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Abstract

In this manuscript we give explicit formulas for the generalized Poisson
semigroups associated to the operator of Bessel type

La = x2
∂2

∂x2
+ x

∂

∂x
− a2x2.
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As applications of our results we give explicit formulas for the generalized
Poisson semigroup with Morse potential and on the real hyperbolic space Hn.
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1. Introduction

The aim of this paper is to solve explicitly the generalized Poisson equation
associated to the Bessel operator. It is known that the differential operator of
the Bessel type is very important in analysis and its applications, and there
are many interesting research papers published in this area of research (see
for example Abdelhaye et al. [1], Betancor et al. [2], Adam et al. [4]) and the
references therein. Betancor et al. in [3] investigated the heat and Poisson
semigroups of Fourier-Neumann expansions. Isolda-Cardoso [6], explain the
importance of the pointwise convergence to initial data of heat and Poisson
problems for the Bessel operator.

The main objective of this article is to solve explicitly the following gen-
eralized Poisson problem{

Lau(y, x) =
(
i ∂
∂y + ν

)2
u(y, x), (y, x) ∈ IR2

+

limy−→0 y
−νu(y, x) = u0(x), u0 ∈ C∞

0 (IR+)
(1)

associated to the second order differential operator of Bessel type:

La = x2
∂2

∂x2
+ x

∂

∂x
− a2x2, (2)

where a and ν are real parameters.

As an application of our results we give explicit formula the generalized
Poisson semigroups with the Morse potential on the real line IR, and we con-
sider also the generalized Poisson problem on the real hyperbolic space Hn.

Note that for ν = 0, the generalized Poisson problem (1) reduces to the
classical Poisson problems for the Bessel operators La and this particular case
is considered recently by author Adam et al. [4].

For the proof of our main results we need the following technical lemmas:

Lemma 1.1. If z = x2 + x′2 − 2xx′ cos y, x, x′, y ∈ IR+ and f(z) =
ϕ(x, x′, y), then the following formulas hold:

• i) ∂ϕ
∂x = (2x− 2x′ cos y)∂f∂z ,

∂2ϕ
∂x2 = (2x− 2x′ cos y)2 ∂

2f
∂z2

+ 2∂f
∂z ,

• ii)∂ϕ∂y = 2xx′ sin y ∂f
∂z ,

∂2ϕ
∂y2

= (2xx′ sin y)2 ∂
2f

∂z2
+ 2xx′ cos y ∂f

∂z ,
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• iii)
(
La + ∂2

∂y2

)
ϕ = 4x2

(
z ∂2

∂z2
+ ∂

∂z − a2

4

)
f,

• iv) x−αLaxα = x2 ∂2

∂x2 + (2α+ 1)x ∂
∂x + α2 − a2x2.

The proof of this lemma is simple, and is left to the reader.

Lemma 1.2. The Lommel differential equation (see Magnus et al. [8])

x2
∂2f

∂x2
+ (1− 2α)x

∂f

∂x
− (βγxγ)2f + (α2 − ν2γ2)f = 0,

has two independent solutions xαIν(βx
γ) and xαKν(βx

γ), where Iν and Kν

are the modified Bessel functions of the first and second kind.

Lemma 1.3. For f ∈ L1(Rn) the Fourier and inverse Fourier transforms
of f are given by

(Ff)(ξ) =
1

(2π)n/2

∫
Rn

f(x) exp(−iξ.x)dx,

and

(F−1f)(x) =
1

(2π)n/2

∫
Rn

f(ξ) exp(iξ.x)dξ.

For radial function f ∈ L1(IR), according to Taylor [11], p.226, we have:

(F−1f)(x) = |x|1−
n
2

∫ +∞

0
f(r)Jn

2
−1(r |x|)r

n
2 dr.

Lemma 1.4. The following formula hold (Prudnikov et al. [10], p.365):∫ +∞

0
xα−1Jµ(bx)Kν(cx)dx = Aα

µ,ν ,

with

Aα
µ,ν = 2α−2bµc−(α+µ)Γ((α+ µ+ ν)/2Γ((α+ µ− ν)/2)

Γ(µ+ 1)

×2F1((α+ µ+ ν)/2, (α+ µ− ν)/2, µ+ 1,−b2

c2
),

where Jµ is the Bessel functions of the first kind, Kν is modified Bessel func-
tions of the second kind and 2F1 is the Gauss hypergeometric function

F (a, b, c, z) =
∞∑
n=0

(a)n(b)n
(c)nn!

zn, |z| < 1,

(a)n is defined by (a)n = Γ(a+n)
Γ(a) .

Lemma 1.5. We have the following integral formulas:
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• i)
∫∞
−∞(1 + s2)αsβds = (1 + (−1)β)Γ(β+1)Γ(−α−(β+1)/2))

Γ(−α) :

0 < β + 1 < −2α,
• ii)

∫∞
−∞(1 + s2)νs−ν−1ds = (1 + (−1)−ν−1)12Γ((−1− ν)/2) : −ν < 0,

• iii)
∫∞
−∞(1 + s2)ν−1s−νds = (1 + (−1)−ν)12Γ((1 + ν)/2) : ν < 1.

P r o o f. The proof of the lemma uses essentially the formula from Mag-
nus et al. [8], p.6,∫ ∞

0

tx

(1 + tz)1+y
=

1

z

Γ((x+ 1)/z)Γ(y − (x− z + 1)/z))

Γ(1 + y)
,

Re z > 0, Re y > Re (x− z + 1)/z,Re x > −1, Re y > −1.

2

2. Generalized Poisson equation associated to
the the Bessel operator

In this section we present our main result of this paper:

Theorem 2.1. For a ∈ R∗ and for ν : 0 < ν < 1, the problem (1) has the
unique solution given by

u(y, x) =

∫ ∞

0
P ν
a (y, x, x

′)u0(x
′)

dx′

x′1+2ν
, (3)

where

P ν
a (y, x, x

′)=cν
∂

∂y

[(
x− x′e−iy

x− x′eiy

)ν/2

K−ν

(
|a|
√
x2 + x′2 − 2xx′ cos y

)]
,

with cν = 4|a|−ν(−1)ν+1

iνΓ(−ν)Γ(−1−ν
2

)(1+(−1)−ν−1)+Γ(−1−ν)Γ( 1+ν
2

)(1+(−1)−ν)
, and K−ν is the

modified Bessel function of the second kind.

P r o o f. Set A = x− x′eiy and Dν = −
(
i ∂
∂y + ν

)2
. We like to solve the

Poisson equation in (1):

(La +Dν) pν = 0. (4)

We look for a solution of equation (4) in the form

pν(y, x, x
′) = A−νeν(y, x, x

′), (5)

that is: (La +Dν)A−νeν(y, x, x
′) = 0, we have:

LaA−νeν(y, x, x
′) = A−ν−2{A2x2 ∂2

∂x2 +A(−2νx+A)x ∂
∂x

+ ν(ν + 1)x2 − νxA− a2x2A2}eν(y, x, x′),
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and DνA−νeν(y, x, x
′) = A−ν−2

{
A2 ∂2

∂y2
+ 2iνxA ∂

∂y

}
eν(y, x, x

′),

thus we obtain:

(La +Dν)A−νeν(y, x, x
′) = A−ν−2{A2x2

∂2

∂x2
+A2 ∂2

∂y2

+Ax(−2νx+A)
∂

∂x
+ (A2 + 2iνx′eiyA)

∂

∂y
− a2x2A2}eν(y, x, x′) = 0. (6)

Using Lemma 1.1 we have

A2x2
∂2

∂x2
+A2 ∂2

∂y2
= A2x2

(
(2x− 2x′ cos y)2

∂2

∂z2
+ 2

∂

∂z

)
+A2

(
(2xx′ sin y)2

∂2

∂z2
+ 2xx′ sin y

∂

∂z

)
= A2x2

(
4z

∂2

∂z2
+ 2

∂

∂z
+ 2xx′ sin y

∂

∂z

)
, (7)

Ax(−2νx+A)
∂

∂x
+ (A2 + 2iνx′eiyA)

∂

∂y
− a2x2A2 = Ax(−2νx+A)

×(2x− 2x′ cos y)
∂

∂z
+ (A2 + 2iνx′eiyA)2xx′ sin y

∂

∂z
− a2x2A2

= A2x2
(
2
∂

∂z
− 4ν

∂

∂z
− 2xx′ sin y

∂

∂z

)
− a2x2A2. (8)

Substituting equation (7) and equation (8) into equation (6), we get the fol-
lowing

(La +Dν)A−νeν(y, x, x
′) = A−ν−2{A2x2

(
4z

∂2

∂z2
+ 2

∂

∂z
+ 2xx′ sin y

∂

∂z

)

+A2x2
(
2
∂

∂z
− 4ν

∂

∂z
− 2xx′ sin y

∂

∂z

)
− a2x2A2}eν(y, x, x′) = 0,

where z = x2 + x′2 − 2xx′ cos y as in Lemma 1.1, and we obtain

z
∂2

∂z2
eaν + (1− ν)

∂

∂z
eaν −

a2

4
eaν = 0. (9)

The equation (9) is a generalized Lommel modified Bessel equation as in
Lemma 1.2, with α = ν/2, ν = ν, β = |a| and γ = 1/2 an appropriate

solution is eaν = czν/2K±ν(z
1/2) and a solution of the equation in (1) is

A−νzν/2K±ν(z
1/2)=

(
x− x′e−iy

x− x′eiy

)ν/2

K−ν

(
|a|
√
x2 + x′2 − 2xx′ cos y

)
.
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It is clear that

P a
ν (y, x, x

′)=− ∂

∂y

[(
x− x′e−iy

x− x′eiy

)ν/2

K−ν

(
|a|
√
x2 + x′2 − 2xx′ cos y

)]
,

satisfies equation (1). To prove Theorem 2.1 it remains to prove the limit
conditions (1) and for this we need the following lemma.

Lemma 2.1. Set z = 4eX+X′{sinh2 (X−X′)
2 + sin2(y/2)} and A = eX −

eX
′+iy, set also sinh(X −X ′)/2 = s| sin(y/2)|, that is

X ′ = X + 2arg sinh(s| sin y/2|),
then we have

z = 4e2X+2arg sinh(s| sin(y/2)|) sin2(y/2)(1 + s2)

and
A ∼ −2s| sin(y/2)|eX , zν/2K−ν(az

1/2) ∼ 2ν−1Γ(−ν)|a|ν

× exp (2νX + 2νArg sinh(s| sin(y/2)|)) sin2ν y/2(s2 + 1)ν ,

A−ν−1zν/2K−ν(az
1/2) ∼ (−1)−ν−12−2Γ(−ν)|a|νe−(ν+1)X

× exp (2νX + 2νArg sinh(s| sin(y/2)|)) sinν−1(y/2)(s2 + 1)νs−ν−1,

−|a|eX+X′
sin yA−νz(ν−1)/2K−ν+1(az

1/2) ∼ (−1)−ν−12−1Γ(1− ν)|a|ν

× exp(2νX + 2νArg sinh(s| sin(y/2)|) cos(y/2) sinν−1(y/2)(s2 + 1)ν−1s−ν .

P r o o f. The proof of this lemma uses essentially the formula

Kν(x) ∼
2ν−1Γ(ν)|

xν

from Lebedev [7], p.136. 2

Now we continue to prove Theorem 2.1, set

z = x2 + x′2 − 2xx′ cos y = 2xx′(
x2 + x′2

2xx′
− cos y),

x = eX and x′ = eX
′
, we obtain

z = 4eX+X′{sinh2 (X−X′)
2 + sin2(y/2)}, and we can write

P ν
a (y,X,X ′) = cν

∂

∂y

{
(
eX − eX

′−iy

eX − eX′+iy

)ν/2

×K−ν

(
|a|
√
sinh2

(X −X ′)

2
+ sin2 y/2)

}
.

From the formula in Magnus et al. [8], p. 67,

(zνK−ν+1(z))
′ = −zνK−ν+1(z),
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we have

P a
ν (y, x, x

′) = cν{iνx′eiνyA−ν−1zν/2K−ν(|a|z1/2)

−|a|xx′ sin yA−νz(ν−1)/2K−ν+1(|a|z1/2)}.

Using the formula (3) and setting sinh (X−X′)
2 = s sin y/2, we obtain

u(y, x) =

∫ ∞

0
P a
ν (y, x, x

′)u0(x
′)

dx′

x′1+2ν
= I + J,

where

I = iνcν

∫ ∞

0
x′eiνyA−ν−1zν/2K−ν(|a|z1/2)u0(x′)

dx′

x′1+2ν
,

and

J = −cν |a|
∫ ∞

0
xx′ sin yA−νz(ν−1)/2K−ν+1(|a|z1/2)

dx′

x′1+2ν
.

Now we use Lemmas 1.1 and 1.5 to obtain:

I =
iνcν(−1)−ν−1|a|ν

4
Γ(−ν)Γ(

−1− ν

2
)(1 + (−1)−ν−1),

and

J =
cν(−1)−ν−1|a|ν

4
Γ(−1− ν)Γ(

1 + ν

2
)(1 + (−1)−ν),

and finally we get

lim
y→0

u(y, x) = lim
y→0

ũ(y,X) = ũ0(X)cν
(−1)−ν−1|a|−ν

4

×
(
iνΓ(−ν)Γ(

−1− ν

2
)(1 + (−1)−ν−1)

+Γ(−1− ν)Γ(
1 + ν

2
)(1 + (−1)−ν)

)
= ũ0(X) = u0(x),

and this finishes the proof of Theorem 2.1. 2

3. Generalized Poisson equation with Morse Potential

The main objective of this section is first to solve the following generalized
Poisson problem{

MaV (y,X) =
(
i ∂
∂y + ν

)2
V (y,X), (y,X) ∈ IR+ × IR

limy−→0 y
−νV (y,X) = V0(X), v0 ∈ C∞

0 (IR+)
(10)

associated to the second order differential operator of Morse type: Ma =
∂2

∂X2 − a2 exp 2X. See Abdelhaye et al. [1], Ikeda et al. [5] and Morse [9].
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Theorem 3.1. For a real number the problem (10) has the unique solu-
tion given by

U(y,X) =

∫ ∞

0
P ν
a (y,X,X ′)U0(X

′)dX ′ (11)

with

P ν
a (y,X,X ′) = cν

∂

∂y

(
eX − eX

′−iy

eX − eX′+iy

)ν/2

×Kν

(
|a|
√
sinh2

(X −X ′)

2
+ sin2 y/2

)
,

where cν = 22ν−1νiΓ(ν)Γ(−ν−3/2)|a|ν
Γ(−ν−1 , and Kν are the modified Bessel function of

the second kind.

P r o o f. By changing the variable x = eX the problem (10)is transformed
into the problem (1). 2

4. Generalized Poisson equation on the hyperbolic space

In this section we consider the generalized Poisson equation on the hyper-
bolic space modelled by the upper half space:
Hn = {x = (x1, x2, ...xn) ∈ Rn, xn > 0} endowed with the usual hyperbolic

metric d̃s
2
= x−2

n [dx21 + dx21 + dx22 + ...+ dx2].

The metric d̃s is invariant with respect to the group G = SO(n, 1).

The hyperbolic surface form d̃µ(x) = 1
xn
n
dx1dx2...dxn. And the hyperbolic

distance ρ(x, x′) given respectively by

cosh2(ρ(x, x′)/2) =
(x1 − x′1)

2 + ...+ (xn−1 − x′n−1)
2 + (xn + x′n)

2

4xnx′n
,

with the Laplace-Beltrami operator

Ln = x2n∆n + (2− n)
∂2

∂xn
+ ((n− 1)/2)2,

where ∆n =
∑n

j=1
∂2

∂x2
j
, is the classical Laplacian on Rn.

The main objective of this section is to solve the following generalized
Poisson problem{

Lnv(y, x) =
(
i ∂
∂y + ν

)2
v(y, x), (y, x) ∈ IR2

+

limy−→0 y
−νv(y, x) = v0(x), v0 ∈ C∞

0 (IR+),
(12)

associated to the Laplace-Beltrami operator on the hyperbolic space Hn.
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Corollary 4.1. If a ∈ R∗, the problem (12) has the unique solution

given by v(y, x) =
∫∞
0 pa(y, x, x

′, η, η′)v0(x
′)dx

′

x′ , where

pνn(y, x, x
′, η, η′) = cν

∂

∂y

(
x− x′e−iy

x− x′eiy

)ν/2

×
(
x2 + x′2 − 2xx′ cos y + |η − η′|2

)−(n−1)/2+ν
,

with cν = 2(n−5)/2+2ν iΓ(ν+1)Γ(−ν−3/2)Γ((n−1)/2+ν)
Γ(−ν−1) .

P r o o f. We use the following formula intertwining the Laplace Beltrami
operator Ln on the hyperbolic space Hn and the Bessel operator L|ξ| :

F
[
x−(n−1)/2
n Lnx

(n−1)/2
n ϕ

]
(ξ) = L|ξ|Fϕ(ξ).

The Poisson problem on the hyperbolic space (12) is transformed into the

Bessel Poisson problem (1), with v(y, xn) = F
[
x(1−n)/2v(y, x, xn)

]
(ξ) and

v0(xn) = x
(1−n)/2
n F [v0(x, xn)](ξ), that is

F
[
x(1−n)/2v(y, x, xn)

]
(ξ)

=

∫ ∞

0
P ν
|ξ|(y, xn, x

′
n)x

′(1−n)/2
n x(1−n)/2F [v0] (ξ, x

′
n)

dx′n
x′n

,

and

v(y, x, xn)=

∫ ∞

0
F−1

[
P ν
|ξ|(y, xn, x

′
n)x

′(1−n)/2
n x(1−n)/2F [v0] (ξ, x

′
n)
]
(x)

dx′n
x′n

,

v(y, x, xn) = (2π)−(n−1)/2

∫ ∞

0
F−1

[
P ν
|ξ|(y, xn, x

′
n)
]
(x) ∗ v0(x, x′n)

×x′(1−n)/2
n x(1−n)/2dx

′
n

x′n
.

Thus we can write

v(y, x, xn) = (2π)−(n−1)/2

∫ ∞

0

∫
IRn−1

F−1
[
P ν
|ξ|(y, xn, x

′
n)
]
(x− x′)

×v0(x
′, x′n)x

(n−1)/2
n x′(n−1)/2

n

dx′dx′n
x′nn

,

and v(y, x, xn) =
∫
Hn P

ν
n (y, x, x′, η, η′) v0(w

′)dµ(w′). We compute the Fourier

transforms F−1
[
P ν
|ξ|(y, x, x

′, η, η′)
]
(x − x′) by using Lemma 1.3 and Lemma

2.1 and we obtain the result. 2
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Corollary 4.2. If a ∈ IR∗ and ν = 0 the Poisson equation in hyperbolic
space has the unique solution given by

v(y, x) =

∫ ∞

0
pn(y, x, x

′)v0(x
′)
dx′

x′
,

where

pn(y, x, x
′) =

Γ(n+1
2 )

(2π)
n+1
2

sin y

(cosh ρ− cos y)
n+1
2

.
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