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Abstract

At the 1953 Scandinavian Mathematical Congress, M. Hjortnaes presented
the following transformation of >"72; 1/k* = ((3) to a definite integral: ((3) =

/log[(1+\/5)/2}

10 t?cothtdt. We show that a similar formula holds for ¢(2),

0
10 [losl(1+v5)/2]

3
integrals as Hjortnaes integrals. Based on the known exact values of the first

two polylogarithms, we derive corresponding Hjortnaes integrals and also some
series representations.

namely ((2) = t cothtdt, and refer to the above and related
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1. Introduction

The dilogarithm Lis(z) and the trilogarithm Lis(z) are defined initially
for |z] <1 by the absolutely convergent series
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22 " Li oz 22 2"
2_24_...4_?4_...7 13(2)_ﬁ+2_3_|_...+
and then continued analytically to the whole complex plane via

Lig(z) = — /0 det, Lig(z) = /0 ’ Lizt(t) dt.

As usual, we denote by ((z) the Riemann Zeta function which is the analytic

. z
ng(z):ﬁ—k $+7

o0
1
continuation of the series E —,R(s) > 1 to all complex z # 1.
n

n=1
2

With a remarkable tour-de-force, Euler has shown that ((2) = % = Lia(1)
4

(the Basel Problem), ((4) = 79T_O’ and in general
(_1)n+1B2n n
((2n) = W(%)z ; (1)

where Bs,, are the Bernoulli numbers.

At the Twelfth Scandinavian Mathematical Congress in 1953, Margrethe
Munthe Hjortnaes presents (see [1]) an interesting transformation of the series
S22 1/k3 to a definite integral, namely the relation

¢(3) =10

log[(1++/5)/2]
/ t? coth t dt, (2)

0
which she proves through utilization of Euler’s transformation of series. As
far as we can tell, it was Lewin [2] who observed that (2) can be proved
using the trilogarithm. Motivated by these results, we prove that a similar
representation holds for {(2) :

10 [losl(1+v5)/2]
¢(2) = 3/
0

and study more generally the integrals:

log
/g tcothtdt, o€ {¢,\/6,v2},
0

tcothtdt, (3)

log 3
/ t?cothtdt, B e {¢,V2},
0

1+5

give rise to some additional formulas stemming from the known values for Lisy

where as usual we denote by ¢ the golden ratio . The above integrals
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and Liz and also to some interesting series. All necessary preliminaries can be
found in [2], but we shall reprove some results for completeness.

2. The results

For the proof of formula (3) one needs the exact value

Li2(%) = 2Lis(1) ~ log*(6). (4)

Recall the main functional equations for the dilogarithm:

1) Lis(z) + Liz(1 — ) = Lia(1) —log(z)log(1 —z) (Reflection Formula) ;

1
2) Lig(—x) + Lig( f_ 1) =-3 log?(1 +2) (Landen’s Formula) ;
x

3) sLiz(2?) = Liy(x) + Liz(—z)  (Factorization Formula).

Eliminating Liz(—=) from Landen’s formula and the Factorization theorem
gives
Liz(%) + 1Lis(22) — Lig(z) = — Jlog2(1 + ). (5)
x
Note the similarity between (5) and the three-term Landen’s relation for Lis
[2, p. 155, (6.10) & (6.4)].

. 1 .
=22 is = E, and one obtains

The solution to a:
+1
3L- 1 Li 1 _ 11 2

5 12(@) - 12(@) = —5log (9).

Taking =z = in the reflection formula gives

¢

Li2<#) = —Liz(%) + Liz(1) — log (%)bg (%)

which, when substituted in the previous equation reduces it to (4). Note that

2

(4) does not depend on the fact that Liy(1) = e

log v 14+ e—2t

Take the integral / tcotht dt, rewrite cotht = =g and change
—e

0
the variable to x = 1 — e~ 2*. This gives

_%/OAlog(l—m)E—F " e, (6)

1—x
where a € {¢,V/9,V2} = A€ {%,%,5

}, in the same order.
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The integration in (6) is easily performed, and the result is
log o 1 1
/ tcothtdt = §Li2(A) + 5 log?(cv). (7)
0

log 8
Similarly (cf. [2, (6.15)], the integral / t2cothtdt, B € {p,V2} is

0
evaluated in terms of trilogarithms and dilogarithms.

From the exact values for Lis and Lig (given in Appendix 1), one readily
obtains the following formulas:

log ¢ Lid 7T2 3
tecothtdt = — = —((2
| e T = o), 3)
log /¢ 7T2 3
tcothtdt = — — Zlog? 9
| reothrdr = T~ Shog® )
log\/§ 7T2 1 9
htdt = — — = log? 2 1
/0 t cothtdt 51 508 2 (10)
and
log ¢ 1
/ t?cothtdt = —((3), (11)
0 10
log\/§ ) . 1 1 5
= — —log32. 12
]ﬁ  cothtdt = 150(3) ~ g7 o (12)

Next, we recall the power series expansion:

> 2\ 2n
zcothzanZ:%CQn)(;) .zl <

log o

log 8
Integrating tcoth t dt and / t? coth t dt termwise, and using Euler’s
0

0
relation (1), we obtain the interesting sums

& 22”-8271 (log ¢)2n+1 B 7'('2
— (2n)!  2n4+1 20

i 22" By, (log ¢)*" 2 ((3)
~ (2n)! 2n+2 10

and, after some rearrangement,

2 3
Bl%0  3p (log¢)” o (log¢)

(lOg ¢)n+1 7T2
1! 2 Y

m+1)! 15

+ B
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log 2 (log 2)? (log 2)3 (log 2)"*+1 w2
B - B B SRR = A S = A R
o T T N s TR 12’
(log 2)° (log 2)® (log 2)* (log 2)"+2 ¢(3)
B - B B AU > U =B A I 1 A
7012 O T T TR A b ) B 4

The last three series are notable for involving all of the Bernoulli numbers
and not only the even-indexed ones. The interested reader may see [3] for some
other Zeta series having the golden ratio in the coefficients, and the recent
paper [4] for a one-line solution to the Basel problem. The book by Srivastava
and Choi [5] may also be recommended as it contains a rich collection of zeta
series summing to various mathematical constants.

Appendix 1.

Exact values for Lis and Lig :

Lig(\/g_ 1) - Lig(l) = T _log¥(¢),

2 ) 10

. (3—+5 ! LS 2
(2525) - () - 5 - st

1 1 1oy w1,
Lip(5) = 3Li2(1) — 5108%(2) = 75 — 5 log*(2),

and

1 4 2 2
L“”(E) = =Lig(1) + 5 log*(#) — 77 log(9),
1y T 1, 1,
L13(§) = §L13(1) 157 log2—|—glog (2).
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