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Abstract

In this work, we are using the special case of Mittag-Leffler functions,
namely, H and T Nested Functions T},; and Hp;. We study some properties
and identities of these functions. Then, we derive new results about the gen-
eralizations of Wilker and Huygen’s type inequalities based on T},; and Hp;,
with improving some recent inequalities.
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1. Introduction

Many studies have been conducted in the field of Mittag-Leffler functions
due to their applications in the study of integral equations, fractional calcu-
lus and recently, in the field of inequalities. Especially, many authors have
developed new results about the trigonometric inequalities based on Mittag-
Leffler functions (see e.g. [I4]). In recent years, trigonometric inequalities and
hyperbolic inequalities have attracted the attention of many researchers and
interesting results have been obtained (see [3]-[22]). Here, we can mention
some well-known trigonometric inequalities, which are known as Wilker’s in-
equality, Huygen’s inequality and Cusa’s inequality (see [3], [5] and [7]) pointed
out in this context and are shown here, respectively:

. 2
(sm&gx)) Py 0<lel < D), (1)
) <sinx(x)> N tar;(w) S 3 (0 < |z| < g), (2)
sinx(x) < §+ écos(x) (0 < |z| < g) (3)

A lot of research have been done to develop these trigonometric inequalities
into other functions, such as lemniscate functions, Bessel functions, hyperbolic
functions, exponential functions and weighted functions.

We can refer to the following inequalities based on hyperbolic functions
from the article [2I], which are respectively known as Wilker’s first type in-
equality, Wilker’s second type inequality, Cusa type inequality and Huygen’s
type inequality:

. 2
(smh(a?)) n tanh(z) <9 (z #0), (4)

(.w >2+””>2 (2 #0), (5)

sinh(z) tanh(x)

<sinh(x)> 1 h(z) < 2 (x #0) (6)
.ar 3 cosh(z 3 €T )

5 <s1n};(x)> n tanil(SC) 3 (z #0). (7)

This paper consists of three main sections. In Section 2, we introduce
some important inequalities, including Wilker’s and Huygens’ inequalities. In
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Section 3, we examine the functions of H,; and T,; based on Mittage-Lefller
functions. We will study them and prove some of their properties. In Section
4, we introduce the generalized nested function H,,; and 1,,;. We give some
properties of these functions. Then, we present new generalizations of the
well-known Wilker and Huygen’s type inequalities and prove them.

We give a generalization of Wilker’s inequality for hyperbolic functions
[16].

We continue this section by stating the following lemmas and theorem that
are important to prove some upcoming results in the next sections.

LEMMA 1.1. For each x # 0 the following inequalities hold:
tanh(z)

T
0]

x

<1,
> 1.

THEOREM 1.1. [16] For each © # 0 and n > 1, the following inequality
holds:

sinh(x)\" ntanh(z) n+2
- > .
T 2 =z 2

LEMMA 1.2. Let xz and y be positive real numbers. Then,
i. (Mitrinovic et al. [11]) For p € [0,1],

pr 4 (1 — p) > aty' .
ii. (Issa and Ibrahimov [8]) For x >y and p € [%, 1],
pr+ (1= p) > a7y 4 (20— 1) (z —y) > 2ty 7H.

iii. (Issa and Ibrahimov [8]) For x >y and p € [4, 3],
(z —y)

> phyl=H,
B 2Ty

po+ (1= p) > ah~ays i 4

2. On some properties of H and T nested functions

In this section, as the special case of Mittag-Leffler functions, we consider
H and T Nested Functions T},; and Hp; in order to prove some results about
the generalizations of Wilker and Huygens type inequalities.

We begin this section by definition of T),; and H); and give some properties
of these special functions, that are in fact particular cases of the Mittag-Leffler
functions and of the higher order trigonometric (cosine and sine) functions (see
for example, [9]).
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DerFiNiTION 2.1, [I] H and T Nested Functions T);, Hy; : R =+ R, j =
0,1,2,--- ,p—1, p € N, are defined as follows:

o y o0 y

(—1 ) nypn+) tpntd
Ty(t) =S D Hy() =Y .
PR (pn ) PR (pn )

THEOREM 2.1. [I] For each t € R, we have

/

Tyo(t) = =Tpp1 (1), Hyo(t) = Hyp1(8),
T;;1 (t) = Tpo(2), H;;l (t) = Hyo(2),
Tpp1(t) = Typ2(1), Hy,_1(t) = Hypa(t).

THEOREM 2.2. [2] Let \? = 1,A # 1,wP = —1 and w # —1, then, we
have

Zp éewt Zp 1 wﬂt
Hpo(t) == D N Tpo(t) P 7] = 0,1,...,])— 1,
Zp 1)\p je)\Jt Zp pr ]euﬂt .
le(t) —7 Tpl(t) —7.] = 0717"'7p_ ]-7
p p
Zp 1)\36)\Jt Z ] wlt -
Hyp1(t) = fv Tpp-1(t) = #J =0,1,..,p—1.

EXAMPLE 2.1. [2] For p =3, A3 = 1 and X # 1,we have

2
et + eM 4 Mt

Hy(t) = S
el 4+ A\2eM 4 et
H3i(t) = 3 ,
et _|_)\€)\t +>\2e/\2t
Hso(t) = .

3
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EXAMPLE 2.2. [2] For p =3, w® = —1 and w # —1, we have

et 4 ewt +€—w2t

Tso(t) = 3 ;
—et —w2e®t 4 et

T31(t) - )

3

et — weWt + w2e~ Wt

Tso(t) = 3

THEOREM 2.3. [2] For each x € R, we have the following identities:

T5o(z) — T3, (2) + T (x) + 3T30(2) Ty (2) The(x) = 1,
H3y(z) + H3) () + H3,(x) — 3Hzo(2) Ha (v) Hao(z) = 1.

DEFINITION 2.2. [I6] The functions ,tan;;, ptanh;; : R — R, i,j =
0,1,2,--- ,p—1, p € N,i # j are defined as follows:

_ () o Hpi(t)
P tanij(t) = Tp (t) y P tanhw (t) = 7Hpj (t) y
_—
P tan10 (t) = gﬁ; Eg y P tanhm (t) = gz(l) Eg

REMARK 2.1. By Theorem [2.2in [I6], for p = 3, we have

Hyi(t) el 4 M\2eM 4 2N
stanio(t) = alh) _ PEPSVAIPS U
Hs(t) el +eM +e
Hoao(t t A At )\2 A2t
3tanh21(t) _ 32():e+ e + 62’
Hgl(t) et + A\2eM 4 \er't
Hen(t t Mt A2t
s tanhga(t) = so(t) _ ef+eMte 2‘
Hso(t) et + deM + \2ert

LEMMA 2.1. [I6] For each x # 0, the following inequalities hold:

t T
p tanio(e) <1 and (here x are limited) Inlz) > 1,
x x
ptanbio(@) g Hal®)
x x

LEMMA 2.2. [16] For each x # 0, the following inequalities hold:

H
@ it ), for p> 2.
X
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LEMMA 2.3. [16] For each x # 0, the following inequalities hold:
) <Hp1 (m)) N ptanlgljlo(sv)

X

>p+1 (x #0),

» (Tp1($)> n ptan;o(ﬁf)

- >p+1 (x #0). (Open problem)

THEOREM 2.4. [I6] For each x # 0 and n > 1, the following inequality
holds:

Hp(z)\" N n p tanhyo(z) . n+p
z p p

THEOREM 2.5. [16] Let x > 0,a > 0,b > 0,p > 2, p € N and m > pnb/a.
Then, for n > 0 , the following inequality holds:
a  Hp(z) b ptanho(z)

a—i—b( T )+a—|—b( T

' >1.

LEMMA 2.4. [I6] For each = # 0, the following inequalities hold:

H.
—ﬂgz>Li:QLZ~-m—L
x’l/
and
tanh,
M<l’ i=0,1,2--,p—1.
x

LEMMA 2.5. [16] For each x # 0, the following inequalities hold:

H. .
(ﬁ)p+z>ﬂpo(x), for p>2 1=0,1,2,--- ,p— 1.
x

LEMMA 2.6. [I16] For each = # 0, the following inequalities hold:

p () e s i @ o)
€ xr
TZ' . 7 .
D <Px(zx)> _|_Zptal;lcf(x) > p+i. (x #0) (Open problem)

THEOREM 2.6. [I6] For each x # 0,9 = 1,2,...,p — 1 and n > 1, the
following inequality holds:

<sz(x))n+ iﬁptanh'i()(x) S m—+p '

xt D zt D
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THEOREM 2.7. [16] Let z > 0,a > 0,b>0,p>2,pe N,i=1,2,...,p—1
and m > (p+1i— 1)nb/a. Then, for n > 0 , the following inequality holds:

a Hp(z),, b ptanhi(x)

a+b( )" a+b(

)>1.

xt zt

LEMMA 2.7. [16] Let x > 0, the following inequality holds:

(le(x))p Ly (9:)>L.

T _p+1 »0 p+1

LEMMA 2.8. [I6] Let x > 0, the following inequality holds:

) [1—HP;(”J)}+[HP1(”“’) Hoolt) __p

- - >0.
p+1 T p+1 p+1

3. Generalized nested functions and generalizations of
Wilker-Huygen’s inequalities

In this section, inspired by the work of Kwara [12], using generalized H and
T nested functions, we prove new results about the generalization of Wilker’s
and Huygen’s type inequalities.

DEFINITION 3.1. The generalized H and T nested functions Tg;, Hyp; :
R—>Ra>0,a#1,j=0,1,2,--- ,p—1, p € N, are defined as follows:

> (=1)"(tlna)PtI
Tapi(t) = Z( 1)(]75;:-]'))! J:ij(tlna),
n=0

- .
(tlna)Pmts

Hop(t) = Y = Hyj(tIna).
— (pn+j)!

THEOREM 3.1. For each t € R, we have

/

TapO (t) =—In aTaPP—l (t) c/po (t) =In aHapp—l (t)7
T () = Inalip(t) Hep (1) = InaHop(t),
Tz;pp—l (t) = InaTypp—2(t) H(;pp—l (t) = InaHapp—o(t).

By Theorem and Definition we have the following theorem.
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THEOREM 3.2. Let A = 1,\A # 1,wP = —1,w # —1,a > 0 and a # 1.
Then, we have

Zp éa)\ft Zp éauﬂt
Hepo(t) = == Topo(t) = = i=0,1,...p—1,
p p
Zp;é )\pfja)ﬂt EP éwp ]awjt '
Hapl(t) = ]#’ Tapl(t) = 2 P ) = 07 1’ Y L ]-a
ZP 1)\]a)\3t E uﬂt .
Hap 1(t) D ) Tappfl(t) f,] = 0, 1, P = 1.

ExaMpLE 3.1. For p = 3, we have

2
al + oM+ oMt

Hgs0(t) = et
Huz(t) = s AQa;t + Aaft,
Hes(1) a' + )\aA;L /\ZQA%'
And
Tusolt) = a”’ + aw; n a_w%’
T (t) = —a”' — wQQ:t i U)a_w2t7
Tuse(t) = a”’ — waw;+ I

By using Theorem and Definition we have the following theorem.

THEOREM 3.3. For each x € R, we have the following identities.

Higo(x) + Higy () + Hizo(x) — 3Hazo(x) Haz1 (v) Hago(z) = 1,

Tos0(x) — Ty (2) + Tia (%) 4 3Ta30(2) Tas1 () Tusa ()

I
=
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DEFINITION 3.2. The functions , tan;;,, tanh;; : R — R, 4,57 =0,1,2,---
p—1, p € N,i # j are defined as follows:

Tapi (t> Hllpi (t)
. hei(t) =
A oML Ok
-
Ty 1(t) H, 1(t)
P tanyg (t) = T pO (t) s D taJnth (t) = H p()(t) :
ap ap

LEMMA 3.1. For each x # 0, the following inequalities hold:
H
(a;;;(l"))pﬂ > InP ™ aHyo(z), for a>1, p>2.

P r o o f. By Definition [3.1] and Lemma [2.2] we have
(Hapl(x) )p+1 _ (le('x In a) )p+1 _ lnp'H a(le(x lna) )p+1
T x zlna

Hpy(t
InP a(p;())p+1 > InPT aHpo ().

COROLLARY 3.1. For each x # 0, the following inequalities hold:

H
(apll,(x))p-&-l > HapO(x)7 for a >e, p>2.

REMARK 3.1. For each a > 1, the inequalities of Theorem 3.11 in [13] are
not true. For example, if we choice a = £ 2 =5, we have:

10°
(19)° — (35)7°

( )3 = 0.00096,

10
1145 11\-5
(o) * ()™ 7;0(1) =~ 1.11571,
e
((%)5—(%‘5)3 - (10)° + (1g) ~°
10 10 '

THEOREM 3.4. [6] (Monotone form of L’Hépital’s rule). Let f,g
be continuous functions defined in [a, b], differentiable in (a,b). Suppose that
f(a) = g(a) = 0 or f(b) = g(b) = 0, and assume that ¢'(x) # 0 for all
x € (a,b). If f'/¢’ is increasing (decreasing) on (a,b), then so is f/g.

REMARK 3.2. By considering Theorem and Remark condition
f(a) =g(a) =0 or f(b) = g(b) = 0 is essential to apply Theorem
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LEMMA 3.2. For each x # 0, the following inequalities hold:

p(Hap;(:p)> +ptan}:,10(x) > (p+1)Ina (a> 1,z #0),
» <Tap1($)) " ptanalo(l’) > (p_|_ 1) Ina (CL >1,z ;é 0)
€T x

(Open problem).

P r o o f. By Definition and Lemma [2.3] we have

) <Hap;(:v)> N ptanlzlo(x) — (le(ilna)> N ptanha(cx Ina)

~ Inalp <Hp1(:clna)> 4 ptanh(zlna)

rzlna zlna

=Inalp <Hp2(t)> + ”tarzh(t)} > (p+1)Ina.

COROLLARY 3.2. For each x # 0, the following inequalities hold:

) (Hapl (a:)> N ptanh;m(x)

T

>p+1 (a>e,x#0),

>p+1 (a > e,z #0) (Open problem).

) (Tapl(w)) +ptan;m($)

X

THEOREM 3.5. For each x # 0 and n > 1, the following inequality holds:

(H(z,ﬂ(x) )” . ptanhao()

In" g > L—i_pln"a (a>e,x#0)
T p Z p

P r o o f. By Definition [3.1] and Lemma [2.4] we have

(Hapl(x)>" + EMln"_la =In"a (W)n-i-
T P x zIn"a

n [p tanho(x In a)] " g — ln”a[<Hp1(x)>n . Eptanhlo(w)]
P rzlna T P x

> n+plna.
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LEMMA 3.3. For each x # 0, the following inequalities hold:

p<H@*”)+¢wmm@mw

) In 0
i i > (p+i)ln'a (x #0),

Topi(x) |, .ptangio(z)
p< >+Z ;

- 7

i > (p+i)In‘a (x #0) (Open problem).

P r o o f. By Definition [3.I] and Lemma [2.6] we have
(o)) | it (Tt

x? x? ziln'a

i IM Ina = lIn’ a[ Hp (t) + ZM]
(zlna) t tt
> (p+1)In‘a.

O
THEOREM 3.6. For each x #£0, i =1,2,....,p—1 and n > 1, following
inequality holds:

(Hapi'(l‘))n + iﬁptanhqio(ﬂﬂ) nin—ig > (m +P) Ini"q |
xt p zt p

P r o o f. By Definition [3.I] and Lemma [2.6] we have
<Hapi'(l"))n 1 oy tanhqig(x) Inin—i ¢

xt p xt

lnina[(fWM)Z in ptanhip(zlna),
ziln'a D z'ln'a

- Hp(6)\"  inp,tanh(t j .
= lnma[(pl.()> + et 410( )} > (Zn—{_p)lnma.
t? P t p
O

We are inspired by [10] for the following theorem, and we will improve the
inequality in Theorem 5.1 in [10].

THEOREM 3.7. Let z > 0,a > 0,8 > 0,p > 2,p € N, and m > pnf/a.
Then, for n > 0 , the following inequality holds:
a  Hyp(z
( apl( ))m+ B (

a+p x a+f T

ptanbao(®) e 1 ) i3
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P r o o f. By Definition 3.1} Lemma [I.2] and Lemma [2.2] we have

705 (M)m + 5 (ptanhalﬂ(x) )n
a+ x a+ x
S (Hapl(x))%(ptanhalo(m))%
> - .
_ (le(xlna))%(ﬂpl(xlna) 8 1 )%(lna)mgigﬁ
zlna zlna Hyo(xIna)
S (Hapl (t) == (Hapl (t) \abs (Hap1(t) TR ) et
t t t
Hapl (CL') ma—npfB ma+nf ma+nf

=

) o8 (lna) o+ > (Ina) o5 .
x

With choice p = 2, we have the following corollary.

COROLLARY 3.3. Let x > 0,a > 0,8 > 0, and m > 2nf/a. Then, for
n > 0, the following inequality holds:

a  Hg(z),, B
oz—i—ﬁ( x ) +a+ﬂ( T

2 tanbaio(z) o o) e

REMARK 3.3. For proof of Theorem 5.1 in [10], we see that

sFrh(z) = % o -2 sinh(zIn oy,)
VEZ+4  VE2+4 ’
of+o,. " 2
Fih(z) = 2k ko — cosh(xzInoy),
kh(z) VE2+4 VK244 ( 2
sFrh(x
(Fph(z) = F:hgazi = tanh(z In o).

Therefore, by Lemma [1.2] and Lemma [2.5] with p = 2, we have

a  Fph(z) ., B iFph(z)
04—1—5( x )+a+ﬁ( T

)’I"L
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o ( 2Inoy sinh(zlnoy)

Ca+fVEZ+4 zlnoy )

B tanh(z Inoy)
l n
+a—|—ﬂ(nak xlnoy
> ( 2Inoy sinh(zlnoy), ma

ma tanh(z lnoy), 8
W | )o+s (In o —————= ) atp
VE2 + xlnoy

zlnop
sinh(t), ma sinh(t), ns8 1 ng matnf
a+f a+p a+B (] a+B
t )+ t ) (cosh(t)) (Inoy)

=

)%(smh(t) e Sm?(t))‘ﬁfff(ln Uk)mzigﬁ

So,
a  sFih(x) B iFrh(x) ma
m " SF () a¥E. (8

Thus, according to 22 < matns

2 .
atp ot 7B and 1> VT 0 we obtain

ma+np 2

xT

ma+np
(Inog) «+8 (

ma+nf 2

%> Inor) otF (——

ma+np

atB

k?+4
Hence, the proof is completed.

Note that, inequality in is stronger than the inequality of Theorem 5.1
in [10].

THEOREM 3.8.

[10] For nonzero real number x and any positive real
number k, the following inequality holds:

)2+ (tFkh(x)) > 81H2O'k 321n50k
x

3
Fih(z) .
x R R YR

REMARK 3.4. In proof of Theorem 4.1 in [10], the author did not care
about the condition f(a) = g(a) =0 or f(b) = g(b) = 0.

THEOREM 3.9. For nonzero real number x and any positive real number
k, the following inequality holds:
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sFrh(z) o  Fph(z)
() ()
41D20'k 4ln4ak 2 81n60k 4 lngak $6

2+a) 314" "B+’ 336021 4)

P r o o f. Note that (0<%<1),

SFkh(:c))z n tFrh(z) y 2Inoy sinh(zlnog).,
x x V2 +4 zlnoyg
tanh(z In o)
xlnoyg

(

—1—1no’k

sinh(t)

2( t )2+1n0ktanh(t)

( 2Inoy
VEk2+4
21 2t t6
> ( =Tk )2 +In oy,

2
SR Ny
k2—|—4)( * 6 +120+5040

tanh(t)

2
SR N2 2
> k2+4)(+3+45+336)

> ( 2Inoy, 12 4 ( 2Inoy, )2752 +( 2Inoy, )22t4
VE2 +4 VE2+4" 3 WE2+4" 45
H( 2lnoy 2 t6
Vk2+4" 336
41n® oy, 4In oy 8oy, In® oy, 6
=m x T F 2.
(k2+4)  3(k2+4) 45(k% + 4) 336(k2 +4)

LEMMA 3.4. For each x # 0, the following inequality holds:

(%@U))”Z > (lna)l(p+l)Hapo(x), forp>2,i=0,1,2,--- ,p— 1.
x

Proof.
Hyi(zlna) )p+i

Hapi(@) \pii _ ) yito+i)
(St — (a0 (el

()’
_ (ln a)z’(p—i—i) (I{(ZZ(t) )p—i-i > (ln a)i(p+i)Hp0(t)

)z
= (Ina)' " Hyy(zIna) = (Ina) P H,o(z).
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THEOREM 3.10. [I6] Let x > 0, > 0,6 >0,p>2,pe N,i=1,2,....p—
landm > (p+i— 1)nB/a. Then, for n > 0, the following inequality holds:

(0% le(x)

( B
a+p

a+p

tanh;o(x) ;motns
)" £ : "> (lna)" a+?
L L

P r o o f. By Definition Lemma [I.2] and Lemma [2.5] we have

at+p o a+ B xt
> (Huile) ) 2 ptanhio(a) 2,
xt Tt
_ Hn(ena) me Hyu(wlna) o 1 yas o metes
(zlna) (zIna) Hyo(zIna)
> (Hazll (t) )% ( Haill (t) )% ( Ha;)zz (t) ) _no(f-j:;)ﬂ (hl a)imgirgﬁ
Ha 7 t w ,L'"LLY nB ’i7’La nps
= ( fl( )) §+B (ln a) aiﬁ > (ln a) ai@ .

4. Conclusion

In this paper, we introduced some important inequalities, including Wilker’s
and Huygen’s inequalities. Then, we studied some properties of H,; and
T,; based on Mittag-Leffler functions. Finally, we introduced the general-
ized nested function H,,; and T,,;. Some properties of these functions are
shown. Then, we presented new generalizations of the well-known Wilker and
Huygen’s type inequalities and proved them. Also, we improved and corrected
very recently inequality.
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