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Abstract: Sufficient conditions for functions to be starlike of order v have
been studied by authors Ramesha et al. and Nunokawa et al. Sufficient con-
ditions for convexity involving higher order derivatives were investigated by
Silverman. Taking ideas from the works of many authors we obtain interesting
sufficient conditions for functions involving higher order derivatives to be univa-
lently convex of order v (0 < v < 1), using a well known best result in function
theory and obtain as a special case, conditions of sufficiency for convexity if
they belong to A, and A := Aj;.
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1. Introduction
Let A, denote the set of all normalized regular functions of the form

g(z) =z + Z by 2"
k=m

which are regular and univalent in the open unit disk E = {z € C: |z| < 1}.
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Define
Alz—A—{g:g(z)—z—i—Zbkzk}, z € E. (1)
k=2
A function g(z) belonging to A is said to be starlike of order « in E, and denoted
by &* if it satisfies

29'(2)
%<9(2)>>’y (0<y<1) (z€E). (2)

If g(z) € A satisfies
(zg’(Z))/)
§R<7 >y 0<~v<1l) (z€E), 3
e ( ) (=€) 3)
then we say that g(z) is convex of order 7 in E, and we denote by C the class
of all such functions.

Similarly, if by S*(y), C(7), respectively we denote the classes of all starlike
and convex functions of order ~, (0 < v < 1), then §;(0) = §* and C;(0) = C,
respectively the starlike functions with respect to origin and convex functions.

2. Preliminaries

In order to derive our main results, we have to recall here the following lemma.

Lemma 1. ([6]) Let Q be a region in the complex plane C. Suppose that
¢ is a mapping from C? x E — C which satisfies @(xi,y,2) € F for z € E, and
for all real x,y such that
n(l + 2?)

—
If the functions p(z) = 1+ ¢,2" + ... are regular in E with p(0) = 1 and
o(p(2),2p'(2),2) € F for all z € E, then R(p(z)) >0, (z € E).

y< -

3. Main Results

Theorem 2. If g(z) € A, satisfies

o{[0+5) Gy )]} > a0

for some v (0 <~ < 1), then g(z) € C(y).
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Proof. Define p(z) by , /
(=) +7= 5 (ceB) v

Then p(2) = 1+ ;2™ + ¢pp12" 1 + -+ is regular in E.

From (5), we have ) ) )
B 2d"(2) + ¢'( B 2" (2

Differentiating (5), we get

(29'(2))" = [(1 = p(2) + 79" (2) + ' (2) (A = 7)p'(2).

Now
(zg'(2))" [(1 =v)p(2) +119"(2) + ¢'(2)(A — )P/ (2)]
(29'(2)) (1 =)p(2) +119' (=
_J"'(2) N (1—7)p'(2)

which gives

)
(zg(2)) g [(1—7p(2)
29" (%) 20"(z) _g"(x») (A=)

+ = .
(z9'(2))"  (29"(2) +4'(2))  d'(2)  [(1=7)p(2) +1]
Multiplying throughout by z and using (6) we find that

+

7]’
or

2"(2)
29" (2) TG (s N (I =p'(2)
ey cTic e A (R e E)
2g"(z) o (A=) 2(0 = )p(x) £y — )]
(29'(2))' (1 =7)p(z) +7] (1 =7)p(2) +7] (7)

+ (1 =7)p(z) +7-
Using (6) and (7) we have that

zg”(z) ZQg///( )
(1 e ) <z<g'<z>> * 1)
=(1=7)%p*(2) + 2[v(1 —v) — (1 = V)p(2)
+(L=y)2p'(2) + (7)? =2y + 2
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=(1—7)*p*(2) = 2(1 = 7)*p(2) + (1 = 7)2p'(2)
+(1—9)%4+1

Let

o(p(2), 20/ (2),2) = (1 = 7)*p*(2) — 2(1 = 9)°p(2) + (1 = 7)2p'(2) + (1 —7)* + 1
and
F:{TECI%T>@[2(1—7)—TFL]+1}.

Then

R{p(iz,y,2)} =1 =7y + (1 =7 +1-2*(1 )
<51+ + (1= +1-2(1 -7

= —M[za — ) + m]a?

2
(1-7
2

+ (L= =) —m]

+

2(1—v)+m]+1

<

N —

for z,y e R and y < —%(1 + 2?).
By using Lemma 1, we conclude that g € C(7). O

Letting v = 0 and m = 1 in Theorem 2, we obtain

Corollary 3. If g(z) € A satisfies

w{(1+22) (228 1)} >3 cem

then g(z) € C.

Theorem 4. If g(z) € A, satisfies

o{[04 ) (i =)} > 2o -

for some v (0 <y < 1), u >0, then g(z) € C(7).
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Proof. From (5), we have

pz2g" (z )+1 (1 —)zd (=

_ q( 2p[(1 = 9)p(2) + v — 1]
(29'(2))f [(1=)p(2) +

) _
7] (1 —=7)p(2) +1]
+p[(T=)p(z) +v - 1]+ 1.

(®)

z

Now

(4575 (i =)

= (1 —=7)zq'(2) = 2u[(1 —v)p(z) + v — 1] + p[(1 —v)p(2)

+v = 11 = 7)p(2) + 7] + (1 —v)p(2) +~
= (1 =)zp'(2) = 2u[(1 =) (p(2) — 1)]

+u(1 =) (p(2) — D1 —7)p(2) + 7] + (1 —7)p(2) + v
= p(1—7)2p'(2) + (1 =) (=3p + 2yp + )p(2) + p(l —7)*p*(2)

(z) + (1
+u(l =) (2 —7) + .
Let

(p(2), 20/ (2),2) = p(l—=9)p*(z) — (1 —7)Bu —2yu — 1)p(2)

(1 =7)2p'(2) + (1 =) (2 =) + v
and

F—{TEC:?RT> M(12_7)[2(1—fy)—m]—|—’y}.
Then
R{Y(iz,y,2)} = —p(l —=7)*2* + (L =)y +pu(l =92 —7) +7
< —p(l =% = p(1 = )1 +2%) (F)
+ul=7)2 =)+
=- [M(l—V)2+%(1—V)] @’
wm

Hpl =72 =7) - =50 =) +7

<ul-y)e2-7) -5 0=+

=L - -y - ml+y

for real x and y and for y < —g(l + z%).
By application of Lemma 1, we find that g € C(v). O
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Choosing v = 0 and m = 1 in Theorem 4, we obtain
Corollary 5. If g(z) € A satisfies

{055 b))%

which by Lemma 1 implies that
/!
§R(1+Zg (Z)) > 0= g(z) €C,

g ()

for some 1 > 0.

Theorem 6. If g(z) € A,, satisfies

{55 e )]}
> 20y =) +ml + L4 —m) +7

for some v (0 <~ < 1), u >0 then g(z) € C(v).

Proof. From (8), we have

(7 >(” )

= 7)2192( )+ (1 =) (14 2yu — 3p)p(2)
+ (1 = y)zp'(2) +yu(y = 3) + v + 2.

Let
n(p(2), 2p' (2), 2) = p(1 = 7)*p*(2) + (1 = ) (1 + 2y — 3p)p(2)
+ (1 = y)zp'(2) + ypu(y = 3) + (v + 2u)
and
F = {TE(C RT> 72,11[ (7—3)+m]+g(4—m)+’y}.
Then

R {n(iz,y,2)} = p(l —7)* (=) + (1 =)y + yu(y — 3) + (v + 2)
< —p(1 = 7)%% = FE (1 =)+ 2?)

+op(y = 3) + (v +2p)
—p(l =20 =) +ma? - B (1 - )
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+yuly —3) + (v +2p)

20 =3 +ml+ S —m) 1

< 1=
-2

for real x and y for y < —g(l + x2), which shows that R[n(iz,y,2)] & F.
Therefore by Lemma 1, we have R(p(z)) > 0, that is,

()

which implies that g € C(7). O

Letting v = 0 and m = 1 in Theorem 6, we obtain

Corollary 7. If g(z) € A satisfies

{55 by

for some p > 0 which by Lemma 1 1mp11es that %(p(z) > 0, that is,

§R<1—|—Z§((Z))>>Oég( ) eC.

Theorem 8. If g(z) € A,, satisfies

{0+ F3) ()} 2 e 0o

for some v (0 <y < 1), u >0, then g(z) € C(7).

Proof. From (6) and (8) we have
zg”(z) ZQg///( )
(1+%567) ()
=[(1 —)p(= )‘1"7]
[ 1 —m Zp ) ~ 2p[(X = p(z) + = 1]
1-—
= u(1

A=) 17 + (L —=7)p(z) +v -1

) ()+u(1— v)zp' (2)
+pu(1 =) 2y = 3)p(z)puly — (v — 2).
Let



594 M. Elumalai

8(p(2), 20’ (2), 2) = (1 = )*p*(2) + u(1 — 7)zp' ()
+p(1 =7)(2y = 3)p(2) + ply — 1)(v - 2)
and
F:{T€C2%7>M[2(’y—2)+m]}-

Then

R{o(iz,y,2)} = —p(l —7)*(2?) + p(l = )y +ply = 1)(y - 2)
< —p(1 -7’2 = (1= 9)(1 +a?)
+u(y =10 —2)
Er(l=9) +ulr =1y - 2)
p(l—7)

=i -2)+m)

for all real x and y for y < —%(1 + z%).

Which implies that R[6(iz,y, 2)] € F .
Hence by Lemma 1, we have R(p(z)) > 0, that is,

R { (1 + Zg,"(z)>} >y = g(z) € (7).

q'(z)

Choosing v = 0 and m = 1 in Theorem 8, we obtain

Corollary 9. If g(z) € A satisfies

W75 ()} = %

for some 8 > 0, then g € C.

References

[1] P.L. Duren, Univalent Functions, Springer, New York (1983).

[2] M. Elumalai and C. Selvaraj, Sufficient conditions for multivalent functions
of order «, Int. J. Pure and Appl. Math., 109, No 9 (2016), 230-237.



SUFFICIENT CONDITIONS FOR CONVEX... 995

[3]

[4]

[10]

[11]

[12]

A.W. Goodman, Univalent Functions, Vol. I & II, Mariner, Tampa, FL
(1983).

Jian-Lin Li and S. Owa, Sufficient conditions for starlikeness, Indian J.
Pure and Appl. Math., 33, No 3 (2002), 313-318.

S.S. Miller and P.T. Mocanu, Differential subordinations and inequalities
in the complex plane, J. Diff. Eqns., 67, No 2 (1987), 199-211.

S.S. Miller and P.T. Mocanu, Differential Subordinations: Theory and Ap-
plications, Ser. on Monographs and Textbooks in Pure and Appl. Math.,
225, Marcel Dekker, New York (2000).

M. Nunokawa, S. Owa, S.K. Lee, M. Obradovic, M.K. Aouf, H. Saitoh,
A. Tkeda and N. Koike, Sufficient conditions for starlikeness, Chinese J.
Math., 24, No 3 (1996), 265-271.

Ch. Pommerenke, Univalent Functions, Vandenhoek and Ruprecht,
Gottingen (1975).

M.S. Robertson, On the theory of univalent functions, Annals of Math.,
37, No 2 (1936), 374-408.

C. Ramesha, K. Sampath and K.S. Padmanabhan, Sufficient conditions
for starlikeness, Chinese J. Math., 23, No 2 (1995), 167-171.

V. Ravichandran, Certain applications of first order differential subordi-
nation, Far East J. Math. Sci., 12, No 1 (2004), 41-51.

H. Silverrman, Higher order derivatives, Chinese J. Math., 23 (1995), 189-
191.



596



