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Abstract

We study the perturbation L = H+V in L2(R), whereH = (−1)l d2l

dx2l+

x2l, l ∈ N∗, and V is an almost periodic potential with uniformly contin-
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1. Introduction and main result:

We consider in L2(R) the operator H defined by:

H = (−1)l
d2l

dx2l
+ x2l, l ∈ N∗. (1)

We recall that H is essentially self-adjoint in C∞
0 (R) with compact resol-

vent [1]. Its spectrum is the increasing sequence of eigenvalues {λk}k≥0 of
finite multiplicity, such that there exists a positive integer k0, for k ≥ k0,
λk is simple and has the following asymptotic expansion:

λ
1
l
k =

2π

T

(
k +

1

2

)
+O

(
1

k

)
(k → +∞) , (2)

and

T =
1

l
B

(
1

2l
,
1

2l

)
, (3)

where B is the beta function. Let V be a smooth function from R to R,
that is almost periodic, with uniformly continuous derivatives,

V (x) =
+∞∑
n=1

ane
iνnx, n ∈ N, x ∈ R. (4)

We suppose that:

νn > 0,
+∞∑
n=1

k∑
i=0

νin

(
1

ν
1
2l
n

+
1

νn

)
|an| < +∞. (5)

The operator L = H+V is essentially self-adjoint with compact resolvent
[12]. The Min-Max theorem [7] shows that the spectrum of L around λk,
for k ≥ k0 can be written in the form λk + µk. The goal is to study the
asymptotic behavior of the fluctuation µk when λk → +∞. Let us state
the main result of this paper.

Theorem 1.1. The asymptotic behavior of µk is:

µk =
l

B( 1
2l
, 1
2l
)

∫ 1

−1

V (yλ
1
2l
k )

(1− y2l)1−
1
2l

dy +O

(
λ
−( 1

l
− 1

4l2
)

k

)
, l ≥ 2.

For the case l = 1 (harmonic oscillator), various mathematicians have
investigated such problems. Notably, the authors in [3] treated the case:
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V (x) ∼ |x|−α∑
m am cosωmx. In a scenario similar to ours, authors in

[8] Studied the case where V is periodic. Additionally, in [9] authors
explored the perturbation:

− d2m

dx2m
+ x2m + V (x),

where V satisfies
∣∣V (n)(x)

∣∣ ≤ (1 + x2)
−s
2 , s ∈ ]0, 1[ ∪ ]1,+∞[. In [2]

authors studied the case where V is is a polynomial of degree < 2q. Our
objective is to utilize the averaging method of Weinstein (see [5], [10],
[11]). However, this method is not directly applicable here because the
operator H, considered as a pseudo-differential operator (ΨDO), lacks a

periodic flow. Instead, it is the operator H
1
l , that exhibits this property

[1]. We begin by considering a perturbation of the operator H
1
l :

Ll = H
1
l +B, l ∈ N∗, (6)

where

B =
1

l
H

1
l
−1V. (7)

We apply the averaging method by replacing B in the perturbation (6)
with its average:

B =
1

T

∫ T

0

e−itH
1
l BeitH

1
l dt, (8)

where T is the period of the flow of H
1
l , as given by (3). The main advan-

tage of this method is that B is a compact operator, and the operators
Ll, Ll = H

1
l +B are almost unitarily equivalent. This means there exists

a unitary operator U such that ULlU
−1−Ll is compact. Note that both

Ll and Ll have a compact resolvents [12]. Using Min-Max theorem, their

spectrum near λ
1
l
k are of the form λ

1
l
k +vk and λ

1
l
k +vk, respectively. Then

we study vk by using a functional calculus of the operator H. We begin
by establishing the link between vk and µk.

Proposition 1.1. For l ≥ 1, we have:

µk = lλ
1− 1

l
k vk +O

(
λ−1
k

)
, (λk → +∞).

Using a functional calculus for H, we obtain:
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Proposition 1.2. For l ≥ 1, we have:

lλ
1− 1

l
k v̄k =

l

B( 1
2l
, 1
2l
)

∫ 1

−1

V (yλ
1
2l
k )

(1− y2l)1−
1
2l

dy +O(λ
−( 1

l
− 1

4l2
)

k ).

The following proposition gives the relation between vk and vk:

Proposition 1.3. For l ≥ 1, we have:

vk = vk +O(λ−( 1
2l2

+2− 2
l
)).

The rest of this paper is organised as follows. In Section 2, this sec-
tion provides additional details about specific properties of Weyl pseudo-
differential operators and their functional calculus. In Section 3, we
examine the spectrum of the spectrum of L and show the relation be-
tween µk and vk. Section 4 is devoted to the study of the asymptotic
behavior of vk and we establish Proposition 1.2. In Section 5, we study
the relation between the spectrum of Ll and Ll which will help in proving
Proposition 1.3, a key step in demonstrating the main theorem.

2. Weyl pseudo-differential operator and functional calculus

Let ρ ∈ [0, 1] and m ∈ R. We consider the temperate weight function
[14]

(x, ξ) −→ (1 + σH)
m
2 , (x, ξ) ∈ R2,

where σH(x, ξ) is the Weyl symbol of the operator H defined in the space
phase T ∗R = Rx × Rξ by:

σH(x, ξ) = x2l + ξ2l.

We denote by Γm
ρ (R× R) the space of symbols associated with the tem-

perate weight function, precisely:

Γm
ρ = {a ∈ C∞ (R2) : ∀α, β ∈ N,∃ cα,β > 0 / |∂αx∂

β
ξ a (x, ξ) |

≤ cα,β(1 + σH)
m−ρ(α+β)

2 }.
We will use the standardWeyl quantization of the symbols. To be precise,
if a ∈ Γm

ρ , then for u ∈ S (R), the operator associated is defined by:

opw (a)u (x) =
1

(2π)2

∫
R×R

ei(x−y)ξa

(
x+ y

2
, ξ

)
u (y) dydξ.
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We note by Gm
ρ the operator class whose symbol belongs to Γm

ρ , for

example H ∈ G2
1
l

and V ∈ G0
0. Let us now introduce the notion of the

asymptotic expansion of symbols.

Definition 2.1. Let aj ∈ Γ
mj
ρ , j ∈ N, we suppose that mj is a

decreasing sequence tending towards −∞. We say that a ∈ C∞ (R× R)
has an asymptotic expansion and we write:

a =
+∞∑
j=0

aj,

if

a−
r−1∑
j=0

aj ∈ Γmr
ρ , ∀r ≥ 1.

We require the symbolic calculation of these classes of operators,
therefore, we present the following proposition, which will be proven in
the Appendix, Section 6.

Proposition 2.1. i) If A ∈ Gm1
ρ , ρ ∈]0, 1] and B ∈ Gm2

0 then the op-

erator AB ∈ Gm1+m2
0 . Its Weyl symbol admits the following asymptotic

development:

c =
+∞∑
j=0

cj, cj ∈ Γm1+m2−ρj
0 ,

where

cj =
1

2j

∑
α+β=j

(−1)|β|

α!β!
(∂αξ ∂

β
xa)(∂

α
x∂

β
ξ b),

ii) If (Bi)i∈{1,··· ,n} is the family of operators such as Bi ∈ Gmi
0 . Then the

operator

B1B2 · · ·BnH
−m1+···mn

2 ,

is bounded.

Theorem 2.1. (Calderon-Vaillancourt Theorem)
If a ∈ Γ0

0 then the operator opw (a) is bounded on L2 (R).
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Theorem 2.2. (Compactness)
If a ∈ Γm

ρ ,m < 0 and ρ ∈]0, 1], then the operator opw(a) is compact on

L2(R).

In our work, we need the functional calculus of operators H and we
use the properties of a function f that satisfies, for all r ∈ R, k ∈ N and
ρ ∈ [1− 1

2l
, 1],

|f (k)(x)| ≤ Ck(1 + |x|)r−ρk.

Proposition 2.2. f(H) is a (ΨDO) included in G2r
1
l
−2(1−ρ)

and its

weyl symbol admits the following development:

σf(H) =
∑
j≥0

σf(H),2j,

σf(H),2j =

3j∑
k=2

djk
k!
f (k)(σH), ∀j ≥ 1,

where

dj,k ∈ Γ
2k−j 4

l
1
l

, σf(H),2j ∈ Γ
2r−j( 4

l
−6(1−ρ))

1
l
−2(1−ρ)

, (9)

in particular

σf(H),0 = f(σH).

P r o o f. For studying f(H) we follow the same strategy in [13], us-
ing the Mellin transformation, the latter consists of the following steps:

1) We prove by induction that (H − λ)−1, λ ∈ C, is a (ΨDO) and its

Weyl symbol admits the development bλ =
+∞∑
j=0

bj,λ where


b0,λ = (σH − λ)−1,

b2j+1,λ = 0,

b2j,λ =

3j∑
k=2

(−1)kdj,k.b
k+1
0,λ , dj,k ∈ Γ2lk−4j

1 .
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2) We study the operator Hs using the Cauchy integral formula:

Hs =
1

2πi

∫
∆

λs(H − λ)−1dλ,

∆ is the same domain defined in the article [13]. Hs is a (ΨDO) and its
Weyl symbol is given by:

σs =
+∞∑
j=0

σs,2j,

with

σs,0 = σs
H , σs,2j =

3j∑
k=2

dj,k.
s(s− 1) · · · (s− k + 1)

k!
σs−k
H ,

σs,2j ∈ Γ2ls−4j
1 .

3) We study f(H) using the representation formula

f(H) =
1

2πi

∫ σ+i∞

σ−i∞
M [f ] (s)H−sds,

σ ∈ [0,−r[, r < 0 and M [f ] is the Mellin transformation of f . 2

3. Reduction to a perturbation of H
1
l

If we translate H by a sufficiently large positive constant, we can
assume that L is positive and ∥H−1V ∥ < 1. This allows us to reduce the

problem to a perturbation of H
1
l by expressing

(H + V )
1
l = H

1
l +W,

consequently,

W = B +H
1
l

(
H−1V

)2 +∞∑
k=0

αk+2

(
H−1V

)k
,

where

B =

(
1

l

)
H

1
l
−1V, αk =

(
1
l

) (
1
l
− 1
)
· · ·
(
1
l
− k + 1

)
k!

. (10)

We can then write

L
1
l − Ll = H

1
l

(
H−1V

)2 +∞∑
k=0

αk+2

(
H−1V

)k
. (11)
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Since ∥H−1V ∥ < 1, the operator
+∞∑
k=0

αk+2

(
H−1V

)k
is bounded in L2 (R).

Given that H ∈ G2
1
l

, we have H−1 ∈ G−2
1
l

. By combining the above with

the fact that V ∈ G0
0 and Proposition 2.1-(ii), the opertaor (L

1
l −Ll)H

2− 1
l

is bounded. We thus conclude that there exists a constant c > 0 such
that:

−cH−2+ 1
l ≤ L

1
l − Ll ≤ cH−2+ 1

l . (12)

According to the Min-Max theorem, we obtain:

(λk + µk)
1
l = λ

1
l
k + vk +O

(
λ

1
l
−2

k

)
, (13)

Using the fact that {µk} is bounded and applying Taylor’s formula to

the function t −→ (1 + µk

t
)
1
l , we obtain the estimate

µk = lλ
1− 1

l
k vk +O

(
λ−1
k

)
. (14)

This completes the proof of proposition 1.1.

4. The asymptotic behavior of vk

We recall that Ll is obtained by replacing B in Ll with B, and λ
1
l
k +vk

is the part of the spectrum of Ll around λ
1
l
k as λk −→ +∞. Setting

V =
1

T

∫ T

0

W (t)dt, W (t) = e−itH
1
l V eitH

1
l , (15)

and from (10)

B =
1

l
H

1
l
−1V . (16)

As noted in Proposition 2.2, the operator H
1
l ∈ G

2
l
1
l

possesses a Weyl

symbol σ that is expressed as:

σ =
+∞∑
j=0

σ2j,

where σ0 = σ
1
l
H and σ2j ∈ Γ

2
l
− 4

l
j

1
l

.

Proposition 4.1. For l ≥ 1, we have:

V ∈ G
− 1

2l2

0 , (17)
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and its Weyl symbol admits the following asymptotic development

σV =
+∞∑
j=0

σV ,2j, σV ,2j ∈ Γ
− 1

2l2
− 2

l
j

0 , (18)

in particular:

σV ,0 =
1

T

∫ T

0

V (x(t))dt =
l

B( 1
2l
, 1
2l
)

∫ 1

−1

V (yσ
1
2l
H )

(1− y2l)
1− 1

2l

dy. (19)

P r o o f. We recall that φ(t) = (x(t), ξ(t)) is a solution of the dy-
namic system: 

dx(t)
dt

=
∂σ

1
l
H

∂ξ
= 2E

1
l
−1ξ2l−1(t),

dξ(t)
dt

=
−∂σ

1
l
H

∂x
= −2E

1
l
−1x2l−1(t),

x(0) = x, ξ(0) = ξ,
x2l(t) + ξ2l(t) = x2l + ξ2l = E.

(20)

To establish equation (19), we begin by recalling that φ(t) = (x(t), ξ(t))
is a solution of the dynamic system (20). We assume the initial conditions

x(0) > 0 and dx(0)
dt

> 0, the other cases can be handled similarly. Our
focus now is on analyzing the properties of the function x(t) over the
interval [0, T ]. From equation (20) we get the relation:

dt = ± dx

2E
1
l
−1(E − x2l)1−

1
2l

. (21)

Given that x(t) is a smooth periodic function of period T , we can deduce
from equation (21) that the function x(t) reaches its maximum at t0
where x(t0) = E

1
2l , and its minimum at t1, where x(t1) = −E 1

2l . At this
point, we have:

σV ,0 =
1

T

[∫ t0

0

V (x(t))dt+

∫ t1

t0

V (x(t))dt+

∫ T

t1

V (x(t))dt

]
.

To proceed, we perform a change of variable x(t) = u. Since x(t) is
increasing on the interval [0, t0], we obtain:∫ t0

0

V (x(t))dt =
1

2
E1− 1

l

∫ E
1
2l

x

V (u)

(E − u2l)1−
1
2l

du, (22)
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after applying a similar calculation over the intervals [t0, t1] and [t1, T ],
we obtain:

σV ,0 =
l

B( 1
2l
, 1
2l
)
E1− 1

l

∫ E
1
2l

−E
1
2l

V (u)

(E − u2l)1−
1
2l

du. (23)

Now, by performing the change of variable y = u

E
1
2l
, we have:

σV ,0 =
l

B( 1
2l
, 1
2l
)

∫ 1

−1

V (yσ
1
2l
H )

(1− y2l)1−
1
2l

dy =
l

B( 1
2l
, 1
2l
)
f(σ

1
2l
H ), (24)

where

f(x) =

∫ 1

−1

V (xy)

(1− y2l)1−
1
2l

dy, x > c > 0,

with c being a small positive constant. We can write:

f(x) =

∫ 1

0

V(yx)
(1− y2l)1−

1
2l

dy, x > c > 0, (25)

where V(x) = V (−x)+V (x) = 2
+∞∑
l=1

al cos(νlx). Given equations (4) and

(25), and since V ∈ C∞(R,R), its Fourier series converges normally, and
hence uniformly on R , with the series sum being V . Therefore, we have:

f(x) = 2
+∞∑
l=1

al

∫ 1

0

Re(e−iνlxy)

(1− y2l)1−
1
2l

dy. (26)

Let us define:

fl(x) =

∫ 1

0

e−iνlxy

(1− y2l)1−
1
2l

dy = e−iνlxhl(x), (27)

where

hl(x) =

∫ 1

0

eiνlx(1−y)

(1− y2l)1−
1
2l

dy.

By making the change of variables z = 1− y, we get:

hl(x) =

∫ 1

0

eiνlxz

(1− (1− z)2l)1−
1
2l

dz.

Since

1− (1− z)2l = z
2l−1∑
k=0

(1− z)k,
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we have:

hl(x) =

∫ 1

0

eiνlxz

z1−
1
2l (

2l−1∑
k=0

(1− z)k)1−
1
2l

dz.
(28)

We define, for z ∈ [0; 1]:

ψ(z) =
1(

2l−1∑
k=0

(1− z)k

)1− 1
2l

.

It is clear that:

ψ(z) =
1

(2l)1−
1
2l

+ zθ(z), (29)

where θ(z) =

∫ 1

0

ψ
′
(tz)dt. Substituting (29) into (28), we obtain:

hl(x) =
1

(2l)1−
1
2l

∫ 1

0

eiνlxz

z1−
1
2l

dz +

∫ 1

0

z
1
2l θ(z)eiνlxzdz. (30)

Now, by making the substitution u = νlxz in the first integral of (30),
we get:

hl(x)

= 1

(2l)1−
1
2l

1

(νlx)
1
2l

∫ +∞

0

eiu

u1−
1
2l

du− 1

(2l)1−
1
2l

1

(νlx)
1
2l

∫ +∞

νlx

eiu

u1−
1
2l

du

+

∫ 1

0

z
1
2l θ(z)eiνlxzdz.

(31)
Note that: ∫ +∞

0

eiu

u1−
1
2l

du = e
iπ
4l Γ

(
1

2l

)
. (32)

By substituting equations (31) and (32) into equation (27), we obtain
the expression:

fl(x) = ( 1
2l
)1−

1
2l

Γ( 1
2l
)

(νlx)
1
2l
e−i(νlx− π

4l
) − ( 1

2l
)1−

1
2l

e−iνlx

(νlx)
1
2l

∫ +∞

νlx

eiz

z1−
1
2l

dz

− e−iνlx

∫ 1

0

z
1
2l θ(z)eiνlxzdz

= fl,1 + fl,2 + fl,3.

(33)
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A direct calculation shows that for all x > c > 0:
∣∣∣f (k)

l,1 (x)
∣∣∣ ≤ ck

1+νn+···+νkn

ν
1
2l
n

(1 + |x|)− 1
2l ,∣∣∣f (k)

l,2 (x)
∣∣∣ ≤ ck

1+νn+···+νkn
νn

(1 + |x|)−1,∣∣∣f (k)
l,3 (x)

∣∣∣ ≤ ck
νkn
νn
(1 + |x|)−1.

(34)

We will sum these results and then evaluate the estimate with respect to
l. Using (26), (27), (33) and (34) it follows that:

∣∣f (k)(x)
∣∣ ≤ ck

+∞∑
n=1

k∑
i=0

νin

(
1

ν
1
2l
n

+
1

νn

)
|an|(1 + |x|)−

1
2l . (35)

From which, according to (5), we deduce that:∣∣f (k)(x)
∣∣ ≤ Ck(1 + |x|)−

1
2l . (36)

For all α, β ∈ N, we have:

∂αx∂
β
ξ (f(σ

1
2l
H )) =

∑
1≤k≤α+β

α=α1+···+αk
β=β1+···+βk

Cα1,··· ,αk

β1,··· ,βk
× ∂α1

x ∂β1

ξ (σ
1
2l
H ))× · · ·

×∂αk
x ∂βk

ξ (σ
1
2l
H ))× f (k)(σ

1
2l
H )).

(37)

Using (5),(36), and considering that σ
1
2l
H ∈ Γ

1
l
1
l

, we get:∣∣∣∣∂αx∂βξ (f(σ 1
2q

H ))

∣∣∣∣ ≤ cα,β(1 + σH)
− 1

4l2 . (38)

From (24) and (38), it is evident that σV ,0 ∈ Γ
− 1

2l2

0 . To prove (18), we
begin by applying Egorov’s theorem. Direct calculations show that:

∂αx∂
β
ξ σ2j ∈ L∞ (R× R) , α, β, j ∈ N, α + β + j > 2,

and

∂αx∂
β
ξ φ(t) ∈ L∞ (R× R) , α + β ≥ 1,

Applying Egorov’s theorem as outlined in [14] in the context of the
Heisenberg-von Neumann equation, we obtain the expression for the Weyl
symbol:

σW (t) =
+∞∑
j=0

σW (t),2j,
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where

σW (t),2j

= 1
i

∫ t

0

∑
α′+β′+l′+2k′=2j+1

0≤l≤2j−1

Cα′,β′(∂α
′

ξ ∂
β′

x σ2k)(∂
β′

ξ ∂
α′

x σW,l(τ))|φt−τdτ.

(39)
Here, Cα′,β′ is defined as:

Cα′,β′ =
(
1− (−1)α+β

)
Γ (α, β) ,

with
σW (t),0(x, ξ) = V ox(t), σW (t),1(x, ξ) = 0.

For all α, β ∈ N, we have:∣∣∣∂αx∂βξ V (x(t))
∣∣∣ ≤ Cα,β

∑
1≤l≤α+β

α=α1+···+αl
β=β1+···+βl

V (l)(x(t)).

From (39), it follows that:∣∣∣∂αx∂βξ σW (t),2j

∣∣∣ ≤ Cα,β(e+σH)
− j

l ×
∫ t

0

(
α+β+2j+1∑

m=1

∣∣V (m)(x(u))
∣∣) du. (40)

Since
∣∣V (m)

∣∣ is almost periodic for all m, we can use the previous calcu-
lation to obtain: ∫ T

0

∣∣V (m)
∣∣ (x(u)) du ∈ Γ

− 1
2l2

0 . (41)

Applying similar calculations to (40) confirms (18). 2

Proof of Proposition 1.2

P r o o f. By Proposition 4.1, we have

σV − σV ,0 ∈ Γ
− 1

2l2
− 2

l

0 , (42)

using (19), we can write
σV ,0 = g(σH), (43)

where

g(x) =
l

B( 1
2l
, 1
2l
)

∫ 1

−1

V (yσ
1
2l
H )

(1− y2l)1−
1
2l

dy = f(x
1
2l ), (44)

by exploiting (36) and by a direct calculation, we obtain for all k ∈ N∣∣g(k)(x)∣∣ ≤ Ck(1 + |x|)−
1

4l2
−(1− 1

2l
)k; x ∈ R+. (45)
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Applying Proposition 2.2, we find that g(H) ∈ G
− 1

2l2

0 , and its weyl symbol
σf(H) satisfies

σg(H) − g(σH) ∈ Γ
− 1

2l2
− 2

l

0 , (46)

combining (42), (43) and (46), we get

σV − σg(H) ∈ Γ
− 1

2l2
− 2

l

0 . (47)

In terms of operators, this translates to

V − g(H) ∈ G
− 1

2l2
− 2

l

0 , (48)

we can write

1

l
H

1
l
−1(V − g(H)) =

[
Ll − (H

1
l +

1

l
H

1
l
−1g(H))

]
. (49)

From (48), Proposition 2.1, Proposition 2.2 and Theorem 2.1, we deduce
that the operator [

Ll − (H
1
l +

1

l
H

1
l
−1g(H))

]
H1− 1

4l2 , (50)

is bounded. According to Min-Max theorem, we have

vk =
1

l
λ

1
l
−1

k g(λk) +O(λ
−(1− 1

4l2
)

k ). (51)

Thus,

lλ
1− 1

l
k v̄k =

l

B( 1
2l
, 1
2l
)

∫ 1

−1

V (yλ
1
2l
k )

(1− y2l)1−
1
2l

dy +O(λ
−( 1

l
− 1

4l2
)

k ). (52)

2

5. The relation betwen the spectrum of Ll and Ll

Proposition 5.1. There exists a skew-symmetric operator Q ∈
G

−( 1
2l2

+2− 2
l
)

0 such that the operator (eQLle
−Q − Ll)H

1
2l2

+2− 2
l is bounded.
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P r o o f. The operator Q is constructed as follows:

Q = Q1 +Q2, Q1 =
i

lT
H

1
l
−1

∫ T

0

(T − t)W (t) dt,

Q2 =
−1

2T

∫ T

0

(T − t)

∫ t

0

[
1

l
H

1
l
−1W (t) ,

1

l
H

1
l
−1W (r)

]
dr dt.

(53)

The following commutation formulas can be easily verified [4]:[
Q1, H

1
l

]
=

1

l
H

1
l
−1(V − V ), (54)

[
Q2, H

1
l

]
= −1

2T

∫ T

0

(T − t)

∫ t

0[[
1
l
H

1
l
−1W (t) , 1

l
H

1
l
−1W (r)

]
, H

1
l

]
drdt

= −V − 1
2

[
Q1,

1
l
H

1
l
−1V

]
,

(55)

where

V =
1

2Ti

∫ T

0

∫ t

0

[
1

l
H

1
l
−1W (t) ,

1

l
H

1
l
−1W (r)

]
dr dt. (56)

We point out that the differential equation

dX (t)

dt
= [Q,X] , X (0) = Ll,

has a unique solution given by

X (t) = etAdQ.Ll = etQLle
−tQ, (57)

where AdQ.Ll = [Q,Ll].
As a consequence of (53), (54) and (55), we deduce that:

eQLl e
−Q − Ll = −V + 1

2l

[
Q2, H

1
l
−1V

]
+ 1

2l

[
Q,H

1
l
−1V

]
+ 1

4l

[
Q,
[
Q1, H

1
l
−1V

]]
+1

2

[
Q,
[
Q2,

1
l
H

1
l
−1V

]]
− 1

2

[
Q, V

]
+
∑
n≥0

(AdQ)n

(n+ 3)!
[Q, [Q, [Q,Ll]]] .

(58)

To continue the proof of Proposition 5.1, we will use the following lemma.

Lemma 5.1. Q1 ∈ G
−( 1

2l2
+2− 2

l
)

0 and V ,Q2 ∈ G
−( 1

l2
− 4

l
+4)

0 .
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P r o o f. Following similar calculations as in the proof of Proposition

4.1, we obtain that: Q1 ∈ G
−( 1

2l2
+2− 2

l
)

0 . Now let us determine the class

of V , we can write:

V =
1

2Ti

∫ T

0

[
AW (t),

∫ t

0

AW (r)dr

]
dt, (59)

where

A =
1

l
H

1
l
−1.

Let a (resp. b) denote the Weyl symbols of AW (t) (resp.∫ t

0
AW (r)dr). By applying Proposition 2.1, we have

a =
+∞∑
j=0

aj, b =
+∞∑
j=0

bj,

where

aj =
∑

α′+β′+2l′+2k′=j

Cα′,β′(∂α
′

ξ ∂
β′

x σW (t),2l′)(∂
α′

x ∂
β′

ξ σA,2k′),

and

bj

=
∑

α′′+β′′+2l′′+2k′′=j

Cα′′ ,β′′ (

∫ t

0

∂α
′′

ξ ∂β
′′

x σW (r),2l′′dr)

× (∂α
′′

x ∂β
′′

ξ σA,2k′′ ).

The symbol of the commutator in equation (59) is expressed as:

c =
+∞∑
j=1

cj,

where each cj is given by:

cj =
∑

α+β+k+m=j

1

α!

1

β!

(
1

2

)α(
−1

2

)β (
1− (−1)α+β

)
∂αx∂

β
ξ am∂

α
ξ ∂

β
x bk.
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For the derivatives ∂αx∂
β
ξ am, we have:

∂αx∂
β
ξ am =

∑
α′+β′+2l′+2k′=m

Cα′ ,β′

∑
i1+i2=α
j1+j2=β

Cα,β(∂
α
′
+j1

ξ ∂β
′
+i1

x σW (t),2l′ )

×(∂α
′
+i2

x ∂β
′
+j2

ξ σA,2k′ ).

By applying (9) and (39), we obtain:∣∣∣∂αx∂βξ am∣∣∣ ≤ Cα,β(1 + σH)
1
l
−1−m

2l

×
∫ t

0

(
α+β+m+1∑

i=1

∣∣V (i)(x(u))
∣∣) du. (60)

Similarly:∣∣∂αξ ∂βx bk∣∣ ≤ C(1 + σH)
1
l
−1− k

2l

∫ t

0

(
α+β+k+1∑

i=1

∣∣V (i)(x(u))
∣∣) du, (61)

thus, for all j, we have:

|cj| ≤ C(1 + σH)
2
l
−2

(∫ t

0

(
j+1∑
i=1

∣∣V (i)(x(u))
∣∣) du)2

, (62)

by applying the Leibniz formula, we obtain the following result for j ≥ 1:

∣∣∂αξ ∂βx cj∣∣ ≤ C(1 + σH)
2
l
−2 ×

(∫ t

0

(
α+β+j+1∑

i=1

∣∣V (i)(x(u))
∣∣) du)2

.

(63)

The symbol of V is obtained by integrating the symbol c with re-
spect to t. For the integral given in equation (63), we perform the same
calculation as in the proof of Proposition 4.1, leading to the result:

V ∈ G
−( 1

l2
− 4

l
+4)

0 .

We use the same procedure to demonstrate that:

Q2 ∈ G
−( 1

l2
− 4

l
+4)

0 .

2

We return to the proof of proposition 5.1. Given that V ∈ G0
0,

V ∈ G
− 1

2l2

0 , Q1, Q ∈ G
−( 1

2l2
+2− 2

l
)

0 and V ,Q2 ∈ G
−( 1

l2
− 4

l
+4)

0 , we apply
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Proposition 2.1 in equation (58), we get:

∥∥∥V .H 1
2l2

+2− 2
l

∥∥∥ ≤ C,∥∥∥[Q2, H
1
l
−1V

]
H

1
2l2

+3− 3
l

∥∥∥ ≤ C,∥∥∥[Q,H 1
l
−1V

]
H

1
2l2

+2− 2
l

∥∥∥ ≤ C,∥∥∥[Q, [Q1, H
1
l
−1V

]]
H

1
2l2

+3− 3
l

∥∥∥ ≤ C,∥∥∥[Q, [Q2,
1
l
H

1
l
−1V

]]
H

3
4l2

+4− 4
l

∥∥∥ ≤ C,∥∥∥[Q, V ]H 3
4l2

+4− 4
l

∥∥∥ ≤ C,∥∥∥ (AdQ)n

(n+3)!
[Q, [Q, [Q,Ll]]]H

3
4l2

+3− 4
l

∥∥∥ ≤ C ∥Q∥n .

(64)

For the last inequality, we used equation (54) along with the identity:

(AdQ)n .W =
n∑

p=0

(−1)n−pCp
nQ

pWQn−p,

from the above, we can conclude that

(eQLle
−Q − Ll)H

1
2l2

+2− 2
l ,

is bounded. Returning to the proof of Proposition 1.3, we deduce from
Proposition 5.1 that there exists a constant c > 0 such that:

−cH−( 1
2l2

+2− 2
l
) ≤ eQLle

−Q − Ll ≤ cH−( 1
2l2

+2− 2
l
),

according to the Min-Max theorem, we have:

vk = vk +O(λ−( 1
2l2

+2− 2
l
)).

Now, to prove Theorem 1.1, we simply combine Propositions 1.1 and 1.2.
For l ≥ 2, this yields:

µk =
l

B( 1
2l
, 1
2l
)

∫ 1

−1

V (yλ
1
2l
k )

(1− y2l)1−
1
2l

dy +O

(
λ
−( 1

l
− 1

4l2
)

k

)
.

2

6. Appendix: Proof of Proposition 2.1

i) We proceed as in ([14], Theorem (II 30)), let a and b denote the
Weyl symbols of operators A and B respectively. The Weyl symbol c of
the operator AB is given by ([14], p. 79, with the constant h replaced
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by 1):

c(x, ξ) =
1

π2

∫
e−2i(rρ−ωτ)a(x+ ω, ρ+ ξ)b(x+ r, τ + ξ) dρ dω dτ dr,

(65)
for every (x, ξ) ∈ R× R. We split the oscillator integral c into two parts
c(1) and c(2), then we use the cuttof function:

ω1,ε(x, ξ, ω, τ, r, ρ) = χ

[
ω2 + ρ2 + r2 + τ 2

ε(1 + x2l + ξ2l)
η
2

]
, (66)

and
ω2,ε = 1− ω1,ε,

where χ ∈ C∞
0 (R), χ ≡ 1 in [−1, 1], χ ≡ 0 in R\]− 2, 2[ and η > 0.

Let us consider for j ∈ {1, 2}
dj(x, ξ, ω, τ, r, ρ) = ωj,ε(x, ξ, ω, τ, r, ρ)a(x+ ω, ρ+ ξ)b(x+ r, τ + ξ),

(67)
c(1) ( resp c(2) ) the integral obtained in (65) by replacing the amplitude
by d1 (resp d2).

Study of c(2):
On the support of d2, we have ω2 + ρ2 + r2 + τ 2 ≥ 2ε(1 + x2l + ξ2l)

η
2 ,

we perform integration by parts using the operator:

M =
1

2i
(ω2 + ρ2 + r2 + τ 2)−1(−ρ∂r − r∂ρ + τ∂ω + ω∂τ ),

for all k ∈ N, we have:

c(2) =
1

π2

∫
e−2i(rρ−ωτ)(tM)kd2 dρ dω dτ dr,

leading to

c(2) ∈ Γ
m1+m2− η

2
k

0 . (68)

Study of c(1):
The function (ω, τ, r, ρ) −→ d1(x, ξ, ω, τ, r, ρ) has a compact support.
From ([14], Proposition II− 26 ), we deduce that for every N ∈ N,

c(1) =
N∑
j=0

cj(x, ξ) +RN+1(x, ξ), (69)

where

cj =
1

2j

∑
α+β=j

(−1)|β|

α!β!
(∂αξ ∂

β
xa)(∂

α
x∂

β
ξ b), (70)
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and

|RN+1(x, ξ)| ≤ cN
∥∥(∂ω∂τ − ∂r∂ρ)

N+1d1
∥∥
H3(R4)

, (71)

where H3(R4) is the Sobolev space. Since a ∈ Γm1
ρ and b ∈ Γm2

0 , we have
for every j ≤ N :

c =
+∞∑
j=0

cj, cj ∈ Γm1+m2−ρj
0 . (72)

Let us study the rest term RN+1(x, ξ) in equation (69). From (71) we
have:

|RN+1(x, ξ)|
≤ cN

∑
|γ|≤3
γ∈N4

∥∥(∂ω∂τ − ∂r∂ρ)
N+1d1∂

γ
ω,,τ,r,ρd1

∥∥
L2(R4)

≤ cN(1 + x2l + ξ2l)η

× sup
[ω2+ρ2+r2+τ2≤2ε(1+x2l+ξ2l)

η
2 ]

|γ|≤3

|(∂ω∂τ − ∂r∂ρ)
N+1∂γω,,τ,r,ρd1|,

(73)

for |γ| ≤ 3, we have :

|(∂ω∂τ − ∂r∂ρ)
N+1∂γω,,τ,r,ρd1|

= (N + 1)!
∑

α+β=N+1

(−1)β

α!β!
∂βω∂

β
τ ∂

α
r ∂

α
ρ ∂

γ
ω,τ,r,ρd1.

(74)

Since a (resp b) are independent of (τ, r) (resp (ω, ρ)), for γ = (γ1, γ2, γ3, γ4)
we have:

|∂βω∂βτ ∂αr ∂αρ ∂γω,τ,r,ρd1|
≤ C

∑
i1+i2=β+γ1
ip≤β+γ1

j1+j2=β+γ2
jp≤β+γ2

k1+k2=α+γ3
kp≤α+γ3

r1+r2=α+γ4
rp≤α+γ4

|∂i1ω ∂r1ρ a||∂j1τ ∂k1r b||∂i2ω ∂j2τ ∂k2r ∂r2ρ ω1,ε|,

(75)

on the support of ω1,ε and for sufficiently small ε, we have:

|∂i2ω ∂j2τ ∂k2τ ∂r2ρ ω1,ε| ≤ c(1 + x2l + ξ2l)
−η
4
(i2+j2+k2+r2). (76)

We now introduce the following lemma.



HIGHER-ORDER HARMONIC OSCILLATOR . . . 181

Lemma 6.1. For sufficiently small ε > 0 and 0 < η ≤ 2
l
, there exist

positive constants c,c
′
,C, C

′
such that:

c(1 + x2l + ξ2l)
1
2 ≤ (1 + (x+ u)2l + (ξ + v)2l)

1
2 ≤ C(1 + x2l + ξ2l)

1
2 ,

for all x, ξ, u and v in R.

P r o o f. The convexity of the function x −→ x2l, along with the
condition 0 < η ≤ 2

l
allows us to demonstrate that:

1 + (x+ u)2l + (ξ + v)2l ≤ C(1 + x2l + ξ2l).

Similarly, we have:

x2l ≤ 22l−1((x+ u)2l + u2l) ; ξ2l ≤ 22l−1((ξ + v)2l + v2l),

hence

(1 + x2l + ξ2l)(1− 23lεl) ≤ C(1 + (x+ u)2l + (ξ + v)2l),

for sufficiently small ε, we obtain:

c(1 + x2l + ξ2l) ≤ (1 + (x+ u)2l + (ξ + v)2l),

which implies

c(1 + x2l + ξ2l)
1
2 ≤ (1 + (x+ u)2l + (ξ + v)2l)

1
2 ≤ C(1 + x2l + ξ2l)

1
2 .

2

From equations (75),(76), Lemma 6.1, and the facts that a ∈ Γm1
ρ ,

b ∈ Γm2
0 , we have:

|∂βω∂βτ ∂αr ∂αρ ∂γω,τ,r,ρd1| ≤ C(1 + x2l + ξ2l)
m1+m2

2

×
∑

(1 + x2l + ξ2l)−
ρ
2
(i1+r1)− η

4
(i2+j2+k2+r2), (77)

assuming that η
2
≥ ρ, we have:

|∂βω∂βτ ∂αr ∂αρ ∂γω,τ,r,ρd1| ≤ C(e+ x2l + ξ2l)
m1+m2

2

×
∑

(1 + x2l + ξ2l)−
ρ
2
(i1+i2+r1+r2)− ρ

2
(j2+k2),

since i1 + i2 + r1 + r2 = N + 1 + γ1 + γ4, it follows that:

|∂βω∂βτ ∂αr ∂αρ ∂γω,τ,r,ρd1| ≤ C(e+ σH)
m1+m2−(N+1)ρ

2 , (78)

using (74) and (78), we get:

|(∂ω∂x − ∂r∂ρ)
N+1∂γω,,τ,r,ρd1| ≤ CN(e+ σH)

m1+m2−(N+1)ρ
2 . (79)



182 M. El Hammaji, I. Aarab, M. Ali Tagmouti

Finally, combining (73) and (79), we obtain the following estimate for
RN+1:

|RN+1(x, ξ)| ≤ CN(e+ σH)
m1+m2−(N+1)ρ+2η

2 , (80)

this implies that

RN+1 ∈ Γ
m1+m2−(N+1)ρ+2η
0 ,

the rest of the symbol c is expressed as:

δN+1(x, ξ) = RN+1(x, ξ) + c(2)(x, ξ). (81)

To estimate δN+1, we use (68),(80) and (81), by further expanding the
development, i.e., writing:

δN+1(x, ξ) = cN+1 + · · ·+ cN+k + δN+1+k,

and choosing k ≥ 4, we find that

δN+1 ∈ Γ
m1+m2−(N+1)ρ
0 .

ii) It is sufficient to do the same for n = 2. Let us first note that
H ∈ G2

1
l

, we have:

B1B2H
−m1+m2

2 = B1H
−m1

2 H
m1
2 B2H

−m1+m2
2 ,

according to i) the operator B1H
−m1

2 ∈ G0
0, and according to Calderon

Vaillancourt’s Theorem 2.1, B1H
−m1

2 is bounded. Similarly, the operator

B2H
−m1+m2

2 ∈ G
−m1

2
0 , thus H

m1
2 B2H

−m1+m2
2 ∈ G0

0.

References

[1] B. Helffer, D. Robert, Propriétés asymptotiques du spectre
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