 An—
= Zsin?plnt (43)
p 2
From (42) and (43) we get the inequality (41). O

Theorem 15. Let fi(x),f2(x),....fn(z) be trigonometrically p-convex
functions non-negative, non-increasing and defined in a < x < b, where 0 <
b—a < o for which

fl(a) = 07 fT+1(b_ )‘T) = 07 V?" - 172,37...,7’1 - 17

f{(a) > 0) fv/'-l—l—(b - )\7’) > 07 Vr = 1>273> sy — 1> (44)
and let g : [a,b] — [0,00) be continuous and non-increasing function. Then

n—1

b b
| 1@ p@)- fu@a@de > Ko ([ Koonrod [ a@hde. (9)

r=1

where

b
A1 = / sinp(x — (b—\))dx, r=1,2,...,n —1, (46)
b—Ar

b
(i) My = / sin p(x — a)dx. (47)
Proof. By using (9) and (44), then we get
Ko, > 0 (48)
Kpngy > 0 ¥r=12.,n-1 (49)
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Since fa(x), f3(z), ..., fu(z) and g(x) are non-negative and non increasing func-
tions, then the function fo(z).f3(x)... fn(x).g(z) is non-negative and non-increasing.
Therefore, using that fi(x) is trlgonometrlcally p-convex functions, non-negative
and non-increasing with fi(a) = 0, flf( ) > 0 and by using Theorem 12 we
conclude that

b b
/ H@) o) fa@)g(@)de > Kag | fol@) fu(2)g(@)dr,

b—A\1

where, from (23) and (24)
0< A\ <b—a.

Again, since f3(x), ..., fn(z) and g(x) are non-negative and non-increasing func-
tions, fo(x) is trigonometrically p-convex functions, non-negative and non-
increasing with fo(b — A1) = 0, fo_(b — A1) > 0 and by using Theorem 12,
then

b

b
fo(@)...fu(x)g(x)de > Ky_y, f, /b)\ fa(x)...fu(x)g(x)dz,

b—X1

where
0< Ay <A

Repeating the above argument and using Theorem 12 each time, then, from
(48) and (49). We have

b
/ F@) fo@)foa (@)g@) iz > Ko pi Ky o Kas f,

b
X / g(x)dz
b—Xn

n—1

b
= Konl]] Kb—xr,fm]/b . g(z)dz,

r=1

where
O< <M i<..<<b—a.
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