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Abstract: This paper is a treatment of a transient thermoelastic contact
problem in two region concentric solid cylinder with perfect thermal contact at
the interface subjected to convectional boundary condition at the outer surface
r = b. The solution meets the boundary condition on both the lateral surfaces.
In order to analyse the problem, dimensionless quantities are used to develop
the analysis of temperature field. We have used the method of generalized
integral transforms. The dimensionless displacements and stresses have been
attained using Goodier’s thermoelastic function ¢ and Love’s function L.
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1. Introduction

Some interest has been shown in the solutions of contact problems involving the
heating of solid surfaces such as J.R. Barber [3], [4], [5] considered indentation
of semi-infinite solid in elastic half space. D.L. Elements and G.D. Toy [6]
considered two contact problems in anisotropic thermoelasticity. Z.S. Olesiak
[8] considered axially symmetric thermal contact stress for a micropolar elastic
semi-space. O. Tamate et al. [10] considered problem of singularities at the ends
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of thin elastic stiffener bounded to a semi-infinite medium. R.D. Kulchytsky-
Zhyhailo et al. [7] studied problem on thermal contact of two axially symmetric
elastic solids. A.A. Yevtushenko and R.D. Kulchytsky-Zhyhailo [11] studied
approximation solution of thermoelastic contact problem with frictional heating
in general case. H.H. Sherif and K.A. Helmy [9] considered two dimensional
problem for a half space in magnetothermoelasticity with thermal relaxation. G.
Bonfanti et al. [1] studied existence exponential stability and dynamic contact
problem of two thermoelastic beams. G. Bonfanti et al. [2] studied energy
decay for a thermoelastic contact problem involving heat transfer.

This paper presents the thermoelastic contact problem of two region con-
centric cylinder with perfect thermal contact at interface. The purpose of this
paper is to study heat transfer and thermoelastic effect in concentric regions.
The results presented here have numerous applications in engineering of rocket
liners, nuclear reactors etc.

To attain the solution of this problem, following attempts are made:

1. The solution for temperature field is obtained using orthogonal expansion
technique over two layer region and Fourier Transforms.

2. Dimensionless quantities are used.

3. Goodier’s thermelastic potential function ¢ and Love’s function L is used
to obtain solution for thermal displacements and stresses.

4. The solution of the problem is presented in terms of dimensionless tem-
perature, dimensionless displacements and dimensionless stresses for two
regions, graphically represented and conclusions are made accordingly.

2. Statement of the Heat Conduction Problem

Consider a two region solid cylinder of outer radius r = b with an inner radius
r = a and there is a perfect thermal contact between two layers. The cylinders
are initially at uniform temperature 7y and for times t>0 the boundary surface
at r = b dissipates heat by the convection into a surrounding at zero. There is
no heat generation within the solid body under consideration.

The two-dimensional transient heat conduction equations are given as

OTi 10n 9T 1o
or?2  r Or 022 «aq Ot

n0<r<at>0 (1)
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Figure 1: Shows the geometry of the problem

Ty, 10Ty, 0*Th 1 0T,

-—= = ——= i <r<b t>0 2
or?2  r Or 022 oy Ot Mmasrsot> (2)
subject to boundary conditions
Ty =Ty =Taf(z) at interface r =a, t>0 (3)
oT: oT:
Ki— = K,—2 at interface r =a, t>0 (4)
or or

T
K28—2 + hTh =0 at the outer boundary condition r =b, t>0 (5)
T

with initial conditions
T'=Ty=0 n0<r<at=0 (6)
Th=Ty=0 ina<r<bt=0, (7)
where Ty is the initial temperature, K1, Ko be the thermal conductivities of the

inner and outer region respectively, and «; and as be the thermal diffusivities.
Moreover, we use the following dimensionless quantities:

~ T kt T

z

T= p—— t‘:—, p =, é-:_ (8)
Ta 7‘2-2 r; T

Now we consider axi-symmetrical thermoelastic problem in a two region solid

circular cylinder by use of Love’s function L and thermoelastic displacement

potential ¢. The displacement and stresses are given by

_tos 1on,
e = r; Op 12 OpdE

(9)
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1 .0¢; 9 1 0%L;

u§—r—i8§+2(1—u)v Lz_r_i28§2 (10)
27 1 90%L;

2G 12 ‘ ’I”i 85
__ d
ﬁ ! 8¢z v2¢‘ N 18 (VVQL — La_fz)> )
2G p'r2 8,0 Loy 0&
& _ 1000 oy +18<(2_”)V2L ~ ) (13)
2G r? 0¢? o 73
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2G 12 DpdkE 0¢ ’

where i = 1,2, G and v are the shear modulus and Poisson’s ratio respectively,
and pup and pé are the displacements in the p and £ directions, respectively.
The functions L and ¢ must satisfy the following differential equations:

(1+v)
(1-v)

Vip; = oT;, VAL =0. (15)

3. Determination of Temperature Field

The temperature suitable to this problem with prescribed and initial and bound-
ary conditions is given by

(e 9]

Ti(r, z,t) = Ao +/A(5) (IO sT) Z 82 +IB2 )>
0

- ¢
x (1—e % (s2, + ﬁjn)t) cos sz ds, t>0, (16)
where j=1,2, 4p and A(s) are unknown functions and /(sr) denotes the mod-
ified Bessel function of order zero.

Using initial and boundary conditions we obtained the temperature function
as

[T N AnXn(r)
=)0 Tosa) (IO(S"”) Zaxsm%))

n=1
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x (L—e % (st + ?n)t) cos sz ds, t>0, (17)
where the eigenfunction X j,(r) for two layer problem under consideration is
Xin(r) = Jo(Binr) in layer 1, ie. 0< r< a, (18)

Xon(r) = By, (Jo(Banr)) + CpYo(Banr) in layer 2, ie. a< r< b. (19)

The function Yy(SB2,7) is excluded from the solution for region 1 because it
includes the origin.
The eigenvalues (51, and (s, are related by

2 2
alﬁln = 0426271.

Now unknown B,,, C;, and the eigenvalues 3, can be obtained using boundary
conditions (3), (4) and (5).
Using the boundary conditions (4), C,, can be obtained as

_ ha (Jo(Banb)) — KofBanJ1(B2nb)
K5 8o (Y1(B2nb)) — haYo(B2nb)

Using the boundary condition (3) we obtain B, as

Jo(B1na)
(J0(62na)) + CnYE)(/BQna) .

Now A,, can be obtained using the relation

_ S0, W flaym F(x2)Xipn(x)W (z)dx

Ch

B, =

A )
" Z;.il Wi2 flayem' X?n(:E)W(CC)dCC
where k
VI/'?:_lu WZT: F1:T07 i:1727
aq

Xln(r) = J()(,Bln?”), XQTL(T) = Bn [(J0(62n7a)) + CnYE)(/BQnT)] 5

we obtain A4, using the above equations as

4 - [04(_11 foa ToJo (Bln"”) rdr + 5—22 fab ToB, [J() (,Bgn?”) + C, Y, (ﬁQnT)] rdr
C B g2 (i) rdr + K2 (Y B2 [y (Banr) + CuYo (Banr)]? rdr

2T,
A, = =2
O‘ﬁln

[ )+ 3222 [ 2 1B Baub) + Cu¥s ()]
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— [Bu1 (B200) + CuYi (B200) | }| |8 (Bin) + J3 (Bine)
K2 aq b2
+K1 a9 |:

+ [Bu (J1 (Bonb) + CuYi (Baab)I* | = {[Bu (Jo (300) + CuYo ()

x {[Ba (o (Banb) + CuYo (B2ab)))

a2

51 111
+ [Bn (J1 (B2na) + CnY1 (Bana))] }H ;
and the finite Fourier Transform T, f(z) is defined as
!
f(s) —/ T, f(2) cosszdz.
0

Now the temperatures for different layers (i.e. 0 <r < a as layer 1 and a <
r < b as layer 2) are:

~—

Tirzty = 3 flm

A Jo(Briar)
To(5ma) [Io(smr) — Z 0(b1

=1 X1 (5%1 + /B%n)
x (1—e ™ (s2, + B7,) t) cossmz, (20)

m=1

n—1 o) (Sgn + 537)
X(1—e (s%l + Bgn) t) cossmz. (21)

Using the dimensionless quantities from (8) in equations (20) and (21), we
obtain dimensionless temperature for two layers (i.e. 0 < p < a as layer 1, and
a < p<b aslayer 2) as

TQ(T, Z,t) — i Taf(sm) [Io(SmT) o i An [Bn (JO(/BQTLT) + CnYO(BQnT))]]

o - f AnJO(ﬁlnpa)
R = 2 i e SRR

n=1

a2 /
X (1 — emo(sh AL °7 > cos sméa, (22)

= > A, B npb b
pvf t - Z f [IO Sme Z Jooi2(§2 )_:—662;;/(](/82 : ))]]

n=1

> (1 —a2( +62n)bi( ) CcoS smgb (23)
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4. Determination of Displacement Potential and Love's function

Using equations (22) and (23) in equation (15), the displacement potential and
Love’s function is given as

1
V24 — + S,
1+v 2 a? A nJo (Blnpa)
= —T m
o1 1—ya1K“;Io (sma) [ (smpa) a, (s2,+82)
31 2 t!
w46 (5 + 621”) . cos spéa. (24)
a1 (S%n + /Bln) %
Similarly,
l+v 5 b? = f(s)
- - T,
02 1-v K mzzofo(sma)
x| o (smpb) — i QAn 5~ [Br [Jo (B2npb) + CrnYo (B2npb)]]
n=1 a2 (Sm + '8271)
, 6_a2(53n+6§n)% ( )
x |t 4+ cOS S, Eb. 25
o (53, + B3,) &
Now Love’s function is given as
1+v a?
= —T,
Ly T, M la
3 f(sm) D, Iy (smpa) + Epsmpaly (smpa)] sinspéa (26
X 2
m=1 m
and
1+v b
Ly = —Ts
2T 10K
X i LGm) 15 1o (5mph) + Ensmpbly (sppb)] sin sméb.  (27)
572—n nt0 (SmpP nSmPOL1 (SmpP: mG0-
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5. Determination of Thermal Displacements
and Stresses for Region 1

Using equations (24) and (26) in equations (9) to (10), the thermal displace-
ments U, are given as

a1 (sh + BTn) %

1t rv e if(sm

1-v K¢ s2,
m=0

X [DnI(l) (Smpa) Sma + Epsm p[{ (Smpa) Sma + I (Smpa) Sma]
X oS sppéa. (28)
Similarly, we can get thermal displacement Uy.

Using equations (24) and (26) in equations (11) to (14), the thermal stresses
are given as

2

pp 1+4+v aT
7 v —
2G 1-v 'K °
— [ (sm)
m " 2
X ZOIO (sma) [ 0 (Smpa) Sm

= An 1
D Dy o A G0 5%]

<y (s2,+ 3,

x | ¢+ cos spéa
( o (s +8h) %)
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a2t

-~

el (s +B1n)

x |t/ + cos s;péa
a7 (8%1 +/31n) %
11+v f (5m) 9
- I
+p1—V ZIO (sma) 0 ($mpa) s

= A
n / 2
=D~ 7o (Bnpa) Bi
2 G R :
, e (Sgn"'ﬁfn)ai{tl
x |t 4+ cos spéa
a1 (5%1 + 'B%n) %

+{7y(1—|—y Zf Sm) DIO (smpa)

+pI (smpa) sma + 21 (smpa)] cos sp&asm

+ EMOQET Z f (sm) (D 1) ($mpa) sm

p (l-v) K "4 s,
+ Epsmpl] (smpa) sma + 11 (spmpa)

v V) a? > _
_ %al ETG Z f (sm) [Dnlo (smpa)
m=0

+Ensmpaly (smpa)] cos sp&asm }

(1 + V) a2 S f(sm) " 2
+ 1= V)OQETGT;) = [Dy 1) (smpa) sy,

m

485

+Epsmpl] (8mpa) sz, + 11 ($mpa) sm + I} ($mpa) sm] cos sméasm, (29)

e (1+v)m

26 (1—-v)K™“°
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f(sm) > A, /
X Z IO Sma IO smpa) Sma — g (572_’1 +5%n) 22 JO (ﬁlnpa)

P 51n) — | sin (sméa) sma

K
8—1—1/)041 —T, Z f(sm) [D I (smpa) sma
m=0

+En {1 (smpa) sma® + I{ (smpa) sma + 211 (smpa) a}] sin (sméa)
1 (1 + V) a1

I K Zf (8m) [DnIll (smpa) a®

+E, {I{ (smpa) sma® + I (smpa) a + I{ (smpa) a}] sin (spéa)
1 (1 + V 041

TPA0-»EK Zfsm [Dnlp (smpa)a

+E, {pl] smpa) sma + It (smpa) }] sin (sméa)
B (1 + l/) aq

-k —T, Z f(sm) D w1b (8mpa) sma
=0

+FE,5m {paI{ smpa) Sma + aly (smpa)}] sin (spéa)
8 i_ l/; Y Z flsm) D n1b (Smpa) sma

+E,S5ma {le smpa) Sma + 11 (smpa) }] sin (sp,éa) (30)

Similarly we can obtain the stresses o¢e and ogg

6. Determination of Thermal Displacements
and Stresses for Region 2

Using equations (25) and (27) in equations (9) and (10), the thermal displace-
ments for region 2 are given as

(1+V a2 {Oo f(s

Up (1— Io(s IO (8mpb)sm]

m=0
S

-2

042 82 +62 )[B {JO(Banb)/BQn +C Y(-](/Banb)}B%z]
n=1 n
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N Z [n) [Dn I (8mpb)simb

S
m=0 m

+ Epsm{pli(8mpb)smb + I1 (smpb)}] cos smgb}. (31)

Similarly we can get displacement Ue.

Using (27) and (30) in equations (11) to (14), the thermal stresses are given
as

i: I (sm [ (8,mpb) 52,

m [Bn {J(/)/ (5271105) 5%71 + Cnyo// (IBQnPb)} 5371] }

/ 670[2(572n+ﬁ§n)% b
x|t + COS Sy,
as (52, + 82,) %

_{E +v 2042 Z fsm I(/]/ b)an

IO Sm

DO
Q
:mx@

00 A,
— Z m [ { (Banpd) 5271 + CrY, ﬁ2nﬂb)} 5371]]
n=1 m n

/ €_a2(53n+ﬁ§n)% b
x | T+ = | cos sy,
o2 (53, +03,) &

S C)L) |: I(/] (smpb) Smb

e’} An / /
Z 042 _|_ /8 ) [B” {JO (Banb) Ban + CnYE) (,Bgnpb)} ﬁan]]
n=1 2n

_O¢2 +62n) Lald
) cos §, &b
2n
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02y 5 F(om) 5
BTN “m:ofo<s a){ o sme?)

(e 9]

" ) +62 7 1B {0 (Banpb) + C¥o (Bup) ]

’
—Ot2 +62n)th

n=1

s2,+62,)%

) 08 (81 ED) Sm

+{V(1+V asz i f(sm )[D 17 (smpb) 52,
m=0

(1-v) s2,

+Ensy, [pI] (smpb) + 217 (smpb)] ] cos (smEb) smb

1(1+wa 2 f(sm)
ST K2T mzzo 2 (D14 ($mpb) s,

+E,5m [p[l (Smpb) smb + I (smpb)]] 08 (8mEb) Smb

(1 + I/) OéQb

- Kk Zfsm ) [Dn 1o (smpb)

+EySm [pbl1 (smpb)]] 08 ($m&b) Smb

- (g 2 L5 g

+Ensm [pI] (smpb) 52,7 + 28I (smpb)] ] cos (5,mED) s

- (e > Lo o

+Ensm [pI] (smpb) smb2 + 28mbI] ($ypb)]] cos ($mEb) S,

m

ﬁg —(1+v) agb >
= =TT,
26 (1-v) “§:

o0

IO (Smpb) sm,

D by

nlOé2 +'82"

_O¢2 +62n) b2 '
) E Sin (81,6b) Sm
2n

) [Bn {J} (B2npb) + CrY§ (Banpb) Bon }]

(32)
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+(1+v) Ta% {b Z fgm) (DI ($mpb) 53 b+
m=0 ™M

+ Epsy [pI7 (smpb) 520> 4+ 17 ($7pb) smb]
+2I7 ($mpb) spb] | sin 5, Eb

1 = f(sm
+ ; Z f(52 ) [DnI(/)/ (8mpb) ngb
m=0

Sm

+Epsm [pI] (8mpb) s2,6* + {1 (8mpb) smb}]] sin s,,Eb
— % Z 1(sm) [DnIf ($mpb) S
+FE,Sm [p]{ ($mpb) smb + 11 (smpb)]] sin s,,£b

—b Z f(sm) [Dnlé ($Smpb) smb}

m=0

+FE,smb [,oI{ (8$mpb) smb + Ih (smpb)]] sin smfb}

+ 8 f Z; O%bTa {Z F(sm) (Dol (smpb) s

+Ensm [pI1 ($mpb) smb + I (smpb)]] sin (s,,Eb) 2. (33)

m= m

Similarly we can obtain the stresses o¢e and ogg.

7. Numerical Results and Discussion

Setting the following values for pure copper in both layers of equations (28)
through (33), and solving them numerically and graphically, the patterns in
the graphs have been analyzed and conclusions have been drawn accordingly:

h=01, a=165x10"%J/K) =0 = as,
v =035 \=38W/m/k,G=44.7GPa,
K, = Ky = 117210°(m?/s),a = 1.5,b = 1.8,
£=-01---+11, A,=05B,=11,C,=15,D,=12E, =1.3.

Sm are roots of cos(sz) = 0, B, are roots of Jy(Sina) =0,
Bo,, are roots of

ha (Jo(B2anb)) — KafBanJ1(fanb) = 0,
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f(&) = H(& — )

for & = 1 we take f (s,,) = 0.1...0.9.

To examine the influence of heating on the behavior of thermoelastic prob-
lem of two region concentric cylinders with copper as its material, we have
performed numerical calculations. For convenience we have used dimensionless
quantities and numerical results are presented here for -0.1 < ¢ < 1.1, p = 1.5
for region 1 and p = 1.8 for region 2. In this case the function f(£) is expressed
as

f(&) = H (& — (&)

for £ = 1.

According to numerical results, graphs are plotted for dimensionless tem-
perature distribution, dimensionless stresses for both the regions. Figures 2 and
3 show temperature distribution for region 1 and region 2 in radial direction.
In both the regions initially temperature increases in the vicinity of £ = 0, then
gradually decreases with increasing values of £ while it shows variation with
increasing values of p. This effect is observed due to factor f(§) in Tof(§) ex-
pressed as Heaviside step function f(§) = H(&y — |£|) and the thermal contact at
interface. Figures 4 and 5 show radial displacement for region 1 and region 2 in
axial and radial direction. In region 1, radial displacement in £ direction shows
initial tension and then turns to compression as £ increases, while in region 2
it shows a sinusoidal pattern. This is due to convectional boundary condition
at outer boundary. Radial displacement in both regions in radial direction in-
creases with the increasing values of p due to heat flux. Figures 6 and 7 show
radial stress pp/2G for region 1 and region 2 in axial directions. The figures
show that the value of radial stresses in both the regions turns from negative
to positive values in the vicinity of £=0 and gradually increases in increasing
direction of £ and p. This is due to continuity of heat flux at the perfect ther-
mal contact of two regions. Figures 8 and 9 show axial stresses for both the
regions in axial { direction. In region 1, axial stresses ££/2G initially increases
with high intensity and then gradually decreases while in region 2, axial stresses
€€/2G decrease to negative values. This occurs due to heat convection at the
boundary of region 2.
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Figure 4: U, versus ¢ for different values of p in region 1
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Figure 5: U, versus p for different values of £ in region 2
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Figure 9: ££/2G versus ¢ for different values of p in region 2
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