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Abstract

In this manuscript we give explicit formulas for the generalized Poisson
semigroups associated to the operator of Bessel type
5 0 2.2
L*=2"— +2x— —a“z".
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As applications of our results we give explicit formulas for the generalized
Poisson semigroup with Morse potential and on the real hyperbolic space H™.
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1. Introduction

The aim of this paper is to solve explicitly the generalized Poisson equation
associated to the Bessel operator. It is known that the differential operator of
the Bessel type is very important in analysis and its applications, and there
are many interesting research papers published in this area of research (see
for example Abdelhaye et al. [I], Betancor et al. [2], Adam et al. [4]) and the
references therein. Betancor et al. in [3] investigated the heat and Poisson
semigroups of Fourier-Neumann expansions. Isolda-Cardoso [6], explain the
importance of the pointwise convergence to initial data of heat and Poisson
problems for the Bessel operator.

The main objective of this article is to solve explicitly the following gen-
eralized Poisson problem

{ Lou(y,z) = (2'8% + 1/)2 u(y,x), (y,z) € ZR%r (1)
limy,—0y " u(y, z) = up(x),up € CC(RT)

associated to the second order differential operator of Bessel type:
L =2 — +o-— —a“2”*, (2)
x x

where a and v are real parameters.

As an application of our results we give explicit formula the generalized
Poisson semigroups with the Morse potential on the real line IR, and we con-
sider also the generalized Poisson problem on the real hyperbolic space H".

Note that for v = 0, the generalized Poisson problem reduces to the
classical Poisson problems for the Bessel operators L% and this particular case
is considered recently by author Adam et al. [4].

For the proof of our main results we need the following technical lemmas:

LEMMA 1.1. If z = 2% + 2 — 222/ cosy, x,2',y € R' and f(z) =
¢(x, 2’ y), then the following formulas hold:

-\ O 0 9? 9? 0
o i) alz) = (22 — 233’(;:;)8 y)agg, 87(5 = (2 — 22/ cos y)za?é‘ +82fa’:,

2
o ii)g—i = 2z’ siny g, o7 (2z2’ sin y)2g7§ + 222’ cos Y5z,
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2

(e ) o it (s %) s
o iv) x L%z = ana—; + (2a + 1)9:8% + a? — a%22.

The proof of this lemma is simple, and is left to the reader.

LEMMA 1.2. The Lommel differential equation (see Magnus et al. [§])

2
PO (120022 (a2 1 (02 -2 =0

has two independent solutions z*I,,(fzY) and x*K,(Bz"Y), where I, and K,
are the modified Bessel functions of the first and second kind.

LEMMA 1.3. For f € L'(R"™) the Fourier and inverse Fourier transforms
of f are given by

1 )
FINE = Gy [ I@)exp(—iga)da,

and
_ 1 )
(F 1 )(z) = @02 e J (&) exp(i&.x)dE.

For radial function f € L'(IR), according to Taylor [11], p.226, we have:

Y .
FEDa) = ol [ )Ty lalyrt i

LEMMA 1.4. The following formula hold (Prudnikov et al. [10], p.365):

+0o0
/ 1, (bo) K, (cx)dr = A% s
0

with

A — 2a72b,ucf(a+,u) F((Oé +p+ V)/ZF((Q +p— V)/Q)
oy I(p+1)
b2
<eFi((la+u+v)/2 (@+p—v)/2,p+1,-),
where J,, is the Bessel functions of the first kind, K, is modified Bessel func-
tions of the second kind and 9 F} is the Gauss hypergeometric function

> (a n(b)n n
F(a,b,c,z) = Z((Z)(n)'z |2l <1,
n=0 n
(a)y, is defined by (a), = %

LEMMA 1.5. We have the following integral formulas:
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° 1) f 1 4 52 Sﬁds — (1 4 (_1)5)F(5+1)F(1_‘—(g;§5+1)/2)) .

0< 5 —l— 1< 2a
o ii) [T (1+s%)"s ”_1ds:(1+(—1) OID(-1-v)/2): —v <O,
o iii) [T (14 %) Is™ds = (1+ (=1)")iT((1 +v)/2) 1 v < 1.

P r o o f. The proof of the lemma uses essentially the formula from Mag-
nus et al. [§], p.6,

/OO t* 1IT(z+1)/2) Ny — (x — 2+ 1)/2))
o (

L+t 2 L(1+y) ’
Rez>0,Rey > Re(x —z+1)/z,Rex > —1, Rey > —1.

2. Generalized Poisson equation associated to
the the Bessel operator

In this section we present our main result of this paper:

THEOREM 2.1. For a € R* and for v : 0 < v < 1, the problem has the
unique solution given by

da’
/ P yvx ' UO( ) p1+2 (3)
where
o -ty v/2
) =ay, l(m) Ko (=T
with ¢, = dal V() and K_,, is the

il (=)D (=52 (1+(=1) =)+ (—1-) D (L) (1+(-1) )’
modified Bessel function of the second kind.

, 2
Proof Set A=z —2'e¥ and DV = — (ia% + 1/) . We like to solve the
Poisson equation in :

(L*4+ D")p, =0. (4)
We look for a solution of equation in the form
(y,z,2') = AVe,(y, x,2'), (5)

that is: (L% + DY) A7 Ve, (y,x,2’) = 0, we have:

LeA Ve, (y,x,a’) = A7V~ 2{A2x2 o s + A(— 2yx—|—A)a:a%
+v(v+1)2? — vz A — 2A2}e,,(y,x ),
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and DA Ve, (y,z,2') = A7V72 {AQ% + 2iyan%} ev(y, z, '),
thus we obtain:

0* 0?
a v —v _ —v—2 2 .2 2
(L*+ D")A e, (y,x,2") = A {AI@JFA@yQ
+Azx(—2vz + A)% + (A% + 2iux/eiyA)88y —a?z?A%}e,(y,z,2') = 0. (6)
Using Lemma [I.1] we have
0* 0? 0? d
o5 + By x| (2x — 22 cosy) 942 + 9,
2 /] . 2 82 /. a
+A <(2a;a; siny) 922 + 2zx smyaz>
0? 0 0
_ A2..2 -~ -~ I3 -~
= A’z <428z2 + 282 + 2zx smyaz) , (7)

Ax(—2vzx + A)aax + (A? + QiV:U’eiyA);J — a®2? A% = Ax(—2vz + A)
/ 0 2 R ) ! 0 2.2 42
X (2z — 2z cosy)a + (A% + 2iva'e A)2zx smya —a‘x A

0 d 0
x < 5, Wy, ~ 2w smyaz> a“x“A (8)

Substituting equation and equation into equation @, we get the fol-
lowing
2

(L* +D") A e, (y,z,2') = A7V "2{A%2? (426822 + 2% + 2x2’ sin yi)

0 0 9
+A%z? <2 —dv— — 222’ sin yaz> —a’z?A%}e, (y, z,2") = 0,

0z 0z
where z = 2% + 2/? — 222/ cos y as in Lemma and we obtain
0? 0 a?
zﬁeg +(1- y)&eg - Zeg =0. (9)

The equation @D is a generalized Lommel modified Bessel equation as in
Lemma [1.2] with a = v/2, v = v, 8 = |a| and v = 1/2 an appropriate
solution is % = ¢z*/2K1,(2'/?) and a solution of the equation in is

—v /2 1/2 z—ale\"? 2 2 /
ATV Ky (7)== | K_,,(|a|\/x + 2?2 — 2xx cosy).

T — x'eW



506 A. Zakria, M.V.O. Moustapha et al.

It is clear that

0 z— 2'e v\
Pl(y,z,z')=— <) Kf,,(]a|\/:c2+x’272xx’cosy> ,

Oy T — x'ety

satisfies equation ([I). To prove Theorem it remains to prove the limit
conditions and for this we need the following lemma.

LEMMA 2.1. Set z = 4eX+X'{sinh? % + sin?(y/2)} and A = X —
eX' T set also sinh(X — X')/2 = s|sin(y/2)|, that is
X" = X + 2argsinh(s|siny/2|),
then we have
2 = 4e2X+2argsinh(slsin(y/2)) 52 (4 /2) (1 + s2)
and
A~ —2s|sin(y/2)|eX, 2"?K_,(az"/?) ~2"7'T(—v)|al”
x exp (2vX 4 2vArgsinh(s| sin(y/2)])) sin® y/2(s* + 1)",
A—V—lzu/ZK_V<azl/2) ~ (_1)—V—12—2F<_V)’a‘Ve—(V+1)X
x exp (2vX + 2vArgsinh(s|sin(y/2)])) sin” " (y/2)(s* + 1)"s 71,
—laleX TN sinyA VUK (a2?) ~ (=1) 72701 = v)|al?
x exp(2vX + 2vArgsinh(s| sin(y/2)]) cos(y/2) sin” 1 (y/2)(s* + 1)" " 1s77.

P r o o f. The proof of this lemma uses essentially the formula

2T (v)]
Ky (z) ~ —
from Lebedev [7], p.136. O
Now we continue to prove Theorem [2.1} set
2, 02
z=a? + 2% — 222’ cosy = Qxx'(u — cosy),
2za’

z =eX and 2/ = eX', we obtain

z = 4eX X {sinh? (X_QiX,) +sin?(y/2)}, and we can write

X/

.\ V)2
0 X X\
A
Pay(va7X)_cVay{(eX_eX’—H'y)

X - X'
xK_, <|a| sinh? (2) + sin? y/Q)} .
From the formula in Magnus et al. [8], p. 67,
(2"K_y11(2)) = =2"K_,11(2),
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we have
Py, x,a') = e, {iva' eV ATV 122K (|a)2Y/?)

—|a|za’ sinyA™V 22K (lalzY?)).
Using the formula and setting sinh w = ssiny/2, we obtain

o0 , , da,:/
) = [P ) S = 1+

where
. * vy g—v—1_v/2 1/2 / dz’
I:ZVCV/O xe"A 22Ky (|alz )“0(37)W’
and
< v _(r=1)/2 1242’
J:_CVW/O xx sinyA~"z K_yt1(lalz )x/1+2u'

Now we use Lemmas [I[.1] and [I.5] to obtain:

ive,(—1) "V Yal? —1—-v L
S ]
and .
a1l Lo L
g =Dl 0y,

and finally we get

(=)~ Yal™

lim u(y, x) = lim a(y, X) = @ (X)cy,
y—0 4

y—0

— I+ ()™

X <¢yr(_y)r(

- e <—1>—”>)

2
= ao(X) = Uo(l'),
and this finishes the proof of Theorem O

3. Generalized Poisson equation with Morse Potential

The main objective of this section is first to solve the following generalized
Poisson problem

2
{ MV (y, X) = (i +v) ViyX), (5, X) € Ry x R 10)

limy 0 y™"V (y, X) = Vo(X), vo € C§°(IR)

associated to the second order differential operator of Morse type: M =

8‘9—;2 —a?exp2X. See Abdelhaye et al. [1], Ikeda et al. [5] and Morse [9].
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THEOREM 3.1. For a real number the problem has the unique solu-
tion given by

oo
Ul5) = [ P2 X XUy (XX (1)
0
with
LN\ v)2
o €X _ €X —iy v
v n_ .9
Pa (y7X7X) - Cljay <€X . eX/+iy>
s (X —=X') | o

x K, | |a]y/sinh +sin“y/2 |,

where ¢, = 22”71"”(”)51(/1'1_3/2)”'”, and K, are the modified Bessel function of

the second kind.

P r o o f. By changing the variable 2 = eX the problem is transformed
into the problem . a

4. Generalized Poisson equation on the hyperbolic space

In this section we consider the generalized Poisson equation on the hyper-
bolic space modelled by the upper half space:
H" = {z = (21,22, ...x,) € R",z, > 0} endowed with the usual hyperbolic
~2
metric ds’ = x,%[dx? + dz} + dzd + ... + dz?).

The metric ds is invariant with respect to the group G = SO(n, 1).

The hyperbolic surface form du(z) = L-dzidxs...dz,. And the hyperbolic

T
distance p(z,z") given respectively by
(w1 = 21)? 4 oo 4 (@n1 — 25 1) + (@0 + 27,)°

/
dxyxl,

)

cosh?(p(z, 2')/2) =

with the Laplace-Beltrami operator

2

Lo = T2n+ (2= m) g+ (0= 1)/2),

2 . - .
where A,, = 2?21 %, is the classical Laplacian on R™.
j

The main objective of this section is to solve the following generalized
Poisson problem

2
{ an(y’x) = (Z@Qy + V) ’U(y,ﬂ?), (ya Jj) € B—Ql- (]_2)
hmyﬂo y_VU(yv l‘) = Uo(.%'), Vo € CSO(R+)>

associated to the Laplace-Beltrami operator on the hyperbolic space H".
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COROLLARY 4.1. If a € R*, the problem has the unique solution

given by v(y,x) = [ pa(y, z,2’, 1,7 )vo(2') 9, where

g v/2
x—a:’e Zy) /

T —x'ew

ooy, 2, n,n) = ;y(

x (2% + 2" — 2z2’ cosy + [n —'|*) (= 1)/2+V,

2(n=5)/2+42v 1 (y L )T (—v—3/2)T((n—1)/24V)
I'(—v-1) ’

with ¢, =

P r oo f. We use the following formula intertwining the Laplace Beltrami
operator L, on the hyperbolic space H” and the Bessel operator LI¢l :

Flan=02L,a=0/26] (&) = L Fo(0).

The Poisson problem on the hyperbolic space is transformed into the
Bessel Poisson problem (1)), with v(y,z,) = F [x(l_”)/Qv(y,x,xn)] (&) and

vo(zn) = 252 F[vo (2, 22)](€), that is
F o020y, 2,2.)] (&)

> H(1=n)/2,,(1-m)/2 dzy,
= ‘P|§\(y7 Ty L n) L F [UO] (é? n)
0 i

/ )
n
and

o0 d /
o) = [ F [Pyl EE ] (6| (@)

n
/ )
n

X

v(y, @, z,) = (2m) (/2 /0 F P (g, wnsw)| ()  vo(, o))

g/ (1=m)/2, (1=m) /202

Thus we can write

v(y, @, 20) = (2m) "7/ /0 F P, (o - )

Rn—1

(n=1)/2,/(n~ 1)/2 da'dzy,

m
xn

xvo(z', 2}z

Y

and v(y, x,zp) = [gu PY (y, 2, 2", 1n,1") vo(w')dp(w’). We compute the Fourier

transforms F~! [ Ié\(y’ x, 7', n,n )} (x — ') by using Lemma and Lemma
2.1l and we obtain the result.
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COROLLARY 4.2. Ifa € IR* and v = 0 the Poisson equation in hyperbolic
space has the unique solution given by

o0 dl’l
o) = [ oa) 57

where
INEEy siny
1

(27)"2 (coshp — cosy) 2

pn(y,x,x’) = ntl *
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