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Abstract

In this paper we present a formula for Frobenius number of numerical
semigroup G with emmbeding dimension 4 such that G = <n,z,y, 2>,
n<z<y<zzx=1(modn),y=j(modn), z = k(modn) and x+y+z =
tn, for t > 2 and t € N.
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1. Introduction

Numerical semigroups play an important role in the algebraic theory
of semigroups. Formally, a nonempty subset G of Ny is called a numerical
semigroup if G is closed under addition, contains 0 and Ny \ G is a finite
set. A nonempty set S = {nq,...,n,} is called a set of generators for G,
denoted by G =< S > or G =< nq,...,n,, >, if S C G and

G={ani+ ..+ any, | ag,...,a, € Ng}.

Let S be a set of generators for G. The set S is called a minimal set of
generators for GG if no proper subset of S is a set of generators for G. The
cardinality of a minimal set of generators is called embedding dimension
of G, denoted by ed(G). The smallest nonzero element of G is called the
multiplicity of G and it is denoted by n. The set Ny \ G is called the set
of gaps of GG. Its elements cannot be presented as a linear combination of
its minimal set of generators with nonnegative integer coefficients. The
largest gap of G is called Frobenius number and it is denoted by F(G).
The cardinality of the set of gaps of G is called genus of GG, denoted by
g(G). The Apéry set of G with respect to a nonzero element a € G is
defined by
Ap(G,a) ={se€G|s—a ¢ G}.

The Apéry set corresponding to a nonzero element a € G is a finite set
with a elements, one for each congruence class modulo a. This set plays
a significant role in the study of numerical semigroups, as knowing the
Apéry set allows the determination of other invariants of the semigroups,

regardless of its dimension. In this context, for any nonzero element
a € G the following holds
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F(G) = max(Ap(G,a)) — a.

The results in this paper are based on the algorithm presented in [5],
which for given natural numbers n,j and k, where 1 < j,k < n and

a —u —p
k # j generates all the (n,j, k)-good matrices M = |-b v —q],
—c —w 7|
. . . . ag  —Uo
corresponding to a given (n,j)-good 2 x 2 matrix Ky = be o |
—bp o

such that a < ag and v < vy. This algorithm is a summary of the results
obtained in [1], [2], [3], [4], [6], [7] and [9]. For the purposes of this paper,
the following definitions and theorems will be presented.

DEFINITION 1.1. For an integer 2 x 2 matrix M = {_ab —Uu} we

say that it is (n, j)-good if:

(1) a,b,u,v € Ng, a > 1,v>1,a>ba>u,v>uvand a+v <n+1;
(2) detM = av — bu = n, and

(3) The commutative group H(M) with the presentation (g,h | g* =

h*, h* = ¢b) is the cyclic group of order n, generated by g and h = ¢’ in
H(M).

For an (n, j)-good matrix M, let

P(M) = {(o, ) |, € Ng,0 S <a—b,0< 3 <w}
U{(a, B) | o, 8 € Np,0 < v < a,0 < < v—u}.

DEFINITION 1.2. Let n,j,k € Ng,n > k and j # k. We say that a

a —u —p
matrix M = |=b v —q]| is (n,J, k)-nice, if:
—c —w r

(1.1) a,b, ¢, v,u,w,r,p,q are nonnegative integers smaller than n;

(1.2) a,v,r > 1;a4+v+7r <n+2;

(1.3) a>bc;a>u+p,v>uw,v>qat+v>u+p+b+q;r>np,q,
(14)ifa—b—c<0then0<v—u—w,0<r—p—gand (0 <v—2u—w
or 0 <r—2p—q);
(15)ifv—u—w<0then0<a—b—c,0<r—p—gqgand (0 <a—2b—c
or 0 <r—p-—2q);

(1.6)ifr—p—¢<0then0<a—b—c,40 <v—u—wand (0 < a—b—2c
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or 0 <v—u—2w);

ar — pc > ur + pw, av — ub > uq + vp and av — ub > bp + a;

if d is a divisor of a,u, p, then d is a divisor of n;

if d is a divisor of b, v, ¢, then d is a divisor of n;

) if d is a divisor of ¢, w,r, then d is a divisor of n;

) n is a divisor of det M;

) If r > ¢+ w then for each ' < r with "k = ¢ + w'j(modn),

(g, h, flg* = h*fP,h" = g° f9, f" = g°h™, g" = 1)

is the cyclic group of order n, generated by g, h = ¢/ in H(M) and f = g*
in H(M).

DEFINITION 1.3. Let M be an (n, j, k)-nice matrix. Define P(M) C
N3 to be the maximal set of triples of nonnegative integers (a, 3,7) sat-
isfying the following conditions:

(1) if (@ B.) € P(M).a > 0 then (a— 1, 3,7) € P(M):
(2) if (o, B,7) € P(M),3 > 0 then (o, 8 —1,7) € P(M);

(3) if (o, B,7) € P(M),y > 0 then (o, 8,7 — 1) € P(M);

(4) (a —1,0,0),(0,v —1,0),(0,0,7 — 1) € P(M);

(5) (a,0,0),(0,v,0),(0,0,r) ¢ P(M);

(6) if g* = P f7 in H(M) and 0 < a < a, then (0,,7) ¢ P(M);

(7) if h? = g*f7 in H(M) and 0 < 3 < v, then («,0,7) ¢ P(M);

(8) if f7 = g*h# in H(M) and 0 <y < r, then («, 3,0) ¢ P(M), and
(9) if 1 = ¢®hPf7 in H(M) and (o, 3,7v) # (0,0,0), then (a, 3,7) ¢
P(M).

If the (n,j, k)-nice matrix M from the previous definition satisfies
|P(M)| = n, then we say that M is an (n, j, k)-good matrix.

THEOREM 1.1. Let G = <n,x,y> be a numerical semigroup with
ed(G) =3, n <z <y, x=1(modn) and y = j(modn). Then, there is
a
—b

a unique (n, j)-good matrix M = —Uu} with vy > bx, so that the

Apéry set of G with respect to n is:

Ap(G,n) = {ax + By | (a, ) € P(M)}.
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We note that for numerical semigroup G from the above theorem, the
following also hold: ax = uy(modn) and vy = bx(modn).

THEOREM 1.2. Let G=<n,x,y, 2> be a numerical semigroup with
ed(G) =4, n<x<y<z x=1lmodn)y = j(modn), z = k(modn)
and GCD(n,y) = 1. Then, there is a unique (n, j, k)-good matrix M =

a —u —p
M(G)=|-b v —q| withrz> cx+wy and vy > bx + qz, so that
—c —w

the Apéry set of G with respect to n is:
Ap(G,n) ={az + By + vz | (a, B,7) € P(M)}.
So, the Apéry set of G = <n,x,y, 2> with respect to n is

Ap(G7n) = {Oé:L‘—l—ﬁy‘i"'YZ | (a,ﬂ,’}/) € P(M)}
and |P(M)| = n.

2. The main result

In continuation we will focus on determining the Frobenius number
of a class of numerical semigroups with dimension 4, using the algorithm
presented in [5]. First, we note that if G is a numerical semigroup with
embedding dimension equal to 4, there exists a correspondence between
Ap(G,a) and a staircase shaped body of lattice points in the space with
volume equal to a, where a is a nonzero element of G. The shape of this
body is not uniquely determined and depends on the inequalities between
the elements of the minimal set of generators of G.

Let G be a numerical semigroup such that G = <n, z,y, 2>, ed(G) =
4, x = 1(modn), y = j(modn), z = k(modn), n < z < y < z and
r+y+z=tn,fort > 2and t € N. Applying Theorem 1.1 we have that:

— for numerical semigroup G; = <n,z,y>, there is a unique (n, j)-
good matrix _agl _Uqfl with v1y > bjz,a12 = upy(modn) and vy =
biz(modn); ]

— for numerical semigroup Gs = <n,r,z> there is a unique (n, k)-
good matrix _a;2 _vzz with vez > box, agx = ugz(modn) and vez =

box(modn);
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— for numerical semigroup Gs = <n,y, 2> there is a unique (n, kj!)-

good matrix by s

} with vz > bsy,azy = ugz(modn) and v3z =
bsy(modn).

We start with the assumption that a; < as and v; < az. For a; < ay
and a; — by > v; — u; we have that

(v —u)z = (a3 — by — 1 — (v1 — uy — 1))z(modn) and
0<(a1—b1—1—(v;—u; — 1))z < (a3 — b))z < azx.

Hence, (a1 — by — 1 — (v; —uy — 1))z € Ap(Ga,n) and (v1 — uy)z >
(ay — by — 1 — (v1 — ug — 1))x. Similarly, it can be shown that if v; < ag
and a; — by < v; — u; we obtain that

(g —b1)z = (v —ug — 1 — (a3 — by — 1))y(modn) and
(CLl — bl)Z 2 (Ul — U — 1 — (a1 — bl — 1))y,

iLe, (v —ur—1— (a1 — by — 1))y € Ap(G3,n).

Since (a1 — by)z + (v1 — u1)y = 0(modn) and z = —x — y(modn) we
conclude that

z= (a3 — by — Dz + (v —uy — 1)y(modn) i.e.,
rz = (a; — by —r)x + (v —uy — r)y(modn)

forr=1,...,a1 — by and a; —b; > vy —uy (or, forr =1,...,v; —uy and
a; — by < vy —uq). Hence, the elements of Ap(G,n) will be points lying
in the zy,yz and zz planes. Thus, to determine the Ap(G,n) and sub-
sequently the Frobenius number of G it suffices to consider the elements
of the sets:
Dy = {(0,A1 < § < 0,1 < < 10,87 ¢ PM),0,6 -
L), 0,5 - 1)e PO},

C {0,071 <a<a,1 <<, (a,0,7) ¢ P(M), (a—1,0,7), (a0,
72 1) € P(M)} and
D,y ={(a,8,0)[1 < <a,1<pB<v,(a,B,0)¢ P(M),(x—1,5,0), (c,
B - 170> < P<M)}7
where M is (n, j, k)-good matrix corresponding to numerical semigroup
G. These set can also be obtained by the algorithm presented in [5].

Since for numerical semigroup G7 = <n,x,y> we have that ajx =
uy(modn) and v1y = byxz(modn) together with x + y + z = 0(modn) we
obtain that

(a1 — Dz = ((ug + 1)y + 2)(modn) and
(v — Dy = ((by + D)z + z)(modn).
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Hence, four cases are possible, which can also be obtained by the algo-
rithm presented in [5]. Namely, we consider the following cases:

i) Let Ko = [ aé _Uul} Then ¢ = (a; — by — 1) and v’ = (v; —uy —1).
—bi u
From
afiglbil—‘ = ’Ulvi;flil—l = 2’ |Va1—ab11—1—| Z 2 and |7U1—11)111—1—| Z 2’

we conclude that
. —b _
To = mln{l’al—aba—l—I? [v1—1;11—1—|’max{[(a(fiblil-l’ [Uf}iu?il—l} =2

Thus, we obtain the first semigroup determined by following (n, j, k)-
good matrix

aq —Up 0
—bl U1 0
—(a1 — b1 — 2) —(’Ul — Uy — 2) 2
and the sets D,, = {(0,u; +1,1)},D,, = {(bhy +1,0,1)} and D,, =
{(a; — by — 1,v3 —uy; — 1,0)}. Hence
Ap(Gin) ={az+py|0<a<a; —b —2,0< <
v —1}U{az+By|la—b—1<a<a-1,0<8<
vp—u; —2}U{az+z|0<a<bh}U{fay+z|0<a<u}.
In fact, this numerical semigroup is obtained when (a;—1)x < (u1+1)y+z
and (v — )y < (by + Dz + 2.

i1) Let (a1 — 1) > (ug + 1)y + 2z and (v; — 1)y < (by + 1)z + 2. These
imply that the y border of the staircase shaped body corresponding to
G is determined by the inequality vy > byx. Furthermore, for » > 2 the
inequality

(a1 = (r=2))x > (ur + (r = 2))y + (r —2)z
holds, because otherwise, from the inequalities
(ar—(r—2))z<(u1+ (r—2)y+ (r—2)z and
r—=Dz<(ag—by—1—(r=1)—=1)z+ (w1 —us—1—((r—1)—1))y
we have that
(b1 + 1)z + 2z < (v — 1)y,

which contradicts the condition. Therefore, according to the algorithm
presented in [5], for this case the (n,7, k)-good matrix and the sets
D,.,D,, and D,, corresponding to G depend on which of the follow-
ing two conditions is satisfied:
—If(ay —(r—1)x > (uy+ (r—1)y+ (r — 1)z, then
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ap —r+1 —(up+r—1) —(r—1)
—b1 (%] 0 s
—(ay —by—7r) —(vg —ug —r) T)

Dy, =0,D,, ={(by +1,0,1)} and D,y = {(a1 —by —r+ 1,04 —u; — 7+

1,0)}. Hence

Ap(Gyn) ={az+By|0<a<a;—b—r,0 < B <v —1}U{az+ By |

ag—b—r+l1<a<a-nr0<pg<v—u —r}U{ar+p52|,0<a<
b,0< S <r—1}U{ay+pz|I<a<v,-1,0<8<r—1}.

—If(a; —(r—1))r < (w+ (r—1)y+ (r— 1)z then

a; —r+2 —(up+r—2) —(r—2)
—bl U1 0 y
—(ay —by—7r) —(vy —ug —r) T)

D,. ={(0,uy +r—1,r = 1)},D,, = {(by +1,0,1)} and D,y = {(a1 —
by —r—+ 1,07 —u; —r+1,0)}. Hence,
Ap(G,n)Z{aIE+ﬁy|Oﬁaﬁal—bl—r,OSﬂﬁvl—l}U{ax—|—5y|
ap—by—r+l1<a<a—-r+1,0<<v—u —r}fU{az+p2]|0<
a<bh,0<p<r—1}U{ay+p2z|0<a<v,-1,0<48<
r—2}U{ay+(r—1)z|0<a<u —1+(r—1)}.

i7i) Let (a1 — 1)z < (u1+1)y+z and (v; — 1)y > (by + 1)z + 2. These
imply that the x border of the staircase shaped body corresponding to
G is determined by the inequality ayx > uyy. Furthermore, for r» > 2 the
inequality

(v —(r=2)y> b+ (r—2)z+(r—2)z
holds, because otherwise, from the inequalities
(v —(r=2)y<(by+(r—2))z+ (r—2)z and

(r—lz<(a;—b—1=(r=1)—=1)z+(vy—u1—1—((r—1)—=1))y,
we obtain that (u; +1)y+2 < (a1 — 1), which contradicts the condition.
Therefore, according to the algorithm presented in [5], for this case the
(n, j, k)-good matrix and the sets D,,, D,, and D,, corresponding to G

depend on which of the following two conditions is satisfied:
—If(vyy—(r—1)y<(by+ (r—1))x+ (r — 1)z, then

aq —U1 0
—(1+(r=2) (n—-(=-2) —(-2),
—(ay—by—7r) —(vy—uy—r) r

Dy, ={0,us +1,1)},D,, = {(by +r—1,0,7 — 1)} and D,, = {(a1 —
by —r+ 1,07 —u; —r+1,0)}. Hence,
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Ap(G,n) ={ar+By|0<a<a; —b —r,0< <
v—(r—D}U{ax+0y|lar—b—r+1<a<a —1,0<4<
vp—u—rfU{ar+ Bz 0<a<a —1,0<8<r—2}U{ay+ [z |
0<a<u,l<pg<r—1}U{az+(r—1)z|0<a<b +r—2}

—If (v —(r—1)y > (by + (r— 1))z + (r — 1)z then

aq —Up 0
—(b1+(r—=1) wv—-0r-1) —(r-=-1)],
—(ay—by—7r) —(vy—uy —r) r

D,. ={(0,u1+1,1)},D,, =0 and D, = {(a1 —by —r+ 1,0 —uy — 7+

1,0)}. Hence,

Ap(G,n) ={ar+py|0<a<a —b —7,0< < v —rpU{az+ By |

aj—b—r+1<a<a-1,0<8<v—uy—r}U{ar+p2|0<a<
a—1,0<8<r—1}U{ay+p2|0<a<u;,0<p<r—1}

iv) Let (ay — )z > (uy + 1)y + z and (v; — 1)y > (by + 1)z + 2. For
r > 2, from inequalities
(—1Dy>bi+Dz+zandrz > (a; — by —7)x + (v —uy — r)y
we have that
(i +1+(r=2)y+ 1+ (r—2)z>(a —1—(r—2))x.

Therefore, there exists a largest nonnegative integer m such that 0 <
m <r — 2 and

(@ —1—m)x > (uy +1+m)y+ (1 +m)z.
From (a1 —1—m)z > (uy +1+m)y + (1 + m)z and rz > (a1 — by —
r)z 4 (v; — u; — r)y we obtain that
(r=2—-m)+1)z4+(b1+(r—-m—2)+1)x = (v, —1—(r—2—m))y(modn)

and
(r=2-m)+1z4+bi1+(r—m-=2)+1)z>(ry—1—(r—2—m)y
The last inequality will be denoted by (). Let p be the largest nonneg-
ative integer such that 0 < p < r —m — 2 and for which the inequality
p+lz+bi+p+l)x<(vy—1—-py
holds. Such a p exists due to the inequalities (%) and (v;—1)y > (by+1)z+
z. Therefore, according to the algorithm presented in [5], we obtain that
G is determined by following (n, j, k)-good matrix and the sets D,., D,
and D,
(ag—1—-m —(uy+14+m) —(1+m)
—(b1+p+1) (n—-1-p) —(p+1)],
—(al—bl—k) —(Ul—ul—k) k
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Dy. = {(0,u1 + m+2,m+2)}, Dp. = {(by +p+2,0,p+2)} and D, =
{(ay —by —r+1,v1 —u; —r +1,0)}. Hence,

Ap(Gn) ={ax+By|0<a<a —m—20< <
vp—uy—rfU{ar+ Py |0<a<a —b—70<3<
v—p—2}U{ax+pz|0<a<a;—m-—2,0<p<p+1}U{az+ [z |
0<a<bi+p+l,p+2<pf<r—1}U{ay+B2z|0<a<v;—p—2,0<
f<m+1}U{ay+Bz|0<a<ui+m+1m+2<5<r—1}

From the discussion above we obtain the following result:

THEOREM 2.1. Let G be a numerical semigroup such that G =
<n,x,y,z>,ed(G) = 4, = 1(modn),y = j(modn),z = k(modn),n <
aq —Up

r<y<zandx+y+z=tn, fort > 2 andt € N. Let S
—b1 1

R e ol be the (n, j)-good, (n, k)-good and (n, kj~")-
_b2 Vg —b3 V3

good matrices corrensponding to nurmerical semigroups <n, x,y>, <n, T, z>
and <n,y, z>, respectively, such that a; < ay and vy < ag. Then:
i) If (ap — 1)z < (ug + 1)y + 2z and (v; — 1)y < ((by + 1)x + 2) then
F(G) =
max{ (a1 —b1 —2)z+(v1 —1)y, (a1 — L)z +(v1 —u1 —2)y, biw+z, wy+z} —n;
it) If (a; — )z > (ug + 1)y + z and (v; — 1)y < (by + 1)z + 2z then
there exists r € N such that, if (a; —(r—1))z > (w1 +(r—1)y)+(r—1)z
then
F(G) =max{(a; — by — 1)z + (v1 — Dy, (a1 — r)x + (v —uy — r)y, by +
(r—1z(n—1y+(r—1)z} —n,
and, if (ay — (r — 1))z < (uy + (r — 1)y + (r — 1)z then
F(G) =max{(a; — by — )z + (v1 — Dy, (a1 — 7+ D) + (v; —uy —
ry,bix+ (r—1)z, (1 — Dy + (r—2)z,(ug +r —=2)y + (r — 1)z} — n;
iii) If (ay — 1)z < (w3 + 1)y + 2z and (v; — 1)y > (by + 1)x + 2z then
there exists r € N such that, if (v;—(r—1))y < (by+(r—1))z+(r—1)z
then
F(G) =max{(a; —by — )z + (v; — (r = 1)y, (a1 — 1)z + (v —uy —
ry, (ag — Dz + (r—2)z,uqy + (r — 1)z, (b1 +r —2)x + (r — 1)z} — n,
and if (v — (r — 1))y > (b1 + (r — 1))z + (r — 1)z then
F(G) =max{(a1 — by — )z + (v1 = )y, (a1 — Dz + (v1 —ur — 1)y, (a1 —
Dz+ (r—1Dz,uwy+ (r—1)z} —n;
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iv) If (ap — 1) > (uy + 1)y + z and (vy — 1)y > (by + 1)z + 2z then
there exist r € N and p,m € Ny, and
F(G) =max{(a; — by — )z + (v1 —p—2)y, (a1 —m — 2)x + (v; —uy —
ry,(ar—m—2)z+ (p+1)z,(by+p+ D+ (r—1)z, (v —p—2)y +
(m+1)z,(ug +m+1)y+ (r—1)z} —n.
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