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Abstract

In this paper, we introduce an extension of the double Sumudu transform on
time scales. The fundamental properties of the double Sumudu transform are es-
tablished, including its existence, shifting property, transform of the derivative, and
convolution theorem.The double Sumudu transform is demonstrated to be an effec-
tive and efficient technique for solving partial and partial-integro dynamic equations

on time scales.
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1 Introduction

Time scale calculus is a relatively new theory that unites two approaches of dynamic mod-
eling difference equation and differential equation. S. Hilger introduced this theory in his
Ph. D thesis. Time scale is any non-empty closed subset of real numbers. The double
Sumudu transform helps to solve partial dynamic equations and integro-dynamic equa-
tions. Motivating by this theory, integral transforms such as Laplace, Fourier, Sumudu,
and Shehu transforms have been generalized on time scales [2-9, 11, 12, 17]. Hassan A.

Agwa [1] introduced the Sumudu transform on time scales for the rd-continuous function

f Ty — R defined as,

S{fY () = [ f(t)els (t,t0) At.

u

foru € D{f}, where D {f} consists of all complex numbers u € R for which the improper
integral exists.
M. J. Tchueche and N. S. Mbare [18] introduced the double Sumudu transform of the

function (¢, x) given by

Syl (t, )5 (u,v)] = = [ [ e_(%Jr%)gp (t,x) dt dx

where ¢,z € R*. This transform extends the classical Sumudu transform to two dimen-

sions and is particularly useful in solving certain partial differential equations. In this
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paper, we have generalized the double Sumudu transform on time scales, which is helpful

for solving partial and integral dynamic equations.

2 Preliminaries

In this section, all the results and basic terminologies follow from [1-5, 13-18]. Any
non-empty closed subset of R is called a time scale. Forward jump Operator o : T — T
defined as o (t) = inf{s € T : s > ¢} and backward jump operator p : T — T defined as
p(t) =sup{seT:s<t}. Ifo(t) >t, it is called right scattered. If p(t) < ¢, then ¢
is called left scattered. If ¢ < supT and o (t) = ¢, then t is called right dense point. If
t > inf T and p (¢) = ¢, the t is called the left dense point. Points that are right-scattered
and left-scattered at the same time are called isolated. It means that p(t) < t < o (t).

The function p : T — [0, 00) is defined by p (t) = o (t) — ¢ is called graininess function.

Definition 2.1. If a function ¢ : T — R is continuous at a right-dense point in T and has

a left-sided limit at left-dense points in T, then the function is known as rd-continuous.

Definition 2.2. A function ¢ : T — R is called regressive provided, 1+ p(t) ¢ (t) # 0
for all ¢ € T. We denote the set of all regressive functions by #. Further, for A > 0, the

set of Hilger complex numbers is, C;, := {z eC:z# _Tl} and for z € C the Hilger real

|zh+1]-1
-

part of z is Rey, (2) :=

Definition 2.3 (Regulated Function). A function ¢ : T — R is said to be regulated if
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its right-sided limits exist(finite) at all right-dense points in T and its left-sided limits

exist(finite) at all left-dense points in T.

Theorem 2.4. Ifa,b,c €T, BE€R and f,g € C,q,then
i) [ L @) +g (O] At= [ f () At + [ g(t) At;
i) [} (Bf (1) At =B [} f(t) At;
iii) [0 F () At=— ["f(t)At;
iv) [ f () A= [ f (&) At+ [7f(t) At;
v) [} F(o (1) > () At = (fg) (b) — (fg) (a) = [} F* (£) g (t) At;
vi) [} F(£) g (1) At = (fg) (b) — (fg) (a) = [ F* (1) g (o (1)) At;
vit) [T f (¢) At = 0;

vigi) if |f ()] < g (t)on [a,b),then

‘fabf(t) At‘ < [Pg(t) At;
iw) if f(t)>0 for alla <t < b,then [’ f(t) At>0.

Theorem 2.5. [2, /] If \;, Ao : T — R are regressive and rd-continuous, then the following

properties hold:
1) )\1@/\2:)\1+/\2+M)\1)\2,

2) M S X =\ B (OX) = 1132,
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3) O\ = 1;:;1,

4) ex (0 (t) to) = ex, (tt0) (1 + (1) A1 (1)),
5) ean (t,to) = m;

6) ex, (t,t0) -x, (t,t0) = exan, (L. t0),

7) fracey, (t,to)ex, (t,to) = exen, (¢ o),

8) €2y, (t,to) = 69111_;;;10)

In this article, we use the following notations

exans (L1 t2,to, b)) = e, (t1,t0) ex, (L2, ty) and ecr,en, (B, ta, to, ty) = ey, (t1,to) ean, (L2, ty)-

Definition 2.6. The function ¢ (t1,t3) : Ty x Ty — C is said to be of exponential
type I, if there exist constants M,dy,d > 0 such that |p (t;,ts)| < Medrirtd2t2 and

@ is said to be of exponential type II if there exist constants M, d;,d, > 0 such that

o (t1,t2)| < Meayaa, (t, ta, to, t)-

3 Double Sumudu Transform on Time Scales

In this section, we extend the double Sumudu transform for time scales and present some

essential properties of the double Sumudu transform.

Definition 3.1. Suppose that T; and T5 are time scales such that sup {T;, To} = oo and

ty € ']I‘l,té) € Ty are fixed. Let ¢ : Ty x Ty — C be rd-continuous functions. Then the
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generalized double Sumudu transform of ¢ (1, s) is

O (A, A2) = 8182 [ (t1,t2)] = FeT P (tr,tasto ) o (t, ) Aty Aty

1 9
pYBYS fto to  Ox-O%
Provided the integral exists with 1+ /Ll)%l #0and 1+ ,LLQ)\—IQ # 0 for all (t1,t9) € Ty x Ts.

Theorem 3.2 (Existence Theorem). If ¢ (t1,ts) is rd-continuous function on Ty () [to, &1] X

To () [t &2] and ¢ (tr,t2)| < Meq,ea, (tr,ta, to, ty), then the double Sumudu transform of

¢ (t1,t2) exists for all positively regressive 6)%1 and 6%2 provided, tlim €0 (t1,t0) — 0
1—00 1

and t;g%o Cayo L (tg,to) — 0.

Proof. We have, |8182 [p (t1,t2)]]

ﬁ fto foo 091029 12 (th to, to, tz)) @ (tl, tg) Aty Aty
v o Jiy

o too ;102@ (t1, 12, to, o) | (1, t2)| At1 AL

IN

eéloje% (t17 t27 t07 tz)) @ (th tQ) Atl At2
2

IN

IN

Mg ftzo tZO eglizeL (tl, t2, to, t;]) M€d1@d2 (tl, tg, to, tz)) AtlAtQ

/
L (t1tto.t))

9 S}
= w7 ! Az)(w()

) €d1®ds (t17 t27 t07 to) AtlAtQ

Lpa(t 0w
_ dlel (t2.t0) Caro 55 < )
a fto (l—Hn(t %) [LO A2 (1+u2(t),\ )Atz At

/\

1 _1 ’)
1oy (110 (e (126

1 00
n (d1—*) fto 1+M1(t)ﬁ) [)\2 (dg—i) fté} <1+M2(t)i>
— m I <d1 o M) €aroy (11, o) {m i <d2 S %) Caro (ta, o) Atg] Aty

A A ,
Y (djlw—i) o dle (t1,t0) {m ftzo ed;eﬁ (t2: to) At?} Aty

A1

o oo A oo A /
= # o Caos (tto) [ﬁ S enn (t2:) AtQ} Aty

1

Aty | Aty
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M
() ()

_ M
T (I=diA1)(1—daX2) 0

3.1 Double Sumudu transform of some elementary functions

To find the double Sumudu transform of some elementary functions, we apply the Defi-

nition 3.1.

1) 8,85 [1] = 1

Proof. §,8, (1]

,\1,\2 fto too 6302@ 1 (tb ta, toﬂfé)) Aty Aty
2
[ oo 9)\ <t2t )

L poo foi 10
- [ e | B T

_ [ f < ) s 11 (1, tO)Atl 17 f?o <;721>66i<t2’t6)
YRR oy a(5) T ()

= _ f;:’ (@%) Cost (t1,10) Atl] [ ft ( )e@ (ta, to) Atz]

© A 0 Ay
= |~ LO 6@% (thtO) A.[:1 :| |:_ t/ 69 (tQ,tO) AtQ :|

——2——At,

Aty

=1

Provided lim Cot (t1,t9) — 0 and lim oL (tg,té)) — 0. O

t1—00 t2—00
2) 8182 [67@7 (t17t27 to, té)} = m

Proof. 5,8, [67@7 (tl,tz,to,té))]
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F el T 1 (titato ty) erer (Tt to tg) Aty Aty

~ X j;fo t, @LG

oo 9A19>\2 (tl t2;to, to)e
YY) )\ t t b7
1A2 Jio (1+“1(A1)()1+“ )‘2() :
1 (t1,to 1 (t1,to
1 ’Y@Tl 9 2 A
= ; t1 Aty
v o G )
i 1 (t1,to) (t1,t0)

1L oo 18y A 1 oo Texy A
— | X Jeo 1 tl A2 t 1 t2
1+p1 N 0 1+p2 by

bR o)
1

_1
o () ere o t1t0)

(th to, o, t()) Aty Aty

Aty

1
" [Re e T )

A2

die=) M—r)}

_ 1
T (1= (1—7TA2)

A2 (Tl—i) J;

(7o)

= mfto (7@ )\1> ¢ro5t (t1t0) Atl} {ﬁ S (7@ %) €ro (1 o) Atg}

0 Ay

— Ay 1 ;
- [ I g o] [

L (t1,%0) Atz}

Provided lim e oL (tl,to) — 0 and lim e ot (tg,to) — 0. O

t1—00 to—00

3) 818 [sinyer (t1, ta, to, ty) ] = %

Proof. 5,8, [sinw@T (tl,tg,to,tz))]

)\1>\2 Shvis

= J;O too 60'10'2 12 (tl, tg, t(), tb) Sinﬁ/@T (tl, t2, t(), tlo) Atl Atg

/ /
Ci(ydT) (tl 7t27t0,t0) —€5i(v®T) <t1 ,tg,to,t())

- m »/;0 too glUQG (t17 t27 t07 t;))

’
€i(vDT) (tl,tz,to,to) €ci(y®T) (t17t27t0,t0)
= 31382

27

1 1 _ 1
21 (l—i’y)\l)(l—i’r)\z) (1+i“{)\1)(1+iT)\2)

TA2+7 A1

Aty Aty

24

= [t [rerog] -
/ 1—y7TA1 A
1) 8182 [eoser (t1,ta, o, )| = i ing
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Proof. 5,8, [COSW@T (t1,t2,t(),tz))}

= 55 oo ST el 1 (thsta, to, tg) cosyar (f1, o, To, tg) Aty Aty

! 1 1
to "O579%;

/ ’
1 00 OO gio9 f €i(vPT) (tl,tg,to,t()) +egi(vor) <t1,t2,to,t0)
A LO tg e@ﬁ@% (t17t27t07t0) [ B} Atl Atg
’ ’
€i(vDT) (tl,tg,to,to) +€9i(’y€BT) (t1 Jfg,to,to)
= 8182 P}

_1 [ 1 I 1 }
2 (lfi’y)\l)(lfi‘l‘)q) (1+i’y)\1)(1+i7')\2)

— 1—y7TA1 )2 D
[149222] [1472)3]

5) 8182 [Sinhy@q— (tl,tg,to,tg)} = %

Proof. 5,8, [sinhv@T (tl,tg,t(),tz))]

= 3o Jio S el o 1 (it tos to) sinbuer (f, 8o, to, t) Aty At

1 1
@TIQE

’ !
_ 1 00 o0 o109 / E(vedT) <t17t27t07t0> —Co(v@T) <t17t27t07t0>
T A1 J;O té) eeﬁ@% (th t27 t07t0) |: 2 Atl Atg
’ /
. S 8 €(ydr) (tl,tg,to,to) —eg(vor) (tl,tQ,to,tO)
— 01092 b}

1 1 B 1
T2 | (A=) (1-TA2) (I+yA1) (I+7A2)

_ TA2+Y A1
= ] =

6) 8182 [COShfy@T (tl,tg,to,té)] == %

P’l"OOf. 8182 [COSh,y@T (tl, t2, to, tz)):|

1 o0 o0 g0 4 4
=5 e Ji CTos (t1, b2, to, ty) coshya, (t1,ta, to, ty) Aty Aty

’ !
1 00 [0 g0 / e(vdT) <t17t27t0:to>+66(“/€9r) <t17t27t07t0>
BRRYEY) Lo tZ) e@ﬁ@% (tla t27 t07t0) |: 2 Atl Atg
/ /
s eyan (Bt oty +ea o (f1 22,004
— 0102 p)
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_ 1 1 1

2 (1—’7/\1)(1—7')\2) + (1+7)\1)(1+T/\2)

_ 1+y7 A1 A2
= Tex[1=rx] -

4 Main Results

Theorem 4.1 (Linearity Property). If i (t1,t2) and @2 (t1,t2) are functions with the
double Sumudu transform 8182 [¢1 (t1,12)] and 8182 [¢2 (t1,12)] respectively. Then

8182 [brpy (t1,t2) + baa (t1,12)] = 618182 [1 (1, t2)] + 028182 [2 (L1, t2)].
Proof. The proof follows from the definition 3.1 of the double Sumudu transform. [

Theorem 4.2 (Shifting Theorem). For n; € Ty and ny € Ty with n1,m2 > 0, we have

0 : tleTl,tQGTg&t1<7]1,t2<n2
Gmmz (tht?) =
1t €Tt €Ty &ty =i, te > .

Then 8182 (G, iy (t1,t2) @ (t1,t2)] = oot (7717 12, Lo, 75;)) 8185 [ (t1,12)]

Proof. On applying the definition of the double Sumudu transform 8,8, [G)), ,, (t1,t2) ¢ (t1, t2)]
) ﬁ ftzo ftzo eggei (t1, ta, to, to) [Gpms (B, t2) @ (t1, t2)] Aty Aty

_ _1 oo o0 e@ﬁe%(tlvtmto,to)

T Ai)e J;fo j;é) <1+,u1 ﬁ) (1+#2$) [Gﬁl,nz (t17t2) © (tl,tQ)] Atl AtQ

€. 1
= [ O5r
A1z I JIng

I
e 1 1(1727t0,t) e, 1
_ Cosposg UM [ ox;
A1 2 n Jn ( L)( L)
1+u1)\1 1+,u2>\2

= oot (Mo torto) 8182 o (0, 12)) -
1 2

!
Mm2totg)es 1~ 1 (ti,t2,m1,m2)
@% n,mM2 0) 6/\7@)\7
2 1 ! 12 @(tlatQ) A751 AtQ
)

ei(thtz,m,nz)

@ (tl, tg) Atl Atz
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Theorem 4.3 (Derivative property of the double Sumudu transform). Let ¢ (t1,ts) :

Ty x Ty — C be rd-continuous function such that

S0A1 (tl,t ) _ A(t1 t2)7 90 (tlu 152) 92 L,Z(f;%m)’

1o} 92
SOAQ (t17 tg) _= %’ 90 (tla tQ) ‘2(;}%152)’

are also rd-continuous, then
1) 8185 [p™ (t1,ta)] = 3= {8182 [ (t1, t2)] — 82 [ (to, t2)]},
2) 8185 [¢2 (t1,t2)] = = {8182 [ (11, £2)] — 81 [ (1, 19) ] }
3) 8182 [@A% (tl,tg)] = 182 [ (1, t2)] — 5282 [0 (to, 12)] — 5,82 [ (to, t2)],

4) 818, [@A% (tlab)] = 128182 ¢ (t1,12)] — 5581 [ (11, to) ] — 3581 [ (t1,10)]

Provided lim e 1 (tl,to) — 0 and lim eq 1 (tg,tzj) — 0.

t1—00 to—00

Proof.
1) 8183 [¢™1 (t1,12)] = M I t°° egjfe L (t1, b2, to, 1) @1 (1, £2) Aty Aty
= ,\11A2 y e‘g; ta, ty i egﬁ (t1,to) ™1 (11, 1) Atl} Aty

jft? {(e@; (tl,to)w(tl,tz))Al B (eglil (tl,to)gp(tl,h))} Atl} A,

= )\11)\2 00 Cgi tQatE) __(;0 tht2 LO ( )69 (tl,to)g@(tl,tg) At1:| AtQ
=5 Jo €l ta to) | = (to,t2) + 5= [ e Ul; (t1>t0)¢(t1>t2)ﬁt1] Aty

=% |5 tzoegil (t2:t0) ¢ (to, t2) AtQ} +x {Alx\g to too ors L (tlthvtO’té)¢(t17t2)At1AtQ]

= 82 [ (to, 12)] + 3-8185 [ (11, 12)]
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= %1 {8152 [QO (tl, tQ)] - 82 [90 (t07 t2)]}

2) 88, [SOAQ (tl,tQH A1A2 fto too 63029 1 (t1,t2, toib) ©22 (t1, ) Aty Aty
A2

= nn Ooeél; (t1,t0) ftg ee (t2, tg) ™ (tht?)At% Aty

= A2
0 o oo A /
= ﬁ eelAl (tl, t(]) _j;/g |:<66)\12 (tQ, tO) Y2 (tl, tz)) - (6@2)\12 (tg, tO) (2 (tl, t2>>:| At2:| Atl
= ﬁ oo egl)\l (tl, tO) :—90 (7517 tl)) — Lzo (@%2) 69% (tg, té)) ® (tl, tg) At2:| Atl
=k “egl; (t1,0) _—30 (t1,to) + 55 J; e‘g% (a2, o) go(tl,tg)AtQ} Aty

= ft 1; (t1,t0) ¢ (t1, tg) At@ 5 {AW fto 0062%26% (tl,tg,to,tz))gp(tl,tZ)AtlAtQ]
= 581 @ (tto)] + 58182 [w (t1.12)]

= L {8182 [ (1)) — 81 [0 (t1.14)] )

3) 818, [SOA% (t1,t2) } ,\1,\2 fto too g@@ Lt to, tg) @1 (t, 1) Aty Aty
A2
Aq
o0 o A
= ft 2; (L2, o) [ft {( eqt (ti,to) 9™ (t17t2)> - <6@111 (tr,to) @™ (tl,t2)>] Atl} Aty
= n ftzo e(g% (t2, 1) [_‘PAl (to,t2) + 5, ftzo (eae1; (t1,t0) ™ (tl,t2)> Atl] Aty

=3 [A_IQ ftz" ecéz% (t2, ) ™ (to,tQ)AtQ] + ;—%1 {% ’ ee (t2,to) go(to,tQ)AtQ]

+ )\L% |:)\1/\2 j;o too 6;10'2@ 12 (t17 t27 to, té)) QO (tl, t2) Atl At2:|
—3:82 [ (to, 12)] — 3582 [ (o, t2)] + 528182 [0 (t1, 12)]

= %55152 [p (t1,t2)] — %552 [0 (to, t2)] = 5582 [#™" (to, 12)]
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4) 818, [sOA% (f1,t2)} = )\11/\2 tzo tzo ey (t1,ta,to, ty) @28 (t,ta) Aty Aty
2

%03

= “e‘g; (t1,t0) {ft [( L (ta, ty) ™2 (tl,t2)>A2— (egz (ta, ty) ™2 (tl,tg))] Atg} Aty
= xom i €0y (b1 to) {—s& (t1,10) + 55 Ji <ee (ta, ty) 22 (tl,tQ)) AtQ} Aty

=% [,\l1 S 6(3711 (t1,t0) °2 (t1, 1) Ah} {% [ 6(3; (t1,to) ¢ (t1,to) Atz]

i )\_g |:>\1>\2 fto too 091029 12 (th to, to, té)) ® (tl, tg) Aty At2:|
= —$51 (22 (t1,t0)] — %%81 [o (t1,10) ] + )\%5152 [p (t1,12)]

= )\%8182 [<,0 (tl,tQ)] - )\%81 [g& (tl,tb)] — %281 [SOAQ (thté))} ]

Theorem 4.4 (Double Sumudu transform of integrals). If ¢ (t1,t3) : Ty x Ty — C is

requlated, then 8185 [ft';l j;zz q (n1,m2) Am Aﬁ2i| = M Aa8182 [q (t1,12)].

Proof. Let Q (t1,12) ft ft q (m,m2) A Ang
8182 [Q (1, t2)]

= )\1)\2 J;O ftoo ;102@ 12 (tl,tQ,to,tb) Q (tl,tz) Aty Aty

!
1 L(hﬂfz:to,to)
o0 eA19/\2

;f‘”
w b o ) )

= t;\é fto ft <@,\1 > Cotolt (t17t27t07t;)) Q (t1,t2) Aty Aty

Q (t1,t2) Aty Aty

By using integration by parts rule and Fundamental theorem of calculus and @) (to, tb) =0,
we get
= M2 ft too 21;29 12 (th to, to, té) q (tl, tg) Aty Aty

= )\1)\28182 [q (th tg)] O

Definition 4.5 (Convolution Property). [5, 8, 13-17] If ¢ : Ty x Ty — C is rd-continuous
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and
w9 : Ty x Ty — C is piecewise rd-continuous function of exponential type II, then the

double convolution of ¢; and ¢, denoted by ¢; * @y given by

1 % o] (t1, 1) = [, t? o1 (€1, &2) @2 (1, 12,01 (§1) , 02 (&2)) AGLAE
Where s (t1,t2, 01 (&1) , 02 (£2)) is delay of oq (t1,t2) by o1 (&) € Ty and o4 (&3) € To.

Theorem 4.6 (Convolution theorem for the double Sumudu transform). Let ¢y : Ty X
Ty — C and py : T1 X Ty — C be rd-continuous functions of exponential type II, having
the double Sumudu transform 8182 [¢1 (t1,t2)] and 8182 [¢2 (t1,t2)] respectively. Then

8182 {[ip1 * wa] (t1,12)} = M AS182 [i01 (t1,t2)] - 8182 [p2 (t1, 12)].

Proof. By the definition of the double Sumudu transform on time scales, we obtain
8182 {[01 * ol (t1, 1)} = 55, fio S 60@1%2@% (1, b2, to, tg) {[i01 * o] (t1, 12)} Aty Aty
= b o S el s (tato,t0) L S 1 (12,01 (60) 02 (€)) 2 (61.62) AGAG} At Aty
= Jio Ji 02(61.8)
X { sixs Ju S 1 (Bt 01 (61) 02 (62)) Goyenonten) (trrt2) € ;;2% (t1,ta,to, ty) Aty Atg} AGAE
= [ ft P2 (€1,€2) 8182 [Goy(e) () (t1,t2) @1 (1, T2, 01 (§1) , 02 (€2))] AGAE,
= [ ftzo ©2 (§1,82) otel, (01 (&1), 02 (&2) 10, Ty) 8182 [ip1 (t1, b2)] A& AL
= 8182 [p1 (1, 12)] hij S Jie2 (G, 8) e U;l L (&, 6,0, 1) AGAG

= M A28182 [p1 (1, t2)] - 8182 [p2 (1, t2)]. L

)\
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5 Applications

Example 5.1. [14, 18] Consider the following partial-integro dynamic equation for T; x Ty
such that ¢ty € Ty, t/o € Ts.

™ (t1, 1)+ (t1, o) = —14e€1 (t1,0)4€1 (t2, 0) €11 (t1,t2,0, 0)+f;;1 tzz @ (11,72) ATiATy
with initial conditions,

@ (t1,tg) = €1 (t1,tg) , @ (to, ta) = €1 (t2, to).

Solution: Applying the double Sumudu transform on both sides, we get

08182 [p (tt2)] — 3820 (to, t2)] + ;8182 [0 (1, 2)] — 581 [ (tot)] = 8182 (1] +
8185 [e1 (t1, 0)] + 8182 [e1 (2, 0)] + 8185 [e101 (t1, t2, 0, 0)] + 8182 [ e () ATIATQ]
Which gives

8182 [ (t, 12)] — =82 [ex (ta, t0)] + 8182 [ (tr, )] — 81 [e1 (t1,1p) ] = 8182 [—1] +
8185 [e1 (t1,t9) ] +8182 [e1 (t2, t0)]+8185 [ere1 (1, t2y to, ty) ] +818s [ i fj ¢ (11,72) ATIATQ].

By substituting the initial conditions, we have

L8:8: [ (t1, 1))~ [55] + 58182 [ (b1, 1)) [ ] = — 1+ e+ + o
A1 A2818 [0 (t1, t2)].

On simplification, we obtain

8182 [ (t1,12)] = apyam-

Taking the inverse Sumudu transform, we get

¢ (t1,t2) = €11 (t1,12,0,0).

presents a necessary solution. U
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Example 5.2. Consider the following partial dynamic equation for T; x Ty such that
to € Ty, ty € Ts.

PR (t1, 1) + 922 (tr,12) = 0

with the conditions,

¢ (t1,ty) = sinhy (t1,ty) , ©*2 (t1,ty) =0

(2 (to,tg) = 0, (,DAI (to, tg) = COS1 (tg,to).

Solution: Applying the double Sumudu transform on both sides, we get

128182 [ (tr, t)] = 3582 [0 (fo, t2)] = 582 [0 (o, t2) [+ 358182 [0 (11, £2)] = 5581 [ (tr, )] —
Bl GR)

=0.

By substituting the initial conditions, we obtain

128182 [ (t1,t2)] — 0 — 582 [cosy (t2,t0)] + 378182 [ (1, 12)] — 5581 [sinh; (t1,45)] =0 =0.

Which gives

28182 [0 (1. t2)] — - [(Hgg)} + 528182 [ (t1,12)] — 53 {@Ai@} = 0.

On simplification

8182 [ (t1,t2)] = m

Taking the inverse Sumudu transform, we get

(%2 (t17 tg) = sinh1 (t17 té)) COS1 (tg, to)

presents a necessary solution. Ll
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Conclusion

In this article, we generalized the double Sumudu transform on time scales. We proved the
existence theorem, along with the transform of integral, transform of derivative, shifting
theorem, and convolution theorem. The double Sumudu transform can solve partial

dynamic and integro-dynamic equations.
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