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Abstract

We study the perturbation L = H+V in L*(R), where H = (—1)! jm—zll—i—
22,1 € N*, and V is an almost periodic potential with uniformly contin-
uous derivatives V(™. We assume that the eigenvalues of L around )y
can be written in the form A\, + p. We establish an asymptotic formula
for the fluctuations {4}, which are determined by a transformation of
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1. Introduction and main result:

We consider in L?(R) the operator H defined by:

d2l
— l 2l *
We recall that H is essentially self-adjoint in C§° (R) with compact resol-
vent [I]. Its spectrum is the increasing sequence of eigenvalues { A } x>0 of
finite multiplicity, such that there exists a positive integer kg, for k > kg,
Ar is simple and has the following asymptotic expansion:

A2:2%(k+%)+0<%> (k — +00), 2)

1 1 1

where B is the beta function. Let V' be a smooth function from R to R,
that is almost periodic, with uniformly continuous derivatives,

and

+oo
V(z) = Zaneil’”z, neN, zeR. (4)
n=1

We suppose that:

+oo kK . 1 1
S 3 ] S L EEE R
The operator L = H+V is essentially self-adjoint with compact resolvent
[12]. The Min-Max theorem [7] shows that the spectrum of L around A,
for k > ko can be written in the form Ay + pg. The goal is to study the
asymptotic behavior of the fluctuation u; when A\, — +o00. Let us state
the main result of this paper.

THEOREM 1.1. The asymptotic behavior of y, is:

1
l 1 22 (11
Ly = - i)/ VAL dy+0()\k(l ‘“2)), [ >2.
191) J—

By L(1—y)io

For the case | = 1 (harmonic oscillator), various mathematicians have
investigated such problems. Notably, the authors in [3] treated the case:
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Vi(z) ~ |x|7*>, amcoswyr. In a scenario similar to ours, authors in
[8] Studied the case where V' is periodic. Additionally, in [9] authors
explored the perturbation:

2m

~pm + 22 4V (z),

where V' satisfies |V"(z)| < (1+2%)2,s € 10,1[U]l, 400 In [2]
authors studied the case where V' is is a polynomial of degree < 2¢. Our
objective is to utilize the averaging method of Weinstein (see [5], [10],
[T1]). However, this method is not directly applicable here because the
operator H, considered as a pseudo-differential operator (VDO), lacks a
periodic flow. Instead, it is the operator H %, that exhibits this property
[1]. We begin by considering a perturbation of the operator H T

Li=Hi +B, leN (6)
where
B= %H%lv. (7)

We apply the averaging method by replacing B in the perturbation @
with its average:

— 1/ 1
- / e=itht gttt gy (8)
0

where T is the period of the flow of H % as given by (3)). The main advan-
tage of thls method is that B is a compact operator, and the operators
L, L = H7 + B are almost unitarily equ1valent This means there exists
a unitary operator U such that U L,U~' — L, is compact. Note that both
L; and L; have a Compact resolvents [12]. Usmg Min-Max theorem, their

spectrum near )\l are of the form )\ ~+ v and )\ + Uk, respectively. Then
we study vy by using a functional calculus of the operator H. We begin
by establishing the link between v, and .

ProrosiTiON 1.1. Forl > 1, we have:

=1y Toe+ 0 (Y, (= +0).

Using a functional calculus for H, we obtain:
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ProposSITION 1.2. Forl > 1, we have:

1
_1 l Lo y(y\Z (o
DT A — 1)/ W) gy 4 o0y ).

Blg,g) Jo1 (1—y2) -z

The following proposition gives the relation between vy and vy:

ProrosiTiON 1.3. Forl > 1, we have:

ve =T + O(A~GE+2 D),

The rest of this paper is organised as follows. In Section [2], this sec-
tion provides additional details about specific properties of Weyl pseudo-
differential operators and their functional calculus. In Section |3, we
examine the spectrum of the spectrum of L and show the relation be-
tween py and vg. Section [4] is devoted to the study of the asymptotic
behavior of Ty and we establish Proposition [I.2] In Section [f], we study
the relation between the spectrum of L; and L; which will help in proving
Proposition (1.3} a key step in demonstrating the main theorem.

2. Weyl pseudo-differential operator and functional calculus

Let p € [0,1] and m € R. We consider the temperate weight function
[14]

(x>€)_>(1+O-H)%a ($7£)€R27
where o (z, ) is the Weyl symbol of the operator H defined in the space
phase T"R = R, x R¢ by:
O-H(xa 5) = x?l + 521'

We denote by I'}" (R x R) the space of symbols associated with the tem-
perate weight function, precisely:

I = {a€C®(R?: Vo, €N, Tcap>0/]020a(x,§)]
< cap(l+ UH)m_p(;W }.

We will use the standard Weyl quantization of the symbols. To be precise,
if a € I}, then for u € S (R), the operator associated is defined by:

op” (a)u(x) = L PR (m )u
P = o | 2,6 ) (o) dyde.
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We note by G7' the operator class whose symbol belongs to I'", for

example H € G2 and V € GY. Let us now introduce the notion of the
]
asymptotic expansion of symbols.

DEFINITION 2.1. Let a; € I)7, j € N, we suppose that m; is a
decreasing sequence tending towards —oo. We say that a € C> (R x R)
has an asymptotic expansion and we write:

+o00
j=0
if
r—1
a—ZajEFZW, Vr>1
7=0

We require the symbolic calculation of these classes of operators,
therefore, we present the following proposition, which will be proven in
the Appendix, Section [6

PROPOSITION 2.1. i) IfA € G}, p €]0,1] and B € G** then the op-

erator AB € Gy"2. Its Weyl symbol admits the following asymptotic
development:
+00

c= ch, c; € Tgitme=rl,
=0
where
1 (_1)|B| o af a B
a+B=j

ii) If (B;)ieq1,.. ny is the family of operators such as B; € G"*. Then the
operator

my+-mp

B1By---B,H™ 2 )

is bounded.

THEOREM 2.1. (Calderon-Vaillancourt Theorem)
If a € T then the operator op™ (a) is bounded on L? (R).
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THEOREM 2.2. (Compactness)
Ifa €T} ym <0 andp €]0, 1], then the operator op™(a) is compact on
L3(R).

In our work, we need the functional calculus of operators H and we
use the properties of a function f that satisfies, for all » € R, k € N and

P € [1 - %7 ]7
[f®(@)] < Cr(1+ |z]) .

PROPOSITION 2.2. f(H) is a (VDO) included in GQ%T_Q(l_p) and its

weyl symbol admits the following development:

Of) = > Of() 2

320

3j
dj .
orma =) g fPlon), viz1,
k=2

where
2%—j4 2r—j($-6(1—p))
dj,k; c F% l’ Uf(H),Qj € F%_Q(ll_p) 9 (9)
in particular

om0 = flon).

P r o o f. For studying f(H) we follow the same strategy in [13], us-
ing the Mellin transformation, the latter consists of the following steps:

1) We prove by induction that (H — X))~ A € C, is a (?DO) and its

+oo
Weyl symbol admits the development by = Z b; » where
5=0
bor = (o — A7,
bajr1a =0,
3j

2lk—4j
bojn = Y (=D bgh!,  dj e TV
k=2
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2) We study the operator H* using the Cauchy integral formula:

1
HY = — [ XN(H -\ "'d),
211 A
A is the same domain defined in the article [I3]. H*® is a (P DO) and its
Weyl symbol is given by:

+oo
Os = E 05,255
J=0

with

3j
s s(s—=1)---(s—k+1) .
050 = Op> Us,ZjIZdj,k-( ) l{:'( >0Hk7
k=2 '

2ls—4j
05,25 € Fl .

3) We study f(H) using the representation formula

f) = o [ iAo

T omi )
o €[0,—r[, r <0 and M [f] is the Mellin transformation of f. O

3. Reduction to a perturbation of Hi

If we translate H by a sufficiently large positive constant, we can
assume that L is positive and ||H~'V|| < 1. This allows us to reduce the

problem to a perturbation of H T by expressing
(H+ V)T =Hi +W,

consequently,
+o0
W=B+H (H'W)Y ap (HV),
k=0

where

1\ 1 HE-1)- (3 -k+1
B:(Y)Hz v, ak:<)( )k!( ). (10)

We can then write

+oo
Lt —Li=HT(HV) Y agg (HT'V)". (11)

k=0
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+oo

Since ||H~'V|| < 1, the operator Z Qo2 (H’IV)Ic is bounded in L? (R).
k=0

Given that H € G2, we have H~! € G;* . By combining the above with

1
the fact that V' € G and Proposition(ii), the opertaor (LT —L;)H2 1
is bounded. We thus conclude that there exists a constant ¢ > 0 such
that:

—eH 2T < LT — [ < cH 21, (12)
According to the Min-Max theorem, we obtain:
1 1 1_
e+ )T = AL+ o+ 0 (A7), (13)

Using the fact that {u;} is bounded and applying Taylor’s formula to
the function ¢t — (1 + "t—’“)%, we obtain the estimate

_1
e = Dy Top+0 (A1) (14)
This completes the proof of proposition [1.1]

4. The asymptotic behavior of v,

_ — 1
We recall that L; is obtained by replacing B in L; with B, and A} 4+,
_ 1
is the part of the spectrum of L; around A} as A\, — +00. Setting

— 1 T S R
V= / W(t)ydt, W(t)=e ™ Veti! (15)
0

and from ({10))

B = %H%—lv

2
As noted in Proposition , the operator H Teqd | possesses a Weyl
l

symbol o that is expressed as:

“+o0o
0 = E 025,
=0

4 .
7J

(16)

1 2_
where 0y = 0, and o9; € I'{
l

PropPOSITION 4.1. For | > 1, we have:

_ _ 1
VeG, ™, (17)
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and its Weyl symbol admits the following asymptotic development

+o0o )
2j

1
_ _ _ T2
oy = § :Uv,Qja oy €1 ; (18)
Jj=0

in particular:

B N L SN AN (%)
ro=7 | Veawy= 5o [ g, (19)

Proof We recall that o(t) = (z(t),£(t)) is a solution of the dy-
namic system:

1
dx dal, 1 -
i = G = 2B,
dg;(tt) _ —g;ﬁ _ _2E%—1$2l—1(t), (20)

2(0) =z, £(0) =¢,
a2 (t) + 4 (t) = 2 + ¥ = E.

To establish equation (19)), we begin by recalling that ¢(t) = (z(t),£(t))
is a solution of the dynamic system . We assume the initial conditions
z(0) > 0 and d:;_(t()) > 0, the other cases can be handled similarly. Our
focus now is on analyzing the properties of the function x(¢) over the
interval [0, 7T]. From equation (20) we get the relation:

=t - (21)
2ET Y E — g2~

Given that z(t) is a smooth periodic function of period 7', we can deduce
from equation (21 that the function z(¢) reaches its maximum at ¢,
where z(ty) = E2, and its minimum at ¢;, where z(t;) = —E2. At this
point, we have:

Oy = % Vot V(m(t))dtJr/tl V(x(t))dt+/T V(x(t))dt} |

to t1

To proceed, we perform a change of variable z(t) = u. Since x(t) is
increasing on the interval [0, ¢y], we obtain:

/0 ’ V(x(t))dt = %El—? / o @Ldu, (22)

_ u2l)1—%
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after applying a similar calculation over the intervals [tg,t;] and [t1,T],

we obtain:
B
rn= g [ (23)
’ B(ﬂaﬂ) —E% (E-qu)l_a

Now, by performing the change of variable y = E—“j, we have:
21

o [ Yo V(yed) B l U% o
V’O_B(i %)/ (1— g2 )1_%033/—3(% flog), (24)

20 21)
where .
v
f(:):):/ %dy, x>c>0,
-1 (=gt
with ¢ being a small positive constant. We can write:
1
V(yz)
x) = ———dy, x>c>0, 25
() / TRt (25)

o0
where V(z) = V(—x)+V(z) =2 Z a; cos(vx). Given equations ‘I) and
=1
, and since V € C°(R, R), its Fourier series converges normally, and

hence uniformly on R | with the series sum being V. Therefore, we have:

400 —
Re wlxy
=2 Z / = dy. (26)

Let us define:
efiulmy

fulw) = / = ) (27)

1—y2)!
where

L pivz(l-y)
hy(x) = /0 mdy-

By making the change of variables z = 1 — y, we get:

1 Tz
hi(x) = / —dz.
0 (L= (1— 2%

1—(1—-2)*= zZ(l — 2k,

Since
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1 eil/lxz
hi(x) = /0 = 1 dz. (28)
A3 (1 -2y

we have:

k=0
We define, for z € [0;1]
1
¥(z) = -

201 2l

k=0
It is clear that: )

P(z) = + 20(z2), (29)

where 6(z / 1/) (tz)dt. Substltutlng ) into , we obtain:

h . / ZVlﬂClzdz+/ 22l9 u/l]?ZdZ 30
((x) = (%)l”lm [ cHo(a)e (30)

Now, by making the substitution u = yzz in the first integral of ,
we get:

hl<l')

400 U +oo iU
e 1 1 e
= 11; 11/ —du — / —du
@)% o2 Sy yltw @202 ()2 Juye ulE
1

+ [ 22 H(Z)ei”lxzdz.
0

(31)

— du=eal | —=]. 32
/o ul_% ! . (25) ( )

By substituting equations and into equation , we obtain
the expression:

fla) = (B)-d A gy e [,
2 = 2 ()21 ve  ZVTa
1T
e*iVlm 22%9<Z)6iylmzdz

0
= fi1+ fig+ fis

Note that:
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A direct calculation shows that for all z > ¢ > 0:

VUn+- vk S
D(@)] < ettt (1 o)),

‘fl(§)<x>‘ < Ck1+unj7;..+u!§<1+ |x|)—1’ (34)
Vk —
@) < i+ a7

We will sum these results and then evaluate the estimate with respect to

l. Using (26]), (27)), (33) and (34]) it follows that:
+oo kK 1 1
®) ()] < i =) Jan|(1+ |z]) 35
1 <x>}_ck§j§jun< s ,,>|“ G+l d ()

n=1 =0 vy n

From which, according to , we deduce that:

1B (@)] < Cr(1+ J2]) 21, (36)
For all o, 8 € N, we have:
= a1, O Yo% QL
000 (f(oF) = > CgrIeE x 0000 (o) X -
oo oo (37)
B=P1+ 4Bk

))-

1
Using , , and considering that o € I'{, we get:
l

T

XM (o)) % f0) (o

(o >>] < Co(1 4 o1) 7. (39)

1
From 1) and 1) it is evident that oy, € Iy 2*  To prove 1) we
begin by applying Egorov’s theorem. Direct calculations show that:

000002 € L°(RxR), «,f,j€N, a+p+j>2,
and
0 p(t) € L°(RXR), a+f>1,

Applying Egorov’s theorem as outlined in [I4] in the context of the
Heisenberg-von Neumann equation, we obtain the expression for the Weyl
symbol:

“+oo
Ow(t) = ZUW(t),2j>
§j=0



HIGHER-ORDER HARMONIC OSCILLATOR ... 173

where
Ow (t),25
= L[S Cupl0807 o) (9 0 owa(r)) |t T dr.

of +B/+ +2k'=2j+1
0<1<2j—1

(39)
Here, Cy g is defined as:
Oa’,ﬂ’ = (1 — (—]_)OH—B) F (OZ, ﬂ) s
with
ow0(z,§) =Vox(t), owma(z,§) =0.
For all o, 8 € N, we have:
agagwx(t))) <Cos S VOEE).
1<i<a+p
a=a1+-+oy
B=p1++B;
From , it follows that:
_ ¢ [atB+2j+1
o -4 m
axago-W(t)Qj < Capletopn) X/ ( Z Vv )(35(“))}) du. (40)
0 m=1

Since ‘V(m)| is almost periodic for all m, we can use the previous calcu-
lation to obtain:

T 1
| Ve ) du e 5 (41)
0
Applying similar calculations to (40 confirms . O

Proof of Proposition [1.2

P r o o f. By Proposition 4.1, we have

12
O’V - O’V70 < FO 212 1 7 (42)
using 7 we can write
oy = 9(on), (43)
where |
LY Vi) 1
B(%’ %) -1 (1= y2z)17§

by exploiting and by a direct calculation, we obtain for all £k € N
|90 ()] < Cil(1 + o) w07k 2 e RY, (45)
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!
Applying Proposition we find that g(H) € G, #*, and its weyl symbol

o f(rry satisfies

1
212

ogrn) — 9lom) € g™ 7, (46)
combining , and , we get

~[o

1

_1 2
Oy — Og(H) € FO a (47)
In terms of operators, this translates to
V—g(H)eG, ™, (48)
we can write
1 14— — 11 1y
SHITNV = g(H)) = |- (0 4+ S H ()| (49)

From (48], Proposition 2.1, Proposition 2.2]and Theorem 2.1} we deduce
that the operator

Lo (a4 gt | 1, (50)

1 1_ _(1—_L_
7= A g0 + 00 ), (51)
Thus,
1

-1 [ ! V(yA?) -(3-22)

I\, L5 = / dy+0(\, | ) (52)
: Blg, ) Jo1 (1 —y2)l-a ‘

O

5. The relation betwen the spectrum of L; and L,

PROPOSITION 5.1.  There exists a skew-symmetric operator () €

(L 4o_2 T
Gy ™71 such that the operator (¢?Lie=? — T)Ha7 ">~ s bounded.
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P r o o f. The operator () is constructed as follows:

— _ g TT W (t) dt
Q—Q1+Q2;Q1—ﬁ /0( —t) W (t)dt,

—1

Q2= 57

The following commutation formulas can be easily verified [4]:

[Q%Hﬂ = o7 T(T—t)/ot

where

We point out that the differential equation
dX (1)
dt
has a unique solution given by

X (1) = 99 L, = QL e,

where AdQ.L; = [Q, L].
As a consequence of , and , we deduce that:

=[Q, X], X(0)= L,

QL e -T, = _ﬁ% [@2, H%*lv}
yl@ Y]+ b o
Q [Qg,}Hf—lv] 1.V
+Z WD 10,10.10. ).

(n+ 3)!

1_
[

_/OT (T —1) /Ot EHHW(t),%H%—lW(T)] dr dt.

V]|

175

(53)

(56)

(57)

(58)

To continue the proof of PI"OpOSlthD 5.1], we will use the following lemma.

1\)"—‘

2-4) ( —7+4)

LEMMA 5.1. Q, € G, G+ and V Q€@
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P r o o f. Following similar calculations as in the proof of Proposition

(Ll 49 2
, we obtain that: @); € G0(212+2 r)

of V', we can write:

. Now let us determine the class

— 1 T t
V=— AW (t AW (r)dr| dt 59
i [ |, [ awea o (59
where

A= %H%—l.

Let a (resp. b) denote the Weyl symbols of AW (t) (resp.
fg AW (r)dr). By applying Proposition , we have

+oo +o0
a = E CLj, b = E bj,
j=0 Jj=0
where

a; = Z Calyﬁ/(8?’85’0"4/(0721/)(8?’6? O'A,2k/)’
o+ 2 +-2k' =5

and

t " "
= Z C&”,BII(A a? (95 O-W(T),Ql"dr)

Oé"+/8”+2l//+2k”:j

"

x (0 8? O A2k")-
The symbol of the commutator in equation is expressed as:
+oo
C = Z Cj,
j=1
where each ¢; is given by:

L1 1N\ 1\’ atBY Hand Ao

a+B+k+m=j
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For the derivatives 82‘0? A, We have:

agagam = Z Z Cap aa +J156 g W n).ar)
a/+ﬁl+2l/+2k':m i1tig=
J1+je= ,3

X (05 20 0 4.
By applying @D and , we obtain:

00| < Cosl o)™ H

t [ot+B+m41 ' (60)
></< 3 |V(Z)(x(u))‘> du.
0 i=1
Similarly:
Y raiec
!%%Mscu+ww+w/< X:UNWMM>M, (51)
0 i=1

thus, for all 7, we have:

le;] < C(1+oy)T™ (/t<§|v ) >2, (62)

by applying the Leibniz formula, we obtain the following result for j > 1:

. ¢ [otBi+l 2
e scm+mm*x(/< Zihmwmm)w)-
0

i=1
B (63)
The symbol of V is obtained by integrating the symbol ¢ with re-

spect to t. For the integral given in equation (63), we perform the same
calculation as in the proof of Proposition |4.1] leading to the result:

ﬁeG z l+).

We use the same procedure to demonstrate that:

—7+4)

QzeG
O

We return to the proof of proposition . Given that V € GY,

— _ 1 (1 _2 — (1 _4
Ve G 0,Q € G and V,0, € 6" we apply
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Proposition in equation (b8, we get:

( H?sz%“—% <C,
|[@ v ma=t) <
’ QHI'V Hz%z“ﬂ <C,
|@ [ miv]] ma=t) <, (64)
| [@utut-v]] ma==t| <c
[
| 498 (0. (. [ Ly | < i)

For the last inequality, we used equation (54]) along with the identity:

(AdQ)" W = (=1)" " CrQ*W Q" ",

p=0
from the above, we can conclude that
(e9Lie @ — fl)HﬁH*%,

is bounded. Returning to the proof of Proposition (1.3, we deduce from
Proposition [5.1] that there exists a constant ¢ > 0 such that:

—cH Gzt D) <ePLe 9 -1, < ch(zz%“*%),
according to the Min-Max theorem, we have:
v = T + O(A~ @221y,

Now, to prove Theorem we simply combine Propositions [I.1] and
For [ > 2, this yields:

L VN ~(4-g)
pk = 11>/_ (y’“)lderO(Akl‘”)-

By, 51) Joa (1= g2

6. Appendix: Proof of Proposition (2.1

i) We proceed as in ([14], Theorem (II 30)), let a and b denote the
Weyl symbols of operators A and B respectively. The Weyl symbol ¢ of
the operator AB is given by ([14], p. 79, with the constant h replaced
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by 1):

1 .
co(r,§) = ;/6Zl(r’)”T)a(x+w,p+€)b(x+r,r+§) dp dw dt dr,

(65)
for every (z,£) € R x R. We split the oscillator integral ¢ into two parts
M and ¢@, then we use the cuttof function:

e i
5(1 42 +£2l)g

W175(.T,§,M,T, Tu p) = X ) (66)

and
Wa e = 1- Wi e,
where x € C°(R), x = 1in [-1,1], x =0 in R\] — 2,2[ and n > 0.
Let us consider for j € {1,2}
dj<x7 57 w,T,T, p) = wj,€<x? 57 w,T,T, p)a(x + w, p + f)b(ﬁC + r,T + 5)7
(67)
¢ (‘resp ¢? ) the integral obtained in by replacing the amplitude
by dy (resp ds).
Study of ¢?:
On the support of dy, we have w? + p? 4+ 1% 4+ 72 > 25(1 + 22 + €232,
we perform integration by parts using the operator:
1
M = E(wQ +p*+ 17+ 7)) (=pdr — 10, + 7O, + w0, ),
i

for all £ € N, we have:
1 .
== / e~ 2re=T) (CANYRdy dp dw dr dr,

™

leading to
() g prtma= 3k, (68)
Study of ¢):

The function (w,7,7,p) — di(z,&,w, 7,7, p) has a compact support.
From ([I4], Proposition II —26), we deduce that for every N € N,

N
M = ch(x,ﬁ) + Ry (7, §), (69)
j=0
where
1 (_1)|5|
Y alf!

a+p=j

(0807 a) (850D, (70)
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and
|RN+1 (ZL‘, g)l S CN H(awaT - aTaP)N+1d1HH3(R4) ) (71)

where H*(R") is the Sobolev space. Since a € I')"" and b € I'j"™, we have
for every 7 < N:

400 ‘
c= ch, c; € Tyntme=r, (72)
=0
Let us study the rest term Ry1(z, &) in equation (69). From we
have:

|Rni1(z, &)l
S CN Z H(awaﬂ' - a?“ N+1dlaz STTP H]LQ(R‘l)
[v]<3
yEN4
< en(L+a? 4 €2 (73)
X sup |(8w87' - ara )N-i—la;}y Trpd1|
[w2+p2+T2+T2§2€(1+x21+£2l)g]
lv[<3
for |y| < 3, we have :
|(awa a a )NHQZ ST 0 |
= (N+1! Y Y gsopaponan dy. (74)

a'ﬁ' w T Yr Yp Yw,Trp
a+B=N+1
Since a (resp b) are independent of (7, 7) (resp (w, p)), for v = (71, Y2, V3, V4)
we have:
(0502020507 . ]
< C ) 019 al|02 08 b)|02022 080w, |,
i1+i<2;+,3+’Y1
(2
]1-1;]2 51172 (75)
<B+7r2
k1+k2 a+73
kp<a+s

rit+re=a+y4
rp<atys

on the support of w; . and for sufficiently small ¢, we have:
0020 O] < o1 2% 4 @) Frhein)(T6)

We now introduce the following lemma.
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LEMMA 6.1. For suﬂﬁaent]y small e >0 and 0 <n < 2 , there exist
positive constants c,c ,C, C' such that:

(1422 + €7 < (1+ (z+u)? + (€ +0)%)2 < O1+ 2 + )3,
for all x,&,uw and v in R.

P roof. The convexity of the function x — 2%, along with the
condition 0 <7 < % allows us to demonstrate that:

14 (z+u)? + (E+0)2 <O + 2% + %),
Similarly, we have:
2 <z r )+ u?) ;€ < 22L((g 4 v)? 4 o?),
hence
(1+22 +H1 -2 <01+ (x +uw)? + (€ +0)H),
for sufficiently small ¢, we obtain:
e(l+a% + &) < (14 (r+u) + ((+0)%),
which implies
c(1+2%+€%)7 < (1+ (@ +w? + (E+v)")2 <O+ +€¥)2.

O

From equations ,, Lemma and the facts that a € I'",
b e I'y?, we have:

|35858f5’2‘83”pd1| < C(1+$2l—|—§2l> 1+m2
X Z (14 2 4 )=tk =i liztiathatra) (77)

assuming that 7 > p, we have:

020200050, | S Cle+a? + €)™
X Z(l + l‘2l + 521)—* l1-i-22-i-r1-&-7"2)—§(J'Q-&-l@)7

since i1 + i + 11 + 79 = N + 1 4+ v, + 4, it follows that:
|aﬁa§aga;;agm | < Cletoy)™ ™2, (78)
using and , we get:
1(0,0r — 88)N+187 p di| < Cn(e+op)

mp+mo—(N+1)p
3 2
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Finally, combining and , we obtain the following estimate for

RN+1:
Ryia(2,6)] < On(e+om)™ 75, (80)
this implies that
RNJrl e F6n1+m27(N+1)p+2n

the rest of the symbol ¢ is expressed as:
5N+1(x7§) = RN+1(.’L',€)+C(2)(J;,€). (81)
To estimate dny1, we use , and , by further expanding the

development, i.e., writing:
On+1(2,€) = ens1 + -+ CNp + O,

and choosing k£ > 4, we find that

5N+1 c F'g”bl—l-mQ—(N—i-l)p.

ii) It is sufficient to do the same for n = 2. Let us first note that
H € G%, we have:
1

mj+my my+mg

BiBH T =B H THZB,H =z,

according to i) the operator B;H -3 e GY, and according to Calderon

Vaillancourt’s Theorem [2.1| By H —"3" is bounded. Similarly, the operator
_mi+ ia my+mg

ByH 27 eGy 2, thus HT B.BH 7 * € G,
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