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IN VELOCITY
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Abstract: We present a numerical analysis on a control for the time evolution
of a model of an overhead crane. This closed-loop system consists of a platform,
which moves horizontally along a rail, a cable attached to the platform, and a
load at its end. In the literature, it is known that it is asymptotically stable (cf.
Saouri [13]). This numerical analysis concerns the dissipative finite elements
method (cf. Miletic [14]) based on the Py Lagrangian polynomials and a Crank-
Nicholson time discretization. We prove that the numerical method dissipates
the energy, analogous to the continuous case, for both discretizations semi and
fully. Finally, we derive error bounds for both discretizations.
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1. Introduction

Cranes are essential machinery on modern world and are used to perform tasks
which require the movement of heavy loads in different fields of industry such
as construction, transportation or in manufacturing for the assembly of heavy
components. There are several types of cranes which are selected according to
the specific task to be performed. These cranes can be divided in overhead,
fixed or mobile cranes.
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We will analyze an overhead crane model. The overhead cranes are more
useful mainly inside factories to move heavy machinery or to assembly heavy
equipment.

Now we describe the problem under consideration. We consider an overhead
crane consisting of a motorized platform of mass m moving along an horizontal
bench by means of a feedback control force in velocity. A flexible cable is
attached to the platform and holds a load mass M. The equations of motion
for this system are given by:

Yit — Yaw = 0, 0<z<1,t>0, (1)
= yz(0,1) + myu(0,t) = —By(0,1), t >0, (2)
Yo (1,t) + Myn(1,t) =0, t>0, (3)
y(x,0) = yo(x), yi(z,0) = y1(x), 0<z<l, (4)

where [ is a non negative constant; y(z,t) represents the transversal displace-
ment of the cable whose curvilinear abscissa is x at time .

Well-posedness of this system and asymptotical stability of the system were
established in Saouri [13], using semigroup theory on an equivalent first or-
der system (in time), a carefully designed Lyapunov functional, and LaSalle’s
invariance principle.

The goal of this paper is to develop and analyze a dissipative finite element
method (cf. Miletic [14]) for the control system. Our main focus will be on
preserving the correct large-time behavior (i.e. dissipativity) in the numerical
scheme.

The rest of the paper is organized as follows. In Section 2, the well-posedness
of the system (1)-(4) is established. Section 3 is devoted to the numerical
resolution of (1)-(4) by the method of dissipative finite elements (cf. Miletic
[14]). Finally, in Section 4, a-priori estimates of errors of semi discrete and fully
discrete approximations are given.

2. Well-posedness of the system

Let us define the Hilbert space
H = {U = (y,z,u,v) : ye HY(0,1), z € L*(0,1), u, v € R},

with the inner product

1 1
(U,U>H:/ (yxgx+zé)d:v+Muﬂ+myﬁ—|—p</ zdx + Mu
0 0



DISSIPATIVE NUMERICAL METHOD FOR AN OVERHEAD... 95

+ww+5MQﬂ><Zﬁ%x+Mﬂ+nﬂ+ﬁﬂ&ﬂ> (5)

where U = (y,z,u,v)", U = (§,%,4,7)" € H, p > 0 and ||U]|;; denotes the
corresponding norm.
Let the linear operator A with the domain

D(A) = {(y,z,u, V)T EH: y€ HQ(O, 1), z € HY(0,1), u= z(1),

yzam} (6)
be given by:
Y z
| _ Yza
A U B _ﬁy:t(l) ' (7)
v %(yx(O) — ﬁy)

With the previous notations, the equations (1)-(4) can be formally written as
the form:

U= AU, U(0)eH. (8)
We have the following theorem:

Theorem 1. (Saouri [13]) The operator A, defined by (6)-(7), is m-
dissipative. Then A generates a Cy-semigroup of contractions on H.

Proof. For the proof, see Saouri [13], Chapter 4. O

Remark 2. (Saouri [13]) It follows from the previous theorem that the
problem (8) has a unique strong solution U € C(Ry, D(A)) N CY R, H), if
Up € D(A) and a unique weak solution U € C(Ry,H) if Uy € H.

Finally, we conclude that the problem defined by the system (1)-(4) is well
posed.
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3. Numerical resolution
3.1. Weak formulation

Consider H5(0,1) := H'(0,1) N W and L%(0,1) := L*(0,1) N W, where W :=
{w : w(1l) = 0}. In order to determine the weak formulation of (1)-(4), the
following initial conditions are assumed:

y(0) = yo € HE(0,1), (9)
y:(0) = y1 € LE(0,1). (10)

Let t € [0,4o0[, w € H5(0,1) and x € [0,1]. Then we have:

1
(1) = /0 (yu(z, )yw(x) — Yoo (z, t)w(x)) dz = 0.

Performing partial integration and using the expressions (2) and (3), we obtain:

1
(1) = / (yue (@, Yw(@) + Yo (x, t)wy () dz + myu (0, £)w(0)
0
+ By:(0,t)w(0) = 0. (11)
Let H be a Hilbert space with the inner product defined by:

H:=R xR x L%(0,1),
. s ! (12)
(W, 9)m = / w3psdr + mwi ¢,
0

where w = (wl, wa, w;),), é € H. Next, we consider another Hilbert space V' and
its inner product defined as follows:

V= {d = (w(0),w;(0),w) : we H(0, D},
<a7¢Z>V = < (w?)):va (¢3)x >L2(0,1)'

V' is densely embedded in H. Therefore taking H as a pivot space, we obtain
a Gelfand triple V' C H C V'. Moreover, consider the following bilinear forms:

(13)

a:VxV =R b:HxH—R
(@,0) = (@, 0)v  (@,9) > Bwrdr.

We have the following definition:
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Definition 3. Let 7' > 0 be fixed. Function § = (y(0),,(0),y) is said to
be the weak solution of (1)-(4) on [0, 7] if

g€ L*(0,T;V)nH(0,T; H) N H*(0,T; V')

and satisfies for almost every ¢ € (0,7):

vi{Gu, W)y + a(y, w) + b(g, w) =0, Vt € (0,T), w €V, (14)

with the initial conditions:
9(0) = g0 = (0(0), (10)=(0), 50) €V, (15)
@t(o) = 720 = (311(0)7 (yl)ac(o)ayl) € H. (16)

3.1.1. Existence and Uniqueness results

In this paragraph, we use the intermediate spaces [X, Y]g. For the definition of
these spaces, see Section 2.1 of Lions et al. [8].

Lemma 4. Let X and Y be Hilbert spaces, such that X is dense and
continuously embedded in Y. Suppose that:

y € L*(0,T; X),
yr € L*(0,T;Y).
Then we have
y € C([0, T [X,Y]1)
after, possibly, a modification on a set of measure zero.

Additionally, the following 'Duality Theorem’ (cf. Lions et al. [8], Chapter
6, pp. 29) will be needed in the proof of Theorem 7.

Lemma 5. Let X and Y be Hilbert spaces, such that X is dense and
continuously embedded in Y. For all § € (0,1), we have
(X YTy = [Y', X]1-0.

Lemma 6. Let
Hp(0,1) :=={y € H'(0,1) : y(1) = 0}.

Then, there exists a set of functions {wy}72, that is an orthogonal basis of
H}(0,1) and an orthonormal basis of L%(0,1).
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Proof. Let L be a second order differential operator given by:
Ly = yzq.

Consider the following problem:

Ly(z) = —f(z), = € (0,1),
y(1) = y(0) = 0.

Assuming that f € L%(0,1), we recall that a weak solution of this problem is
defined to be y € H}(0,1) such that

1 1
R ()
0 0
for all w € HL(0,1).
The bilinear symmetric form

1
a1(¢, w) 2/0 Ppwad

is coercive and bounded on H1(0,1). From the Lax-Milgram theorem, it follows
that weak formulation (i) has a unique solution y € H3(0,1). Then, we have

y=-L"'f.

Operator L' : L%(0,1) — H(0,1) is linear and bounded. Moreover, let
T:=-IL ' e L£(L%(0,1)), where T is the embedding of H:(0,1) in L%(0,1)
which is compact. T is compact because product of two operators whose one is
compact.

Now, we show that T is symmetric. Let us consider f, g € LQE(O, 1) and set
w=—L"tgin (i).

We obtain:

(f£,Tg) 1200 = (f.=L7g) 1200y = ar (L7 f, L7 g)
=ay(L g, L7 f) = (g,—L_1f>L2(0,1) =(9,Tf)r2(0,1)-

Then T is symmetric. Furthermore, T is positive definite because a; is coercive.
Then, there exists a countable orthonormal basis {wy, }32, of L%(0,1) consisting
of eigenvectors of T'. Additionally, these eigenvectors are in H1(0,1) according
to the definition of T'. From the weak formulation, one can see that the basis
{wy}32, is orthogonal in H(0,1) with respect to the inner product a;(.,.). O

(17)
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Theorem 7.
(a) The weak formulation (14)-(16) has a unique solution .

(b) The additional regularity holds for the weak solution y:

g€ L>®0,T;V), 9. € L*(0,T; H), (18)
j€C([0,T] [V, H]y ), (19)
i € C(0.T1: (V. H). (20)

Proof.

Step 1: Existence of the solution of the weak problem.

Let (wg)r be a sequence of functions that is an orthonormal basis for H and
an orthogonal basis for V. Such basis exists and its construction is given by
Lemma 6. We introduce the following finite dimensional spaces:

~

Wy, == (w1,...,0y), Yn € N. (21)
Let n € N and the Galerkin approximation ¢, (t) € W
Gn(t) = (Yn(0), (yn)2(0), yn) = Y dis(t)dn
k=1
with d¥ (t) € R, which solves (11) on W,,:

((@n)tts 0 ) + a(Gn, @) + b((Jn)e, ) = 0 (22)
with the initial conditions:

n

i (0) = Gon = kZ(z;o,uvk Wbk, fon — GoinV, (23)
=1
n
(9n)e(0) = Zon = ;<20,wkz Vo, Zon — Zoin H. (24)

Thus we obtain a linear system of second order differential equations. After
rewriting it as a system of first order differential equations, the Cauchy-Lipschitz
theorem implies that this system has a unique solution ¢,, € C2([0,T]; V).

Next, let us define an energy functional for the trajectory ¢:

Bwid) = g | 101 + Lol | (25)
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Taking W = (§,,); in (22) and using the smoothness of 7, we obtain:

d

~ N N 2
ZB(t:9n) = =B(Jn1), < 0. (26)
Consequently,
E(t;gn) < E(t;jon), >0, (27)

and since the sequences (Jon)n and (2o, )n are convergent, then:

U, is bounded in C([0,T]; V),

PN . (28)
(n)¢ is bounded in C([0,T]; H).
Using these boundedness results, it holds:
Vi € V, |a(fn(t), @) + b((§n)e(t), )| < Dy [y, (29)

almost everywhere on (0,7"), with some constant D; > 0 independent of n.

Let n € Nand w € V such that w = qgl —|—$2, where qgl € W, and ég € WnT,
orthogonal of W, in H. Then we have:

(@) ) = (In)ue: 61 )
= —G(Qn, ¢1) - b((?)n)tu ¢1)
< Dy [[da < Dl (30)
This shows that the function (¢y,)y is bounded in C([0,7]; V'). Due to the

Eberlein-Smuljan theorem, there exist a subsequence (9, );, and functions g €
L2(0,T;V), 4: € L*(0,T; H), 9 € L*(0,T; V") such that:

(Gny)1 — 9 in L*(0, T V),
((Gny)e)1 — §¢ in L*(0,T; H), (31)
((On)et)1 = e in L*(0,T; V).

Moreover, (31) yields

((Gngi)e)t — (Gn,i)ts (32)

for i = 1,2 and for almost every ¢ in [0, 7).
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Let ng € N. Consider the function ¢ € L?(0,T, Wno) such that:
no
G(t,x) = aj(t)w;(x), (33)
j=1
where a; € L*(0,T,R), and for all n; > ng, equation (22) yields:

T
/ << (Go)ets @)1 + 0 (mns @) + 5 @))dt 0. (34)
0

Passing to the limit in (34), and using (31), one obtains:

T
/ Vs O + a(d, @) + b(Ge, @)dt = 0. (35)
0

However, functions of the form (33) are dense in L?(0,7;V) and hence (35)
holds for all ¢ in L?(0,7;V). This implies that (14) is satisfied almost every-
where on [0, T]. Therefore  solves the weak formulation.

Step 2: Regularity.

From the construction of the weak solution and (28), ¢ satisfies (18). Using
Lemma 4, we obtain (19), after, possibly, a modification on a set of measure
zero. Moreover, regularity (20) follows from Lemmas 4 and 5.

Step 3: Verification of initial conditions.

We show that ¢ satisfies initial conditions. For this purpose, equation (14) is
integrated by parts (in time), with @ € C?([0,T]; V) such that @(T) = 0 and
w(T) = 0:

T T
/ (e Yz + alg, ) + b(g, )] dr = / (5, )i
0 0

(36)
— vi{gu, whv]dr = —(5(0),w:(0) )i + v {5(0), 0 (0))v-
Similarly, for a fixed n, it follows from (22):
T
| €t 1+ s ) + WG, )]
0 (37)

= —(Don, ¢(0) ) i1 + (Zon, W(0)) .
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Using (23)-(24) and (31), passing to the limit in (37) along the convergent
subsequence (yy, );, one obtains:

T
| 1€t )+, 16) b )] dr == (0) -+ (o 0) b (39
0
Comparing (36) and (38), we obtain by identification that §(0) = go, 9:(0) = 2.

Step 4: Uniqueness of the solution.
Consider g solving (14) with zero initial conditions. Let s € (0,7T) be fixed, and

set
}A/(t) . _ft g(r)dr, t<s,
0 else.

We have:
A ( v (0. ¥ () + a(i(r), ¥ (7)) + b(3i(r), f/m)) dr=0.  (39)

Performing partial integrations, we obtain:

L[ s [ Gatrenvonr [[wnsonar=o
(40)
From (40) follows:
i/ <9 - 5 / SV (7)Y (7)) dr = - /Osb(w)a@m) dr =0
(41)
Then we have:
[5()II3 + a(V(0), ¥ (0)) < 0. (42)

Hence §j(s) = 0 and Y (0) = 0 (a is coercive). Since s € (0,T) is arbitrary, then
y=0. O

3.1.2. High regularity results

In this subsection, we demonstrate that even stronger continuity holds for the
weak solution § solving (14)-(16).
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Theorem 8. After, possibly a modification on a set of measure zero, the
weak solution y of (14)-(16) satisfies

gec(o,Thv), (43)
gr € C([0,T]; H). (44)

A definition and a lemma are stated before demonstrating this theorem.

Definition 9. Let Y be a Banach space. Then

Cw([0,TY) :={w € L>™(0,T;Y) :
t — (f,w(t)) is continuous on [0,T], Vf € Y'}

denotes the space of weakly continuous functions with values in Y.

The following lemma was stated and proved in Lions et al. [8] (Chapter 8,
pp. 275).

Lemma 10. Let X, Y be Banach spaces, X C Y with continuous injec-
tion, X reflexive. Then we have:

L=(0,7; X)NCw(0,T;Y) = Cp(0,T; X).

Proof. Proof of Theorem 8.
This proof is an adaptation of standard strategies to the situation at hand (see
Section 8.4 in Lions et al. [8] and Section 2.4 in Temam [11]). Using Lemma 10
with X =V and Y = H, it follows from (18) and (19) that g € C,([0,T]; V).
Similarly, (18) and (20) imply 9; € Cy, ([0, T]; H).

Now, consider the scalar cut-off function £ € C°°(R) such that it equals 1
on some interval J CC [0,7], and 0 on R\ [0,7]. Then the function {g: R — V
is compactly supported. Let n° : R — R be a standard mollifier in time. For
example, n° may be given by:

where

1
e T, < 1,
) = ‘
0, It > 1.
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The following definition is introduced:
g =08y € CR,V),

9® converges to ¢ in V', and ¢; to ¢ in H almost everywhere on J. Then E (t; y° )
converges to E(t; g)) almost everywhere on J. Since ¢° is smooth, one has:

d - ~E ne) 2
T EE) = -B(5); <0 (45)
Passing to the limit, when ¢ — 0,
d -~ . . N2
LBty = —B(5:); <0 (46)

holds in the sense of distributions on J. Since J is arbitrary, (46) holds on all
compact subintervals of (0,7).
For a fixed ¢, let lim ¢, =t and the sequence (7,), be defined by:

n—oo

1

T =5 19— 95 + 19 — Ge(ta)l| 77 |- (47)

Then we have:

T = E(t,@) + E(tnay) - <?)(t)ay(tn) >V - <yt(t)7yt(tn) >H

Due to the t-continuity of the energy function E, and using weak continuity of
y and 7¢, we obtain:

lim 7, = 0.
n—o0
Finally, this implies that:
Tim [[9(6) — (6l = 0. (48)
T [[94() — 91(ta)| 5y = 0. (49)
which proves the theorem. ]

3.2. Dissipative FEM method

The goal of this section is to develop a stable and convergent numerical method
which faithfully describes the behavior of the system. We know, in fact, that
the energy of the system decreases in time:

%E(t;y) = —By(0)* < 0. (50)
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Therefore, it is important that the corresponding numerical method preserves
the structural property of dissipativity: for longtime computations, the numer-
ical scheme must be convergent in classical sense, but also yield the correct
large time limit. Moreover, the dissipativity of the scheme implies immediately
unconditional stability.

3.2.1. Semi-discrete scheme: space discretization

Let Vj, C HE(0,1) be an arbitrary chosen finite dimensional space. We obtain
the following approximating problem:

Problem G": Find y;, € C%([0,4+00), V4), i.e.
gn = (yn(0), (yn)=(0),yn) € C*([0, +00), V) verifying:

1
/0 ((yn) e (8) (@)wn () + ((yn) ()2 (@) (wh) o (z)) da
+m(yn )i (t) (0)wp (0) + Byn)e(t)(0)wn(0) = 0, (51)

with the following initial conditions:
yn(-,0) = yh € Vi,
(yn)e(0) = yj, € Vi.

Discretize [0,1] in p subintervals of same length. Vj, C H'(0,1) then its
elements are globally C[0,1]. Let us consider:

(52)

Vi = {¢ S C[O; 1] : ¢|[ﬂfk;$k+1] S PQ(R), k=0,...,p— 1},
with zp = kh, k=0,1,...,p. Then dim V}, = 2p and note
Vh: <¢17¢27"'7¢2p>7

where ¢;, © = 1,...,2p, are the associated basis functions at nodes z;, j =
0, %, 1, %, 2,...,p— %, respectively.

In this basis, yy(x,t) = ya(t)(z) = Y7, Vj(t)¢;(x). Replacing yj by his
expression in (51), one obtains:

2p 1 1
ZK | dvtida + m 06,00 o) + [ (G0a(0rvi(0 "
+5¢i<o>¢j<o><mt<t>} —o,
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for all t = 1,2,...,2p. Finally, we obtain an ordinary differential equation:

AYy(t) + BBY;(t) + KY(t) = 0. (54)

where

B= K= Y =

A= (aij)1§z‘,j§2p’ (bij)1§z‘,j§2p’ (kij)1§z‘,j§2p’ (Yi)1§z‘§2p

and

1 1
aij = /O gigjdr +mad;(0)9;(0), bij = $i(0)¢;(0), kij = /0 (9i)2(0)x de.
(55)

Derivation of element matrices. The element matrices are:

re=zl 5 B &) x-7(-4 5 ).
L 2 4 4 7
15 15 15 6 3 6
B, = Q.

Remark 11. In the definitive expression of matrices, one shall take into
account the following parameters:

bu =1, an = 7p +m.

Dissipativity of the method. In this paragraph, we demonstrate the dis-
sipativity of the semi discrete scheme. Consider the following function:

1 1
Blty) = %[/0 yt(:r,t)Qd:):—i—/O yo(w )2 dz + mys(0,02|,  (56)

where y € C2([0,00); V).

Theorem 12. The solution ¥, of the problem G" satisfies:

Vit > 0, %E(t;yh) = —,B(yh)f(O) <0. (57)

Proof. For all y;, € C%(]0,00); V},), we have:

. 1 1
E(t;yn) = 5 [/0 ()i (@, 1) + (yn)e(x, 1)) dz + m(yp):(0,8)% . (58)
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Then we have:
1 1
GECm) = [ et de+ [ n)ads -+ moniO)m)e(0). 69

In other part, by replacing wy, by (yp): in (51), one obtains:

1 1
/0 (yh)tt(yh)tder/O (Yn)ea (yn)zdx = —m(yn)e (0)(yn)e(0) — B(yn)7 (0). (60)
Then we obtain %E(t;yh) = —B(yn)?(0). O

3.2.2. Fully discrete scheme

Consider a new variable z, := (yp):. Rewriting (54) as a first order ODE, we
get:

NU; = MU
. (61)
Uy = [Yo Zo] ',
where Z := Y, = [Z1 Zy ... ng]T be its representation in the basis {¢;};,
u-[vz,

_ H210 ©2p _ ©2p H210
N—[©2p A and M= _K —8B|

The time interval is discretized into s equidistant subintervals, for a fixed
s € N. Let At :=T/s denote the time step and

trp = kAt, Yk € {0,1,...,s}, (62)
the nodes of the discretization.

We adopt as notation U }lf = [yﬁ z}]j]—r, the approximation of the solution Uj,

at time t;. Let Y, and Z; be the vector representations of y}]j and z’,j in the
considered basis in V},.

Applying the Crank-Nicholson scheme to the system (61), we obtain:

M Ug41 =S Uy,

Up = [Yo Zo] ',

forall k=0,1,...,s — 1, with

N M Tk
M=x 2_[

vl =S
- |
=
ol
=
—_
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and

>
(Nl

At 2

N M T2 Lk
S==+5% = 2 4l
% 2%

Moreover, for all k=0,1,...,s — 1,

Vi1 =Y _ Zppr +Zg
At 2 ’

(65)
Lgy1— 2Ly Y1+ Y Lit1 + Ly
I i S BB, (66)

Dissipativity of the method. In the following, we show that the scheme
(65)-(66) dissipates the norm. The natural norm of U, = Uy (t) = [y 21| ', the

solution of the semi-discretized system, is defined as:

o =3[ [ i+ [ e+ man07?) (67)

We have the following theorem:

Theorem 13. For all k € N, we have:

o~ ol = —ﬂAt<zf’3“<0>2+ z;’§<0)>2

Proof. We have:
o = o

= 3| [ (s = ot Yo+ [ (k0

“h

~ ab? e+ m (G20 - PO ) |
Using Crank-Nicholson scheme, one obtains:

k+1 & K+l Lk
Yo Yy 2, Tz

At 2 (69)
Multiplying (69) by zﬁ“ — 2 and integrating it over [0;1], we have

1 1 1 yk?-f-l o yk
5 [ (7 = G Yo = [ b sy
0 0

7 2, (70)
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Moreover, using Crank-Nicholson scheme on (11), we obtain:

1/ k+1 _ k k+1 k
/ (zh %y 4 (yp ):v'i'(yh):v(wh)x) i
0

At 2
zﬁ“(()) + z]ﬁ(O)w 0) + mzﬁ“(()) — z’,j(())

+p 5 1(0) A7

Substituting wy, by y,lf;“ and next by yF in (71), one has:

| Ny L[ et A
3 | (e = =5 [kt ke - [yt

_ 2 1(0) = 25(0) 4y _ 2 (0) +25(0) 4

1t k2 Lot ey, vk Paptt e g
3 | (e =—5 [ okae - [ 2t

_mzi“(mA - AUNT Bz;’§“<0>2+ AU

Substracting (73) from (72) yields:

%/01 ((%)5“)2 - (yh)§)2> dr
) _% /01 ((Z},§+1)2 B (2}13)2)@3 _ % (ZEH(O)Q _ 25(0)2)

Finally:

oo - o = - (AR,

109

(71)

(74)
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Figure 1: Energy dissipation E(t)

4. Errors estimates
4.1. A-priori error estimates for the semi-discrete scheme
In this paragraph, we derive the a-priori estimates for the Galerkin solution of
(51)-(52), where the discrete space V}, is the space of Py Lagrange polynomials.

These estimates are based on the method used in Choo et al. [18]. The Lagrange
interpolation of the weak solution y € V}, is denoted by ¥:

p—1
0.6 = 3 (sl 063521(0) + 002, 3: D62p12(0) ).
=0

Suppose that

y € C([0,T]; HE(0,1)),y: € L*(0,T; Hz(0,1)), yu € L*(0,T; Hp(0,1)). (75)
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Then for almost every ¢, we have (cf. Brenner et al. [3], Choo et al. [18]):

ly =9l g0,y < Ch Yl g20,1) -
lye = Tell o,y < Chlyell 20,1y - (76)
lyee = Getll L2 0,0) < Chllyeell o,y -

The error of the semi-discrete solution vy, is defined as
" ==y, — § € Vj. Using (51), it follows:

1 1
/ etwdz + / Mg dr + mel (0)w(0) + Bel (0)w(0)
0 0
1 1
= / (ytt - :’-7tt‘)wdaj +/ (Yz — Pz )wede,
0 0

for all w € Vj, t>0. Using w = e?, we obtain:

1 1 1 1
/ ei}te?d:c—i—/ eféeifxd:c :/ (yue —gjtt)e?d:c—i—/ (Yx —gjx)eﬁxdﬂc
0 0 0 0
— Be(0)* — mel (0)ef'(0)

1 1
< / (s — gtt)G?d.’/U + / (Y2 — Z]x)eélxdx
0 0
— mel (0)e(0) (77)

for almost every t € [0,T]. Then, for almost every t € [0,T] we have:

d R 1 ~ 1 ~
EE(t; Eh) = / (yur — ytt)E?dfc + / (Yo — yx)e?xdx - 56?(0)2
0 0

1 1
< / (yur — Qtt)E?dfc + / (Yo — @x)E?xd% (78)
0 0

Integrating the previous expression over [0,¢]. It follows:

t 1 1
E(t, eh) < E(0; eh(O)) +/ (/ (yu — g]tt)egdﬂc + / (Yz — g]x)e?xd:c> ds.
0 0 0

After performing partial integration, one has:

t 1 1
E(t;Eh) < E(();fh(o)) +/0 </0 (yu —@tt)E?dCC—/O Eﬁ(ym —?]tx)dCC)dS
1 1
+/0 (yx(x,t)—gx($,t))62(x,t)d$—/o (yx(:c,()) —gjx(x,O))eg(:c,O)dx.
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Applying the Cauchy-Schwarz and Young inequalities to the second member of
the previous inequality, we obtain for all n > 0:

E(t;e") < B(0;€"(0)) + 77< lyse — gttH%Q(O,T;LQ(O,l)) + [lye — gtH%Q(O,T;Hl(OJ))
+ {1y (1) = Ga (0l 200y + [192(,0) = @x(-,0)||i2(o,1)>
LN e bip. b 500 b
+ P E(s;€"(s))ds + E(t;€'(t)) + E(0;€"(0)) ).
0
This leads to:

1\ -~ 1\ -
1—— E(t;e" () < (14— ) E(0;€"(0
(1= ) B < (144 ) B0 o)
1 b h ~ 112
‘1’4_,'7 ; E(s;e(s))ds +n( vt — Geell 7200, 02(0,1))
+ |lys — gt”%Q(O,T;Hl(O,l)) +2|ly - @HQC([O,T};Hl(o,l)))

Take n = 1. Using (76), we obtain:
M h D h | A,
Bt e'(t) < SE0;¢%(0)) + 5 | E(s;e'(s))ds
0
+ Ch2< HyttH%Q(O,T;Hl(O,l)) + HytH%?(o,T;m(o,U) + HyH%’([O,T];HQ(O,l)) > (79)
Applying the Gronwall inequality to (79), one obtains:
(4. h 0. 2 2 2
Bt (0) < B0 0) + 2 naliaramon + Il rmeon

2
+ Wlleo,r;200,1) )]
Finally, we have the following result:

Theorem 14. Suppose (75), and take V}, the space of the piecewise Po
Lagrange polynomials. For y;, € C?([0,T];V},) solving (51)-(52), we have:

~

1 ~ 1
E(tign — )t < C|B0;(0))} + h( el 2o om0y
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+ el 20,08200,0)) + Wl o,m;2(0,1)) )} (80)

In addition, if y) and y} are Lagrange interpolations of yo and y, then we have:

1
Etyn —y)% < Ch( lyeell 20,81 0,1)) T 19ell 20,7 m20,1)
+liloqozsamon ) (s1)

4.2. A-priori error estimates for the fully discrete scheme

In this paragraph, a-priori error estimates are given for the scheme (65)-(66).
Assume that y € H*(0,T; H}(0,1)). Let i € Vj, be the projection of the weak
solution ¥, such that:

a(y(t) - g(t)7wh) = 07 th € Vh7

for all t € [0; 7). One verifies that § € H*(0,T; H5(0, 1)) because the projection
y — 9 is bounded in H}(0,1). Moreover, let y° := y — ¢ be the error of the
projection. Suppose that y € H*(0,T; H%(0,1)). We have (cf. Strang et al.

[6]):
”ye”Hl(O,l) <Ch HZJHH2(0,1) )
||?/te||H1(0,1) <Ch ||yt||H2(o,1) ) (82)
H?/tetHHl(o,l) <Ch Hytt||H2(0,1) :

Let Ul(ty) = (y(tk);yt(tk))T denote the weak solution of (14) at time tj
and U* = (y*;2%) the k-th iteration of the fully discrete scheme (65)-(66)
approximating U(t;). Then the approximating error is defined by:

U =¥ — (), OF = 2" — g (tr),
and UF := (\Ilk’; q)k), for all k € {0,1,...,s}.

Theorem 15. Suppose that
y € H*(0,T; Hp(0,1)) N HY(0,T; Hp (0, 1)).
Let k € {1,...,s}. Then we have:

|vr - v <c [ 1020+ 21 o 201

§ ()
—+ (At) 2 ( ||ytt||H2 (O,T;HI(O,l)) + HyttHLQ (O,T;HQ(OJ)) >:| .
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Proof. Let k € {0,1,...,s}. The Taylor theorem yields:

Vo € [0’ 1]’ y(fC,tkH_l) _y(xatk?) _ yt(‘rﬂtk-f—l) +yt(‘r7tk) +AtT1k(CC), (84)

At 2
with
tht1 o t, 1
Y (z, 1) 2 /k+z Yur (2, 1) 2
TF = ——-(t —t)"dt (g —t) dt
() / ot (e =) [ R )
2
tht1 o t, 1y
Y (2, 1) /k+2 Yur (2, 1)
— —(t —t)dt ——~(tp — t)dt.
/tl oar (e =1) A oar (= t)
k+3
From (84), one verifies:
PhH — gk OFtL 4 pF
T + Atle = 7—'_ (85)

Multiplying the previous expression by (@k“ — ok ) and integrating it over [0, 1]

yields:
1 \Ilk+1 _ \I,k? 1 1
7¢k+1_¢kd:€:_/<¢k+12_¢k2>dw
1
— At / T (z) (@ — &%) da.
0

In addition, substituting ¢ by ¢, 1 in (11) and using the Taylor expansion, we
2

obtain:
1 t — t ! x t z ¢
/ yt(xa k+1) yt(x, k)w(a:)dx +/ Y (xa kJrl) +Z/ (xa k)wx(x)dx
0 At 0 -
0,t5t1) — w (0, 0,t 0,
+<myt( ) kJrl)At yt( ) k) _'_Byt( ) k+1)2+ yt( ; k)>w(0) — AtTf(’w), (86)

where the functional 7% : HL(0,1) — R is defined by:

1 tht1 (:1: t) 2
Tk _ Yttt (T, " — 2t
2 (w) A </tk+ 2(At)2 ( k+1 )

1
2

bt d yuu(,t) 2
Tt — ) dt d
+/tk 2(AL)? (k: ) )w(m) T

1 thi1 ¢
M _ _ / ket M B
+/0 (/t]C 2At (tk’—H t)dt IAL (tk t)dt wy(z)dx

+3 tk
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tht1 b1
Yeree (0, 1) 2 /k+2 Yt (0, 1) 2
—_— — =t — t) 7 dt
+m</tk+l (AL (tggr — ) dt + ; 2(A1)? (ty —t) w(0)
2

th+1 1

00 g [ 00

+B(/tk+1 oAy (terr —t)dt s (b= t)dt Jw(0).  (87)
2

Ly

Now, from (66) and (86), one has for all wy, € Vj:

1 q)k:—l—l o q)k: 1 \Ijk-‘rl \I/k q)k-l—l 0) — q)k: 0
/ 7whd:):—|—/ xim(wh)mdx—l- (m ©) 0)
0 0

At 2 At
FH1(0) + 4(0)
2

+ 05 )wh(O) = G*(wy) — At T (wp,), (88)

where the functional G*(wy,) is defined as:

1 e t _ € t
Gk(wh) :_/ Yi ($, k+1) Yt ($, k)whd{l?
; At

£(0,t —yf(0,t e(0,t £(0,t
+ (myt( ) k+1)At yt( s k) —i—,@yt( ) k+1)2+yt( ) k)>wh(0).

Taking wy, = 5L (®F1 + ©F) € V}, in (88), yields:

1</1 (@+1)2 - (@k))de) _ At 1 (M)(‘I’Tl‘i‘q’i)df’f
0

2 2 2
% (@’“*1(0) 4 <I>’“(0)> (m (bm(o)m_ 2O 6¢k+1(0)2+ q)k(o))
+%G’“(<I>k“ + %) — @TQ’“(@’““ + ). (90)

Then we have:

|

Uk+1H2 . ‘ Uk:

2 1! k41,2 k2
1 \I/kJrl \I/k A 2
_At [T (@’;“ + @’;) de — B2t (@’f“(o) - @k(o))

2 Jo 2 4
(At)?

At
+ 5 GHEMT 4 oF) - STy (@M 4 )

1! At [Tk gk
<3 (k- b )ar - G [ B 0k g et a
0 0
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A At)?
- gc’“(@k“ + oF) — %Tf(@k“ + oF). (91)

Now by (85), we obtain:

1 gpk+1 k
v v
/ Yy W (q)’;”rl + q;’;) dr
0

2
1 ‘I,k:—i—l 2 \Ijk 2 1
_/ (s )At (¥s) dx—l—At/ (T{“)x<\I!’;+1+\I/';>dx.
0 0
Then we get:
2 2 At 2 1
|| - |k s 2) / (T{“%(@’;*W@’;) do
0
At At)?
+ 5 GH@F + oF) — G 2) Ty (@M 4+ 0%);  (92)
It can easily be seen that:
e tht1 . 9 Tit1 9
HT1 HHl(o,l) < At /tk |Gttt (02 (0,1) dt < CAL /tk et ()11 (0,1 -

(93)

Rewriting the second term of T4 (w) (using the fact w(1) = 0), one obtains:

1 tpa t
Yur(:l) o g / ys(z,t)
/0 </tk 2At L " OAL (te — t)dt ) wy(z)dz

+4

tk+% tk —t 1
—/ SAT ytm(O,t)w(O)—i—/ Yttza (z, )w(x)dx | dt
¢ t 0

k

Bt fpgg —t !
- / ym(O, t)w(O) + / yttm(:c, t)w(:c)d:c dt.
by 2O 0

Then we have:
Tk (o) gC[Hqﬂf(

2 k(|2 bt 9
LQ(O,l) + ’(I) (0)‘ + At /t'k (Hytttt(t)”HI(OJ)

Ol 1) + @) 2o ) dt} (94)

Additionally, using the Cauchy-Schwarz and Young inequalities, yields:

2
GF(@F! 4 F)| < c< |t (@R (0) + 0¥ ()

12(0,1)
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1 Kas e e e
‘f’ﬂ/ ( Hytt(t)H%Q(O,l) + |ytt(0=t)|2)dt + llve Hé([tk;tkﬂ];]{l(og)) ) (95)

ty

Using the expressions (92)-(95), one obtains:
| )

trt1
ALY Iyt 0.1) +/t (Ilyft(t)\liz(o,l) +nyt(0,t)l2)dt
k

okt + o

oot o <l

Lkt
+(At)3/t (Hytttt(t)H?{l(o,l) + lyeee (N1 Frr 0,0) + Nyee ()72 0.1 )dt]- (96)
k

Let m € {0,1,...,s}. Suppose that At < % (with C' from (96)). Summing
(96) over k € {0,1,...,m}, gives:

1 3 - 2
5 Jumt))? < 3 JU9|[* + C<Atz ‘ US|+ 1961 o,21,120,1))
k=1

e 3
+ HyttH%Q(O,T;Hl(O,l)) + (At)*( ||ytttt||%2(0,T;H1(0,1)) (97)

2 2
+ el 220,011 0,1)) + 19t 220,712 (0,1)) )>

Finally, due to the discrete in time Gronwall inequality and (84), we obtain:

Uz SC( | U9 + n3( IyelE o0y, 12001y + 10l 220 11202 )
+ (At)3( ”ytttt”%Q(O,T;Hl(O,l)) + HytttH%Q(O,T;Hl(O,l)) (98)
+ ”yttH%Q(O,T;HQ(O,l)) ))
The result now follows from the previous expression, (82) and the triangle
inequality. O
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