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Abstract

In this paper we consider the generalized fractional g-integral operator of
Kober type, which contains the basic analogue of the Fox-Wright hypergeo-
metric function to derive a new fractional g-integral inequality of Griiss type,
for synchronous functions and absolutely continuous g-functions. The results
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1. Introduction

In 2020 Castillo and Galué [3] presented the generalized fractional g-
integral operator of the Kober type, which contains the basic analogue of
the Fox-Wright hypergeometric function, in the following form

n| P (ML), (ad, Ag)y g et
k [ (B2 Bi)v.s ]f@) - Ty(M+1)

r * (al,Al),...,(Ozrfl,Arfl),(*M, 1) nt
XA tp Tws I: (ﬁlaBl)v-"u(ﬁszs) ‘q7q x:l f(t> dqt7 (1)

Ai,Bj € R Re(a;) >0, Re(B;) >0;i=1,..,7r—1,j=1,..,s,

S r—1
S B -3 A20,MeNyneNpeC, 0<q<1,
j=1 i=1

t
<
T

where the function %} (-) appearing as a kernel for the operator is the
basic analogue of the Fox-Wright hypergeometric function defined by

(a17A1 7"'7(aT17;47'1))(_M71) ‘q,z:|

_ i (q_Ma )k H::_ll (qOéz’ Q)Alk [(1 . q)k qk(k21):|Z;l B]'_Z?:_II Ai zk (2)
(@) IT5=: (¢% ’
A;,Bj e RY M € Ny, Re (a;) > 0, Re(Bj) >0;i=1,....,7 — 1,

s r—1

j=1,..,8Y Bi—=> A;>00<q<l, || <L
j=1 i=1

In , when r = s + 1, each A; = B; = 1, and taking «; = ; + m;, m; € Np;

i=1,...,s reduces to

Lg{MaﬁlaIBQ,'-wﬂ&pamhm%"'ams;f(x)}v (3)

M,m; € Ng, Re(8;)) #0,—1,-2,....5i=1,....,s,n € N,p € C,

0<g<1l, < 1.

Here is the fractional ¢g-integral operator established by Galué in [11].
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A large number of researchers have used fractional integral operators and
fractional g-integral operators to establish new g-integral inequalities, includ-
ing the following: In 2004 Gauchman [I4] investigated the basic analogues of
some classical integral inequalities and used them to estimate the sum of some
convergent series. Ogiinmez and Ozkan in 2011, [20], established some frac-
tional g-integral inequalities on the specific time scales Ty, = {t : t = toq™,n
€ No} U {0}, where tg € R, and 0 < ¢ < 1, which generalize those established
by Belarbi and Dahmani in 2010 [2]. In 2012 Sulaiman [23] established some
fractional g-integral inequalities for the product of two and three functions us-
ing the Riemann-Liouville fractional g-integral operator, which generalize the
results established in [2] and [20]. In 2012 Dahmani and Benzidane [6] also con-
sidered the set T, to generate some fractional g-integral inequalities of Griiss
type. Zhu et al. [24] recently used a fractional g-integral on the specific time
scales T}, to establish some Griiss-type fractional g-integral inequalities, for
one or two fractional parameters. Later, Galué in 2014 [12] used the general-
ized Erdélyi-Kober fractional g-integral operator [10] to derive some fractional
g-integral inequalities, for the product of three functions, which generalize the
previous results. Recently Choi et al. [4] used the generalized Erdélyi-Kober
fractional g-integral operator established in [10] with two deformation param-
eters and established fractional g-integral inequalities for the product of four
and five functions, which generalize the results established by Galué in [12],
Ogiinmez and Ozkan in [20], Belarbi and Dahmani in [2].

On the other hand, fractional integral inequalities have many applications,
they are very useful to establish the uniqueness of the solutions of fractional
boundary value problems, and in partial fractional differential equations. They
also provide upper and lower bounds to the solutions of the aforementioned
equations, [2I]. Also, there is a diversity of applications in mathematics,
statistics and physics, [22]. Particularly in g-analysis, various applications
have been established in partition theories, combinatorics, exactly solvable
models in statistical mechanics, computational algebra, theory of geometric
functions, optimal control problems, g-differential and g-integral equations
[, [13], [16], [19].

In this work a new Gruss-type inequality is established and some special
cases are derived.

1.1. Notions of fractional integral inequalities. In this section we con-
sider some definitions, the Cauchy-Schwarz inequality for g-double integrals,
the Griiss inequality, to derive our results. Also some recent results, related to
fractional integral and fractional g-integral inequalities are presented, which
are useful to emphasize our results.
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DEFINITION 1.1.  Two functions f and g are synchronous in [a,b], if
(f () = F(y) (g (x) —g () = 0, for all z,y € [a,b], [2].

DEFINITION 1.2. If ¢ € R is fixed, a subset A of C is called g-geometric
if gz € A wheneverz € A, [1].

DEFINITION 1.3. A function f which is defined on a ¢-geometric set A,
0 € A, is said to be g-regular at zero if li_>m f(zqg™) = f(0) for all z € A, [1].
n o

DEFINITION 1.4. A function f defined on [0,a] is called g-absolutely
continuous, that is f € AC,[0,a], if f is g-regular at zero, and there exists

K > 0 such that 3 |/ (tg?) = f (t¢?*h)| < K for all t € [ga, a], [I].
j=0

1.1.1. Cauchy—Schwarz inequality for double qg-integrals. Zhu et al.
[24] considered the set Ty, = {t : t = toq", n € No} U {0}, where ¢ty € R, and
0 < g < 1, and established the basic analogue of the Cauchy-Schwarz inequal-
ity for double integrals, as follows:

Let f(z,y), g(z,y) and h(z,y) be three functions defined on T7 with
h(x,y) > 0, then

tt 2
(ffh (z,y) f(z,9) g (z,y) dqxdqy> <
00

0
Ofth (x,y) g% (z,y) dgrdgy.  (4)

1.1.2. Griiss inequality: In 1935 Griiss established the inequality that pro-
vides an estimate of the difference between the integral of the product of two
functions and the product of their integrals, as follows

’( b—a) / /= (bia)/abf(x)d%"(bia)/abg(x)dx

<< ( m) (P —p), (5)

where f and g are two synchronous integrable functions on [a, b] satisfying the
conditions

m < f(x) <M, p<g(z) <P; mMpPeRx € [a,b] (6)

Many researchers have established new generalizations of the Griiss in-
equality [5], [6], [7,[8,9], [14], [I8], [24]. In 2010, Dahmani et al. [5] generalized
the inequality using the Riemann-Liouville fractional integral as follows:
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Let f and g be bounded integrable functions defined on [0, 00), such that
m< f(t) <M, p<g(t)<P; mMp,PeR,te[0,00), then for a > 0

090 = O )
o 2
< (srisy) Mr-m@-p), M)

where Jf (t) is the fractional integral operator of Riemann-Liouville type of
order a > 0, for a function f € C,, (x> —1) defined by

J% (x) = I‘(loz) /OI (x—t)* Lo (t)dt, Re(a)>0,

with C, = {f(m) =aPf(z); p>a, fe C[O,oo)}.
2. Main results
The following theorem will be useful to obtain the Griiss type inequality.

THEOREM 2.1. Let h be a gq-absolutely continuous function on [0, c0) and
p, P € R, such that p < h(z) < P, for all x € [0,00), then

I [ py (M, 1), (@i Ai)y oy ] i [ p, (M, 1), (ai, Ai)y g ]

(B, B, (Bjs Bji) s
o (s[5 )
B[GA e e ) 0
X (P =h(z))(h(z)=p), (8)

Ai, Bj e RY M € Ng,Re (o) > 0,Re (Bj) > 0;i =1,...,7 — 1,

j=1.,8nEN,peC0<qg<1,35_ B~ > {A; >0,z >0

P roof. Let h be a g-absolutely continuous function on [0, c0) and p, P €
R, such that p < h(z) < P, for all z > 0.
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On the other hand, Kalla [I8] established the following result, valid for
any u,v € [0,00):

(P =h(u) (h(v) =p) + (P =h(v) (h(u) = p) = (P —h(u)

(9)
x (h(u) —p) = (P = h(v)) (h(v) —p)

(10)
= h? (u) + h?* (v) — 2h (u) h (v). (11)

Multiplying both sides of by

T * (alaAl)7"'a(aT—1?AT—1)7(_M7 1) ' nu]
To(M+1) "7 | (B1,B1), ., (Bs, Bs) ’

Ai, Bj € RT, M € Ny, Re (a;) > 0,Re (8;) > 0;
1=1,..,r=—1,7=1,..,s,

neN,peC,0<q< 1,ijlBj—Z§;11Ai20,ue (0,z),z >0,

u
q, q”]
X

we get
.,L.fpflup (ahAl)7"‘7(ar—17A7“—1)7(_M71)

e

(B1,B1) 5 .., (Bs, Bs)
x {(P = h(u)(h(v) —p)+ (P —h(v))(h(u)—p)

—(P=h(w)(h(u) —p) = (P =h())(h(v)=p)}

x‘ﬂ_lup ¢* [ (alaAl)7-"7(aT—17AT—1)a(_M7 1)

m (81, B1) ;- (Bs, Bs)

u
q, q"]
X

Developing and later integrating the variable u from 0 to x we have

x {h*(u) + h* (v) — 2h (u) h (v)} .
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u
q, q”]
X

xr -1 z 6]

02| (P =) (b () - ) -
g, q"ﬂ

p=PL * «| (a1, A1), .,
X (P —h(u)) (h(u) —p)dqu—wm/o ul [ (Bi,Bi),---,

it | (P =) (h(0) - p)dy

(ahAl) PIRRRD) (a’r’—lv AT—I) ) (_M7 1)

x—PL v
_ u” ri/):
Ly (M + 1)/0 (B1,B1) ..., (Bs, Bs)

(047»_1, Ar—l) N (—M, 1)
(Bs, Bs)

:L'_p_l * * (alaAl)w“a(arflaAT*l)a(_le)
Fq (M+ 1)/0 u’ Tws |: (ﬁlaBl)y'“a(ﬁ&BS)

(aT—lv Ar—l) ) (_Mv 1)
(Bs: Bs)

zP1
L, (0 +1)

T T (@ AL (@, A1) (=M, 1)
X/o u s [ (1, B1) o (Bos B)

u
q, q"]
X

2 xipil /$ p * (alyAl)a'”v
x (u) dqu+ Fq (M+1) 0 Y T¢S (ﬁhBl)a"'?

(a'r—laA'r—l),(—M,l) Lp—l
(687 Bs) Fq (M + 1)

nt
44 x}

q, q"u} h? (v) dqu — 2
X

r « | (a1, A1), (ape1, Arr) , (=ML 1)
XA1””%[thnwww&&>

xh (u) h(v) dgu.
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Using yields

py (M 1), (s Ai)y oy
7] o (P~ (@) (h(v) — p) +
=5 Gy, |
g o
X h? (v) =217 [ fﬁj(]\éjl))l ’fai’ Air ] h(x) h(v).

Now, multiplying by

SU_p_lUp

1/}*|: (041,141),...,(arfl,Arfl),(—M, 1) ' n’U:|
Ty(M+1) "7 [ (B1,B1), (Bs, Bs) ’

AZ‘,B]' S R+,M € Ng, Re (Oz,) > 0,Re (ﬂ]) > 0;
1=1,..,r—1,7=1,..,s,

neN,peC0<q<1,Y B —Yi|A>0,0€(0,z),2>0,

and integrating over v from 0 to x we obtain

n| P (M’ 1),(0&2‘,141')177“_1 — h(x
g [ (B By, ] (P he)
P, (M7 1) > (ai’ Ai)l,r—l

17 (h(x) - p)

(85 Bj) 4
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[ P (Ma 1) ) (ai7 Ai)l,r—l

T (8.8, (o) =)
1| Gy [ e - @) )
[ G o
55 G, |
x| gy e | e -h@) (@) -
O
Hier e O
e L TR
gk
<ai | Gy, e
The result of Theorer7n 5 is obtained. a

By means of the following theorem we introduce the new fractional g-
integral inequality of Griiss type.

THEOREM 2.2. Let f and g be g-absolutely continuous functions on
[0,00), I, L,p, P € R, such that | < f(x) < L,p < g(x) < P and I} () a
fractional g-integral operator as defined by , then

o[ P (ML), (s Ai)y oy ] n [ ps (M, 1), (ciy Ai)y oy
s [ (85 Bj)y 5 W1 (85 Bj)y s

> f (as)g (IL‘) _ I;L [ ?é](f\gjl))la (ai,Ai)l,r—l :| f (IL‘)
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n P (M’ 1),(041‘,_41') =
<1 [ CIN:n b ]g(x)
n |: Ps (Mv 1) ) (ai’Ai)l,r—l :| (1) 2
< o B 5 L-)P-p), (12

Ai,Bj e RY,M € Ng,n € N, p € C,Re(a;) >0, Re(B;) > 0;
i=1,.,r—1,j=1,..50<qg<1,
S 1B — YA > 0,2 > 0.

Proof. Let f and g be g-absolutely continuous functions on [0, c0),
l,L,p,P € R, such that | < f(z) < L,p < g(x) < P and any u,v € (0,z) the
following function is defined:

A(u,v) = (f (u) = f (v) (g (v) — g (v)). (13)
Considering o
RCEY
% (Oq,Al),...,(Ozr_l,Ar_l),(—M,l) nU
er}s |: (517B1)7---;(/85;B5> © 4 l':|
and R
G G
«| (a1, A1), (ap—1, A1), (=M, 1) nU
Xpthg [ ! 1(ﬁlyBl)a"1'a(/857lBs) 4,9 x] )

Ai,Bj € Rt M € Ny, Re (o) > 0,Re (Bj) > 0;i=1,...,r — 1,

s r—1
jzl,...,s,ZBj—ZA¢20,0<q< Lyu,v € (0,2),z > 0.
j=1 i=1

Multiplying both sides of by F (u,z)G (v,z), we have
F(u,z)G (v,z) A (u,v)

o w*[ (1, A1) 5oy (p1, Ar1), (=M, 1) ’ 2l
- Fq (M+ ].) "rs (/Bl)Bl)a"'a(BSaBS) h 4 x

x— P 1yP % (al,Al) ..,(ar_l,AT_l),(—M, 1) nU
“r,ar+1) Y [ (B1,B1) ey (Bs, By) 'q’q x]

X (f(u) = f(0) (g (u) =g (v).
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Integrating both u and v from 0 to x we have

//F(u,x)G(v,x)A(u,v)dqudqv
x P hyp
- e
«| (a1, A 1, (=M, 1
< i Eﬁf,Bb) oy Y
xP 1P o [ a1, A1),y (1, Ap) , (=M, 1)
T, (M + 1) | (B B1) s (Bs, By)
x (f (u) = £ (v)) (9 (u) — g (v)) dgudqo.

é q, q"ﬂ

The square of each member of the equality is calculated

’ xF (u,z) G (v,x) A (u,v) dgudqv i
0 Jo
([ [ s m

* (0517141)7---7(ar—17Ar—1)7(_M, 1) nu
Tws |: (/81731)7"'7(/887BS) ¢4 fL‘:|
e or (A e (1, At L (ML) |
“r,r+n) s [ (B1,B1) -, (Bs, Bs) ‘q’q ]
X (f (u) = £ (v)) (g (w) — g (v)) dgudgv)®. (16)

Applying the Cauchy-Schwarz inequality for double g-integrals given in (4} to
the right-hand side of yields

P~ L1yP

L wars
« | (a1, A1), .. (ar_1, A1), (—M,1
oot | (e Y
A 1Up *|: (alaAl) 7(aT—17AT—1)7(_M7 1) ‘ nv:|

Fq (M+1) (61731) 7(68738)

X (f (u) = f (v)) (g (u) = g (v)) dgudgv)*
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P 1yp
{[ [ ey

» 1/1*{ (a1, A1),y (o1, Ap) , (=M, 1)
nre (/81’31)3"'7(/887BS)

nt
4,9 x]

x x—p—lfuﬂ 1/}* |: (a17A1)7"'7(aT—17AT—1)7(_M?1)
Tg(M+1)""% | (B1,B1), .., (Bs, Bs)

X (f () = f (0)? dyudgo}
AL ey

* (Oll,Al) . 7(aT s Are ) (_M’l)
X< s [ (B1,B1), ., (Bs, B 15)

u
q, q"]
X

« =P 1yp w*|: (al,Al),...,(Ozrfl,ATfl),(—M,l)
Pq (M‘l‘l)r s (ﬁlaBl)a"'v(ﬁszs)

X (g (u) = g (v))? dgudyo}

After developing and applying on both sides of , we have

(r [0 o

n| Ps (Ma 1) ) (aia Az) =
qu[ TR 1]f<x>g<x>

n| Ps (Mal)v(aiyAi) r—
= [ (B, Bj)y o } /(@)
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2
" |: P (Mv 1) ) (OZi, Az)l r—1

q (B By ﬁm

(o o
| "M (“?'; A ] )
([ ﬁj, “1]f<x>>2)

el o

[p “1]92(;5)

‘@WMM&%ﬁMAme

By hypothesis, the following results are true

(L= f () (f(x)=1)) 20,(P—g(x)(g(x) —p)) =0,

then

m [ py (M, 1) (@i; Ai)y oy ] i [ p, (M, 1), (i, Ai)y oy ]

(Bj: Bj)i 5 (85 Bj)y s

X (L= f () (f(x) =1)) =0,

m [ py (M, 1) (ei; Ai)y oy ] W [ p, (M, 1), (i, Ai)y oy ]

(B> Bj)y 5 (B> Bj)y 5

x (P —g(x))(g(z) —p)) =0

439
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After suppressing in Theorem 5 the quantities given in , respectively, the
following results are obtained:

n| P (M71)7(O‘i7Ai)1,r71 n| P (Mal%(ai’Ai)qu 2 (p

Iq [ (BjaBj)Ls }(1)1(1 [ (ﬁijj)Ls / ( )
(39)

_ <In |: P (Mﬂl)v(ai7"4i)1,r—1 :| f($)>2

71 (BjsBj)y
(40)
W[ o (1), o, Ay,

= Iq [ (Bj’Bj)l,s o ]

(41)
n| P (M7 1) ) (ai7Ai) = .
=g | g e @ - (@2
and

n [ o (M 1), (i, Ai)l,r—l o [ o (M, 1), (i, Ai)1,r—1 2 (p

Iq [ (BjaBj)Ls }(1)1(] [ (BjaBj)l,s g (=)
(43)

_ <In |: Ps (le) ) (ai’Ai)l,r—l :| (l’)>2

T (Bj:Bj)y g g
(44)
n| P (M, 1), (a, Ai)l,r_1

= Iq [ (/Bj7Bj)1,s ]

(45)
W[ o (L) (0 A, )
<Py | ) M -, (46)

Using and the inequalities and , we get
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"B o

n| Ps (Mal)a(aiyAi) r—
cap| O e | pwg

n| P (M7 1),(062‘,141') r—
_Iq [ (BJ’BJ')LS o ]f<m)

n| P (Mal),(ai,Ai)LT_l 2
s [ (Bj> Bj)1 } 9(x)

< (m[ "0 =@

aap | P0G Gy e @ -0)

X (I; [ 4 (M’(lg)j:(g;)vii)l’r_l ] (P—g(x))

aap | PO G e @ -n).

then
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el

| PO 5]7 s Ao l]f(w)g(w)

n P, au 1r 1
I [ 53’ } f (@)
2

| o ﬁp s Ao ]g@:)
=i (M’Sﬁl-: %if';i”“* Jre

x < I [ p (M,(lﬁ)j,, 530?)’ iih,r_l } £ @)
e
(e [ o

1 IS e PO
(e[
—oty | O G A ),

Using the elementary inequality 4ab < (a + b)2 ; a,b € R, we have:

[P o

n| P (M7 1),(041‘,14@') =
- [ (Bi> Bj)1 o ]f(x)

(5[

n P (M’ 1) ’ (aia Az) r—
s [ (855 Bj)y 5 o } (1)



A GENERALIZED ¢-GRUSS INEQUALITY ...

<(m | "Gy (L—z))2

and
! (PI‘? [ : (M’(lﬂ)j’, (jgoj)’ii)“‘l } (1)
o TR P
x (I‘? { a (Mj(lﬁ)j: g)’i")lw—l ]g(x)
oty |G
< ([ 7O G A )
Therefore,
| (M, 1), (ai, Ai)y 4 o
i[n[[ (faJ&M >1) (O‘“Az)lm1]] -
(85, Bj), x)g(x)
| Gy | o
x I [ ,E)’ﬁj(',]\é,ji;(aiﬂ%)lm_l ] g(x)2
<@ (5 fsy " o (L—l)>2
(] Gymy e > )

After extracting the square root, we get .

443

Forr=s+1, A4, =B;=1and a; = 5; + m; in , after using the
following result is deduced:

COROLLARY 2.1.

Let f and g q-absolutely continuous functions on [0, ),
l,L,p, P € R, such that | < f(z) < L, p < g(z) < P and Ly () a fractional
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g-integral operator as defined by (@, then

‘Lg{M7 617 627 "'7/85a Ps 1M1, M2, ey M 1}Lg {{M7 517527 S) 6S7p7
My, M2, ..., Mg f (.’L’) g (.T)} - LZ {{Mv ﬁlvﬁ?a "'7ﬁs>p7m1a ma, ..., Ms;

f(x)}LZ{Maﬁlvﬁ%'“vBS?pv m17m2>"'7m8;g($)}‘
LM, p1, B2, ..., Bs, p, M1, M2, ..., mg; 1 2
§< d M, B, B2 552;0 1,M2 s }> (L—1)(P—p) (47)
M,m; € Ny, Re (,31) #£0,-1,-2,..;i=1,...,s,ne N, p e C,
O0<g<l1l, z>0.

Forr=s+1,A4;,=B;, a;=pfi;i=1,....,8,n=M,p=0in we deduce
the following result:

COROLLARY 2.2. Let f and g g-absolutely continuous functions on [0, 00),
I,L,p,P € R, such that | < f(x) < L, p < g(z) < P and JM*'f(z) is a
fractional g-integral operator of Riemann-Liouville type, then

M M+1 M+1 M+1
qu f(x)g(z)— Jq f () Jq g (z)
M+ 2
< (m i) E-0P-D), (48)

r>00<qg<1, MeN.
Forr=s+1, A; = B;, aizﬁi;izl,...,s,n:M—i—linweget

COROLLARY 2.3. Let f and g g-absolutely continuous functions on [0, 00),
I,L,p,P € R, such that | < f(x) < L, p < g(x) < P and Ig’MHf(a:) is a
fractional g-integral operator of Kober type, then

Lg(p+1
‘rquﬁplﬂ’mlf (2) g (@) = M1 () I g ()

Fq(P"'l) 2
< (s atig) -0 -» (49)

x>0,0<qg<1, MeNyRe(p) >—1.
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