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Abstract: In this paper, we define the concept of v*-operation in the topolog-
ical product of topological spaces (X;,7;),i € I, through ~;-operations of spaces
(X;,Ti),i € 1. In addition, we examine whether the product of y;-open sets from
(Xi,T:),t € I spaces, is a y*-open set in the topological product of these spaces.
Further, we examine the y*-continuity of projections p; : [[,c; Xi — X;. Also
we prove, whether the product of v; —Tj spaces, v;—17 spaces and ;-Hausdorff’s
spaces, is v* — Ty space, v* — 11 space or v*-Hausdorff space, respectively.

AMS Subject Classification: 54A05, 54A10, 54D10
Key Words: ~*"-operation, topological product, v*-continuity

1. Introduction

The notion of y-operation in a topological space and the notion of the y-open
set were introduced by the Japanese mathematician H. Ogata in 1991. Further,
through the notion of the y-open set, Ogata has defined the v —T;(i = 0, %, 1,2)
spaces.

In 1992, Rehman and Ahmad defined the ~-interior, y-exterior, y-closure
and y-boundary of a subset of a topological space (see [6]).
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In 2003 Ahmad and Hussain studied many properties of a ~y-operation in
a topological space, they defined the meaning of y-neighbourhood as well as
v-neighbourhood of the base (see [1]).

In 2009 Basu, Uzzal Afsan and Chash defined ~y-continuity of function (see
31)

In 2012 Ibrahim defined another type of continuous functions, the almost
~-continuous functions (see [4]).

2. Preliminaries

Definition 1. ([5]) Let (X,7) be the topological space. The function = :
T — P(X) (P(X), is the partition of X), such that for each G € T,G C v(G),
is called y-operation in the topological space (X, T).

Examples of v-operation in a topological space (X,7T), are the functions:
v: T = P(X), given by: v(G) = G,v(G) = cG,v(G) = int(clG), etc.

Definition 2. ([5]) Let (X, T) be the topological space and v : T — P(X)
a y-operation in this space. The set G C X is called y-open, if for every x € G,
there exists the set U € T, such that x € U and (U) C G.

The family of all y-open sets of topological space (X,7) is written by: 7.
This means:

T,={GCX:VeeGIWeT:xcUCH{U)CG}

We note that any v-open set is open, i.e. 7, C 7. It is true, because
from G € 7, it follows that for every x € G, there exists U, € T such that
x €U, Cv(U,) C G, so the union of sets U, € T is U({U, :x € G} =G € T.

Definition 3. ([2]) The set F, is called v-closed, if its complement F'¢ =
X \ F is y-open set in X.

Theorem 4. ([2]) Let (X, T) be the topological space and vy : T — P(X)
a y-operation in this space, then:

1. If for every i € I,G; € T, and then U;c;G; € T,.

2. If G1,Gy € T, then G1 N G2, is not always the y-open set.
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Proof. 1. Let © € UijerG;i(G; € T). Then, there exists igp € I, such
that © € Gy,. Since G;, € Ty, there exists G € T such as x € G and
’y(G) C Giy € UjerG;. It means U;erG; € 7-7

2. That the intersection of the two ~-open sets is not always a y-open set,
shows the following example.
O

Example 1. Let X = {a,b,c} with the topology

T = {0,{a}, {0}, {a,0}, {a, c}, X}.

In X, we define y—operation in this way:

G.beG
Y(G) =
dG,b ¢ G

We define the 7, family, by proving which of the sets from the 7 family,
complete the terms of Definition 2.

We consider the set {a}. Sets {a},{a,b} and {a,c}, are open sets that
contain the single element a, of the set {a}. On the other hand, we have:

2({a}) = cl{a} = {a,c} Z {a},7({a,b}) = {a,b} Z {a},7({a,c})

= {a,c}  {a}. It means {a} & 7T5.

Similarly proving to all open sets of given space, we find that:

7-7 = {@, {b}7 {av b}v {a7 C}a X}

We notice that {a,b} € 75 and {a,c} € T, but {a,b} N{a,c} = {a} € T5.
Remark 1. The statement 2. of Theorem 4 shows that 7, is not always
the topology in X.
Remark 2. It is easily shown by examples that the union of sets that are
not vy-open is not necessarily y-open set.

Based on Theorem 4 and De-Morgan laws, it follows:
Theorem 5. Let (X,T) be the topological space and v : T — P(X) a
~y-operation in this space, then:

1. If for any i € I, I is the y-closed set in X, then N;c F; is the ~y-closed set
in X.

2. If I, Fy, are vy-closed sets in X, then F1 U Fy, it is not always the ~y-closed
set.
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The statement 2. of Theorem 5 is proved by Example 1, according to which
{e}¢ = {a,b} € T, and {b}° = {a,c} € T,. So, the sets {c} and {b}, are
~y-closed, but their union {b, c}, is not y-closed because {b,c}¢ = {a} & T..

The following example shows that the difference of the y—open (y—closed)
sets is not always y-open (y-closed):

Example 2. Let X = {a,b, ¢, d} with the topology
T= {(Z)v {a}v {b}7 {C}, {a7 b}v {a’v C}, {b, C}, {a, b, C}, {a, b, d}7 X}

and y-operation in X, given with:

{ int(clG) : G = {a}

n®) = cG : G # {a}

It is easy to prove that:

7-7 = {®7 {a}7 {C}v {a7 C}a {a7 b, d}7 X}

The y—closed sets are: 0,{b,c,d},{a,b,d},{b,d},{c} and X. We notice that
{a,b,d} € T, and {a,c} € 75, but {a,b,d} \ {a,c} = {b,d} & T,.

Also, we note that {a,b,d} and {b, d}, are a y-closed sets, but their difference
is the set {a}, which is not a 7-closed set.

Definition 6. ([3]) Let (X,7) and (Y,7) be two topological space and
v : T — P(X) a y—operation in (X, 7). The function f : (X,T) — (Y, T)
is called the y—continuous if the inverse image of any V —open set in Y is the
~y-open set in X.

Definition 7. ([5]) Let (X, T) be the topological space and v : T — P(X)
a y-operation in (X, 7). The space (X, T) is called v—Ty, if for any two different
points x,y € X, there exists an open set U such that z € U and y & v(U).

Definition 8. ([5]) Let (X,7) be the topological space and v : T —
P(X) a y—operation in (X,7). The space (X,7) is called v — T1, if for any
two different points x,y € X, there exists an open set U and V such that
zxeUyeVandxg~(V),y &~U).

Definition 9. ([5]) Let (X, T) be the topological space and v : T — P(X)
a ~y-operation in (X,7). The space (X,7) is called v-Hausdorff, if for every
two different points x,y € X, there exists an open set U and V such that
xeUyeVand y(U)Ny(V)=10.
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3. Main Results

Naturally, the following questions are raised:

1. Let (X,T) be the topological space and v : 7 — P(X) a y—operation in
(X,T).Let X" = X x X x...x X, be the topological product of n—samples
of space X. Can a ~*-operation be induced in (X", 7Txn), through ~-
operation of space (X, T), and is the product [[}", Gi,G; € T, v*-open
set in the space (X", Txn)?

2. Let (X, 7T) be the topological space and 71,72, ..., Vn, yi-Operations, i =
1,2,3,...,n, in this space. Can it be induced any v*-operation in the space
(X", Txn), through ~;-operations, in the space (X,7) and is the product
[Ii-, Gi,G; € T,,;,7*—open set in the space (X™, Txn)?

3. Let (X;,7:),i=1,2,3,...,nand v, : T; = P(X;),y;—operations in (X;, 7;),
i=1,2,3,...,n. Can it be induced any y*-operation in the space ([[;"; X;,
T, x s through ~i-operations, in the spaces (X;,7;),i = 1,2,3,...,n
and is the product [[;", G;,G; € T,,7"— open set in the space ([}, Xi,
TH:‘L:1 Xi)?

4. What if, in each of the above cases, n is an infinite number? In other
words, can the product of an infinite number of ~;-open sets be v*-open
set?

We note that the problems raised in question (1) and (2) are particular
cases of the problem raised in question (3).

If (X;,7:),i=1,2,3,...,n, are the topological spaces, with (X, 7)) we denote
the topological product of spaces (X;,7;),i = 1,2,3,...,n, where X =[], X;
and T is the topology of product (Tihonov) in X. We recall that the base of
topology of product T is formed by all sets of the form B = G x Gy X+ - - X Gy,
where G; € T;,i = 1,2,...,n, whereas the open sets of product 7 are of form
U:U{BZ‘:iEI},WhereBi:Gi1XGi2>< XGZn,G ETJ,] 1,2,...,n;,1 €
I, 50 U =U{Gjy x Giy x ... x G, i€}

The answer to question (3) is given by the following theorem.

Theorem 10. Let (X, 7)) be the topological product of spaces (X;,T;),i =
1,2,3,...,n and vy; : T; — P(X;) let be ~v;—operations in (X;,7T;),i = 1,2,3,...,n
The function v* : T — P(X) defined by v*(U) = U{vi,(Gs,) % %Q(G )
X%, (Gi, )i € I} is a y*—operation in (X, T). Moreover, if A; € T, i

in,

1,2,...,n,then A1 x Ay x ... x A, € Ty,



666 S. Haxha, Q.D. Gjonbalaj

Proof. First we will show that v* : T — P(X) is v x —operation in (X, 7).
Let be U € T. Then

U= U{Gil X Giy X oo X Gan 11 € I} - U{'yil(Gil) X ’Yig(Giz) X ... X

By the definition of v*— operation in (X, 7 ), we notice that for the open sets
of the base, we have

’)/*(Gl X Gg X ... X Gn) = 'Yl(Gl) X ’)/Q(GQ) X oo X ’Yn(Gn)an € 7;,

1=1,2,...,n.

Let A; € T,,,i = 1,2,...,n and (x1,22,...,2n) € A1 X Ay x ... X A, be
any point. Then, z; € A;,7 = 1,2,...,n and since A4; € T,, there exists G; €
i =1,2,...,n, such that z; € G; C v(G;) C A;. Therefore, (1, x2,...,x,) €
G1 X GQ X Gn - ’)/1(G1) X ’yg(Gg) X ..o X PYn(Gn) = ’)/*(Gl X G2 X ..o X Gn) -
Ay x Ag X ... X A,. Since, G1 X G X ... X Gy, is open (base) set in (X,7T), it
turns out that A; x Ay x ... x A,, is a v*— open set in (X, 7). O

Theorem 11. Let (X", Txn) be the n-topological power of space (X, T),~; :
T — P(X),i = 1,2,...,n and let be the n,~-operations in (X,T). The func-
tion v* : Txn — P(X") defined with v*(U) = U{7i,(Gi,) X 7i,(Giy) X ... X
Yin, (Giy,),i € I} is a y*-operation in (X", Txn). In addition, if A; € Ty, i =
1,2,...,n, then Ay x Ag X ... X Ay, is v*-open in (X", Txn).

Proof. 1t follows directly from Theorem 10, for X7 = Xy = ... = X, =
X. O

Theorem 12. Let (X", Txn) be the n— topological power of space (X, T)
and v : T — P(X) let be y-operations in (X,T). The function v* : Txn —
P(X™) defined with v*(U) = U{vi,(Gi,) X 7ip(Giy) X oo X 74, (G, )y0 € 1}
is a y*-operation in (X", Txn»). In addition, if A; € T, : i = 1,2,...,n, then
Ay X Ag X ... X Ay, is y*-open in (X", Txn).

Proof. It follows directly from Theorem 10, for X1 = Xo = ... = X,, = X
and y1 =Y = ... =7, =7. O
The answer to question 4. (outlined above) is negative, because the product

of an infinite number of open sets is not necessarily the open set of topological
product and as such can not be a y*-open set, because T+ C T.
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Remark 3. The product [],.; G; of an infinite number of ;-opened sets
from the spaces (X;,7;) is y*-open set of product, if G; = X;, for almost
all i € I. True, from X; = v;(X;),Vi € I, we have G;; X Gy, X ... x G;, X
HiEI\{il,ig,...,in} Xz = Gil X GiQ X ... X Gln X HiEI\{il,iz 77777 Zn}’YZ(XZ) = ’y*(Gil X
X oo X Gy X T e fiy g i) Xi)-

So for @ € Gy, X Giy X ... X Gy X [Liep\fiy g,...iny Xi» the set Gy x Gy %
X Gy X Hie[\{i1,i2,...,in} X is the open set that contains z and v*(G;, x G, X
e X Gy, X i€I\{i1,i2,....in} Xi) C Giy x Giy X oo X Gy, X Hie[\{il,ig,...,in} Xi.

Example 3. Let X = {a,b} and Y = {c,d} be spaces provided with
topologies 71 = {0,{a}, X}, T2 = {0,{c},Y}, respectively. We assign Txxy.
First, we define the sub base of topology of product,

prt () =0xY =14,
piH(X) =X x,

py ' ({a}) = {a} x Y = {(a,0), (a,d)},
Py (D) = X x 0 =0,
Py (Y) =X xY,

Py ({e}) = X x {c} = {(a,¢), (b,0)}.

12

This means

S ={0,X xY,{(a,c), (a,d)},{(a,c), (b,c)}}.

Since all finite intersection of members of S represent the topology base of
product, it turns out that:

B ={0,X xY,{(a,c), (a,d)},{(a, ), (b, c)},{(a,c)} }.
Consequently,
Txxy ={0,X xY,{(a,c), (a,d)},{(a, ), (b, )}, {(a, c)}, {(a, ),
(a,d), (b,c)}}-

Let v9 : T1 — P(X) and 72 : T2 — P(Y),~v-operation in the given spaces,
defined by v1(G) = G,VG € Ty and yo(H) = clH,VH € Ts.

We have: v1(0) = 0,7(X) = X,;m({a}) = {a} and »(0) = b =
0,7(Y)=cY =Y and y2({c}) = cl{c} =Y.

Tx xy will be presented in the form:

Txxy ={0,X xY,{a} xY, X x {c},{a} x {c},{a} xY)U (X x {c})}.
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From the definition of function v*, we have:

TH(0) =70 x 0) = 1 (D) x 12(0) =0 x cld =0,
Y(XXY)=m(X)x1nlY)=XxY
={(a,¢),(a,d), (b,¢), (b, d)},

7 ({(a,0), (a,d)}) = 7" ({a} xY) =n({a}) x (V) = {a} xV
={(a,¢), (a,d)},

7" ({(a,0),(b,0)}) =7"(X x{c}) = X xY
= {(a,¢), (a,d), (b, ¢), (b,d)},

7 ({(a,0)}) = 7" ({a} x {c}) = {a} xY ={(a,0), (a,d)},
7 ({(a,¢), (a,d), (b,¢)}) = 7" (({a} x V) U (X x {c}))
= (m{a} x 72(Y)) U (n(X) x y2{c}) = {a} x V) U (X xY)
=X xY.

Now we examine which of the open sets of Txxy completes the terms of
Definition 2.

Clearly, empty sets and the set X x Y complete the terms of Definition 2.

Consider the set {(a,c), (a,d)}.

For element (a,c), the set {(a,c)} is open set that contains the element
(a,¢) and 7* ({(a,0)}) = {(a,¢), (a,d)} C {(a,c), (a,d)}.

For element (a,d), the set {(a,c),(a,d)} is open set that contains that ele-
ment and +*({(a,¢), (a, d)}) = {(a,¢), (a,d)} C {(a.), (a,d)}.

It means that {(a,c), (a,d)} is v*-open set.

Similarly, we notice that the sets {(a, ¢), (b, ¢)}, {(a,¢)} and {(a, ¢), (a,d), (b,c)}
do not complete the terms of Definition 2.

So, finally we have that T , = {0,{(a,¢), (a,d)}, X x Y}.

Whether the production of ~-closed sets, is the 7-closed set, shows the
following theorem.

Theorem 13. Let (X, T) be the topological product of spaces (X;,T;),i =
1,2,3,...,n and v; : T, — P(X;) let be ~;-operations in (X;,T;),i = 1,2,3,...,n
Further, let be F; C X;,~v;-closed sets in X;,©=1,2,3,...,n. Then,

1. [i2y Fi is v*— closed set in ([[i; Xi, Tye, x,)-

2. [Lies Fi is v*—closed set in ([];e; Xi, Tpy,, x,)-
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Proof. 1. From F; C X;,©:=1,2,3,...,n, we have
(Fy X Fy X ... X Fn)C = (X1 X Xo X ... x Xp)\(F1 X Fy x ... x F,)

= [(Xl\Fl) X X9 X ... X Xn] U [Xl X (XQ\FQ) X ... X Xn]
U...U [Xl X X9 X ... X (Xn\Fn)]

Since
X, €Ty,,1=1,2,3,...,n,

and
Xj\Fj S T’yj,j =1,2,3,...,n,

it follows that (Fy x Fy x ... x F},)¢ is a union of y*-open sets (the definition
of the v*-function) and as such is a y*-open set, that means F; x Fy x
... X F,, is v*-closed.

2. From F; C X;,i € I ([[ie; B5)° = Yjer([Lie; Hi + Hi = X;,Vi # j,Hj =
Xj\Fj)-
So, based on Remark 3, (I[,c; Fi)© is the y*-open in

(I Lies Xis .. x,) as union of the y*-open sets. Consequently [[,.; F; is
the v*—closed in ([[;e; Xi, 71y, x,)-
]

Theorem 14. Let (X, 7)) be the topological product of spaces (X;,T;),i =
1,2,3,...,n and ~; : T; — P(X;) let be ~;-operations in (X;,7T;),i € I. Then
projections p; : X — X;, given by p;(z) = (i) = z;,Vi € I, are v*-continuous
functions.

Proof. Let V; € 7;, then we have to prove that pi_l(V;) =V x H].E]\{Z.} X;
is v*-open set. Let x € V; x Hje[\{i} X;. From v;(X;) = X;,Vj € I\{i}, we
have

Vix T x5=vix J[ w&p=7Vix [ X))
Jeni} jenfi} Jeni}

So the set V; x [[;cp ;1 X; is open in (X, T) which contains z and v*(V; x
[jeng X5) € Vi x ITjen gy Xj- It means p; : X — X; is y*-continuous func-
tions, for Vi € I. O

Theorem 15. Let (X, T) be the topological product of spaces (X;,T;),i =
1,2,3,...,n and v; : T; — P(X;) let be v;—operations in (X;,7;),i € I. If
(Xi,Ti),t € I are y; — Tp spaces, than (X,T) is v* — Ty space.
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Proof. Let z,y € X and x # y. Then, there exists k, such as the k-
coordinate of x and y be different. It means, x; # yg. Since, xp,yr € Xi
and Xy, is v, — Tp, there exists Uy, Vi, € Ty, such that x, € Uy, and yi ¢ v (Ug).
Now pgl(Uk) is the open set in X that contains z and y ¢ pgl('yk(Uk)) =

vy W) x [ Xi=w@)x [ wx)=v0x [ X
ie\{k} ie\{k} ie\{k}

It means that y ¢ v*(Ur X [L;ep oy Xi) = v*(py*(Ug)), consequently (X,7) is
’y* - TO. ]

Theorem 16. Let (X, 7)) be the topological product of spaces (X;,T;),i =
1,2,3,...,n and v; : T; — P(X;) let be ~;-operations in (X;,7;),i € I. If
(X;,T:),i € I are v; — T spaces, then (X, T) is v* — Ty space.

Proof. Let x,y € X and « # y. Then, there exists k such as the k-coordinate
of x and y be different. It means, x; # y. Since, xk, yr € Xi and Xy, is v, — 11,
there exists Uy, Vi € Tg, such that xx € Ug,yx € Vi, 2k & (Vi) yx & Yi(Ug).
Now p; ! (Uy) is the open set in X that contains = and p ' (V},) is the open set
in X that contains y and = ¢ p; '(vx(Vi)) and y ¢ p (v (Ux)) =

vEnVi)x [ Xi=w) x [[ w(x

ieI\{k} iel\{k}
and
yEwe)x [ Xi=wU)x J[ wx
iel\{k} iel\{k}
zéy(Vix [ X
iel\{k}
and
y v (Unx [ X) = ¢v o (V) y &7 (o, (Un)-
ie\{k}

That means that (X,7) is v* — T7. O

Theorem 17. Let (X,T) be the topological product of spaces (X;,T;),i =
1,2,3,...,n and ~; : T; — P(X;) let be v;-operations in (X;,7T;),i € I. If
(Xi,Ti),t € I are v;-Hausdorf spaces, then (X, T) is v*-Hausdorf space.
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Proof. Let x,y € X and x # y. Then, there exists k such as the k-coordinate

of x and y be different. It means, x; # yr. Since xp,yr € X and X is
~vg-of Hausdorf, there exists Ug, Vi € Tg, such that xp € Ug,yr € Vi and
Y(Uk) Ny (Vi) = 0 =,

1]

[4]

[5]

[6]

[7]

pr (e (U) N (e (Vi) = o (v (Uk) N (Vi) = 0 =

(7% (U) x H Xi) N (v (Vi) x H Xi)

ieI\{k} ieI\{k}
(w(@) x [T w0 (w(e) x [ (X)) =
ieI\{k} ieI\{k}
YU x I XonyVex [ x)=0=
ieI\{k} ieI\{k}
V(o (UR) N7 (p (Vi) = 0.
It means that (X,7) is v*-Hausdorf space. O
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