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Abstract

In this paper, we study the spatial Tricomi problem for a three-dimensional
equation of mixed type with a singular coefficient in a domain whose elliptical
part is a quarter of a cylinder, and whose hyperbolic part is a triangular right
prism. The study of the problem is carried out using the method of separation
of variables and spectral analysis. The solution to the considered problem is
constructed as a sum of a double series. To justify the uniform convergence of
the constructed series, asymptotic estimates of the Bessel and Gauss functions
were used. On their basis, estimates were obtained for each member of the
series, which made it possible to prove the convergence of the resulting series
and its derivatives up to the second order inclusive, as well as the existence
theorem in the class of regular solutions.
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1. Introduction. Problem statement

The study of boundary value problems for mixed-type equations is one of
the central problems of the theory of partial differential equations of its applied
importance. For the first time, F.I. Frankl [1] found important applications of
these problems in gas dynamics, and I.N. Vekua [2] pointed out the importance
of the problem of mixed-type equations in solving problems arising in the
momentless theory of shells.

So far, the studies of boundary value problems for mixed-type equations
with singular coefficients have been carried out mainly in the case of two
independent variables. However, such problems in three-dimensional domains
remain poorly studied.

The Tricomi problem for a mixed elliptic-hyperbolic equation in three-
dimensional space using the method of integral Fourier transform was first
studied in [3]. After this work, a number of works appeared in which boundary
value problems for various elliptic-huperbolic equations in three-dimensional
domains were considered (see, for example, [4], [5], [6], [7], [8], [9], [10], [L1],
[12]).

In this paper, we study the spatial Tricomi problem for a three-dimensional
mixed type equation with singular coefficient in a region whose elliptic part is
a quarter cylinder and whose hyperbolic part is a triangular straight prism.

Let Q={(x,y,2): (z,y) € A, z€(0,¢)}, where A is the
finite one-connected domain of the plane Oy, bounded for y > 0 by the arc
o9 = {(:E,y) 2?4yt =1,2>0y> 0} and segment OM = {(x,y) : x = 0,
0 <y <1} and for y < 0 by segments OQ = {(z,y) : v +y=0,0<x <1/2}
and QP = {(z,y):z—y=1, 1/2<2<1},0 = 0(0,0), M = M (0,1),
P=P(1,0),Q=Q(1/2,—-1/2).

Let us introduce the notations: Qp = QN (y > 0), % =QN(y <0), Ag =
AN(y>0),A1=AN(y<0), S ={(z,y,2) : 00 x (0,0)}, S1 = {(z,9,2) :
OM x (0.0)}, S = {(@.5,2): 0@ x 0.}, S5 = {(2.9,2) : 2N (z=0)},
Sy ={(z,y,2) : QN (z=¢)}.

In the domain € consider the equation

2
Ugz + (sgny)Uyy +U,, + gUz =0, (1)

where ~y is parameter such that v € (0,1/2).

In the domain Q equation (1) belongs to a mixed type, namely in the
domain g elliptic type, and in the domain £2; — hyperbolic type, and z = 0
are the planes of singularity of the equation, and when passing through the
rectangle Qg N € the equation changes its type.

We investigate the following problem for equation (1) in the domain €2.
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Problem T (Tricomi problem). Find a function U (x,y, z), satisfying
in the domain Q equation (1) and the following conditions:

UeC(Q)NCor2(QuU), Uy, Uy, 27U, € C (), (2)
U (m,y,z)|50 =F (mvyvz) ) (3)
Ulz,y,2)ls, =0, Ul(x,y,2)|5, =0, (4)
Ulz,y,2)|5, =0, U(z,y,2)|5, =0, (5)
as well as the gluing condition
Uy (z,—0,2) =Uy (z,40,2), 2€(0,1), z2€(0,c), (6)

where F (x,y, z) is a given function.
Note that the considered problem at v = 0 was studied in [13].

2. Construction of particular solutions of equation (1) in the
domain of hyperbolicity and ellipticity of the equation

We find nontrivial solutions of equation (1) satisfying conditions (4) and
(5). Separating the variables by the formula U (z,y,2) = w(x,y) Z (%), from
equation (1) and boundary conditions (4) and (5), we obtain the following
problems:

Weg + (SgY)wyy — Aw =0, (x,y) € AN{z >0}, (7)
w(0,y) =0, ye (0,1); w(x,—z)=0, x€][0,1/2], (8)

2" (2) + 2772’ () +AZ()=0,Z2(0) =0, Z(c) = 0,2 € (0,).  (9)
Problem (9) has nontrivial solutions of the form [14], [15], [16]
Zm (2) = z1/2—7J1/2_7 (omz/c), m € N, (10)
where J; (z) is the Bessel function [17] and o, m is the positive root of the
equation, Jy/5_, <\/XC> =0, A\, = (am/c)z, m € N.
According to [17], the system of eigenfunctions (10) is orthogonal and
complete in space Ls (0,c) with the weight z27.

Now, consider the problem {(7),(8)} when A = A, in the domain Ay, i.e.,
consider the following problem:

Weg — Wyy — Apw =0, (x,y) € Ay, (11)

w(z,—z)=0, z€][0,1/2]. (12)



76 K. Karimov, A. Shokirov

We search the solution to this problem in the following form
w(z,y) =X ()Y (), (13)
where & = /22 — 32, n = 22/€2
Then, with respect to the functions X (£) and Y (n) we obtain the following

conditions, X (0) =0, ' ll)l}_l Y ()| < +o0 and equations
n oo

EX"(E) +EX () — [Mn€® +p] X (§) =0, £>0, (14)

n(1—=n)Y"(n)+[1/2=nY"(n)+ iuY (n) =0, n>1, (15)

where 1 € R is the parameter of the separation.
Solutions of equation (14) satisfying the condition X (0) = 0, exist at 4 > 0
and they (with accuracy to a constant multiplier) have of the form [17]

X (g) =1, (Umg/c) , meN, (16)

where w = /I, I; () is the Bessel function of an imaginary argument of order
[ [17).

(15) is a hypergeometric Gaussian equation [I8]. Its general solution is
defined by the formula [18]

Y (n) = cm_w/2F(w/2, 1/24+w/2,14+w;1/n)+

tean*/PF (~w/2,1 —w/2,1 —wi1/), (17)
where c1, co are arbitrary constants.
w > 0 it since follows from (17) that in order to obtain the function

bounded at n — +00, we need to put co = 0 in the formula, as a result of
which, we get

Y () = e @PF (w/2,1/2 + w/2,1 +w; 1/n). (18)

Consequently, continuous and nontrivial in A; solution of the problem
{(11),(12)}, according to (13), (16) and (18) are defined by the formulas

Wy, (2,Y)

= cun”F (0/2,(1+w) /2,1 + w; 1/n) Ly (om€/c), (19)
where ¢; # 0, m € N.
Hence, we find

T () = lim w, (z,y) = c12¥1, <ULCx) , z€l0,1],

y——0
L, (™2), z e 0.1),

where T' (z) is the Euler’s gamma-function [18].

2c1w

Vm (1‘) :y1—1>H—108_ywm (':Evy) = P
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Now, consider the problem {(7),(8)} in case A = A, in the domain Ay,
i.e., consider the following problem:

Weg + Wyy — Apw =0, (x,y) € Ao, (21)
w(0,y) =0, ye€(0,1). (22)

Separating the variables by formula
w(z,y) =Q(p) S (p), (23)

where p = Va2 +y2, o = arctg(y/z), from equation (21) and conditions
weC (Ao) , (22), we obtain the following problems:

Q" () + Q' () = |(omp/0) + 0| Q(p) =0, pe(0.1),  (24)
QO)] < +oc, (25)

S"(p) + 1S (p) =0, € (0,7/2), (26)

S (n/2) =0, (27)

where i € R is the separation constant.
We first study the problem {(24), (25)}. The general solution of equation
(24) is defined in the form [17]

Qm (P) = C3ILZJ (Ump/c) + C4KLZJ (O’mp/C) , PE [07 1]7 (28)

where @ = /Ji, c3 and ¢4 are arbitrary constants, K;(z) is a MacDonald
function of order ! [17].

It follows from (28) that solutions of equation (24), satisfying condition
(25), exist 1 > 0 at and they are defined by equations

Qm (p) = csly (omp/c), @ >0, m € N. (29)

Now, let us study the problem {(26), (27)}. The general solution of equa-
tion (26) is

S () = c5 cos (W) + cgsin (W) , (30)
where c; and cg are arbitrary constants.

Satisfying the function (30) to the condition (27), we obtain ¢ = k3 (@) c5,
where k3 (0) = —ctg (0n/2) . Substituting cg = k3 (@) ¢5 into (30) and assum-
ing c5 = 1 (this does not violate generality), we have

S (p) = cos (Wp) — ctg (wm/2) sin (W) . (31)

Based on (23), (29) and (31), we conclude that the continuous and non-

trivial in Ay solution of the problem {(21), (22)}, has the form

wy, (2,y) = c31z (amp/c) [cos (@) — ctg (Om/2) sin ()] , (32)
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where c3 #0, m € N.
Hence, by direct calculation, one can find

T () = lim w}i (z,y) = c31g (omz/c), @ € [0,1];
y—+0
0
+ = lim —w = 33
v () = lim 2w (@,9) (33)

= —c3@ctg (On/2) 2 g (omz/c), = € (0,1).

Then, based on U (7,y,2) = w(x,y) Z(z) and the notation introduced,
the following equations follow from the conditions and U (z,y, z) € C (Q) and

(6):

T (@) = 7 (), 2 €[0,1], (34)
(@), z€(0,1).
Substituting (20) and (33) into (34) and assuming w = @, we have a
homogeneous system of equations with respect to ¢; and c3:

{2“01 + ctgw—;q:, =0, (35)

2w01 — C3 = 0.

From the system (35), we find ctg% = —1. Writing out the solutions of

this equation and taking into account the condition w > 0 we find
wp=2n—1/2, n € N. (36)

Based on (36), the numbers p,, = w2, n € N are the eigenvalues of prob-
lems {(15), ll}ril Y (17)' < +oo} and {(26), (27)}.
n o0

Note that at w = w,, the function S (¢), defined by the equality (31), will
be written in the form

S () = V2sin [(271 - %) o+ ﬂ . (37)

In [19], it was proved that the system of eigenfunctions (37) forms a basis
in the space Ly (0,7/2).

Taking into account the above proved and equality (19), (32), w = @ = wy,
we conclude that the functions

Wnim (2,Y)
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( . 1 s
c3V/2sin [<2n - —> p+ —] X

2 4

(38)

are continuous and nontrivial in A solution of the problem {(7), (8)}.
Then, the functions

Unm (z,y, 2) = wpm (2,Y) Zm (2), ny,m € N, (39)

where Z,, (z) and wy, (z,y) are the functions defined by equalities (10) and
(38) respectively, continuous and nontrivial in €2 solutions of equation (1)
satisfying conditions (4)-(5).

3. Singularity of the solution of the problem T

Let U (x,y,2) = V (p,p, z) is solution the problem 7' in the domain
and satisfy the condition

Ve (p,0,2) = wnV (p,0,2) , (40)

where p, , z are the cylindrical coordinates, related to Cartesian coordinates
by the equations, p = /22 + 42, ¢ = arctg (y/z), z = 2.

In these coordinates, equations (1) and condition (3) are written in the
form

1 1 2
V,p+ ?VW + ;vp F V.. %v =0, (p,p,2) €9, (41)

V(17§072):f(907z)790€[0777/2]7Z€[07c]7 (42)

where @ = {(p,¢,2) : p € (0,1), ¢ € (0,7/2), 2 € (0,0)}, f (p,2) = F (cos p, singp, 2).
Using V (p, ¢, z) and eigenfunctions (10), (37), let us compose the following
function:

s} 7T/2

Com () = o / / V (9. .2) Sn (9) 22 Z (=) dipd, (43)
0 O

where d,, = 2/[CJ3/2_7 (O‘m)]z, n,m € N.
Based on (43), we introduce the functions

c—EQ 7T/2—€1

c1e2 <p>:dm/ / V (0,0,2) S () 25 2 (2) dipdz,  (44)

£9 €1
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where £ and 5 are sufficiently small positive numbers.
Obviously,

lim Z'}TELZ (p) = Cam (P) .

e1,62—0

2
From (44), we find <8_ + 12) 122 (p):

dp ~ pdp) "
9?2 1 a>
_ _|_ - 151?152
<5p pOp (°)
ET e 1
=d,, / / <—+——>V 0, 2) Sy 227, (2) dedz.
TRy (p,0,2) Sn () (2)dp

€1 €2

Taking into account equations (41), from the latter, we have

9% 1 a>
— 4+ —— Z;ﬁlz
<8p pOp (°)

Cc—EQ 7!'/2—81

:—(i—n;/ / ViooSn (@) de 22 7 (2) dz
£9 £1

7T/2—51

4, /

€1

c—eg

/ <sz - ?v) 22 Zy (2) dz] S, (@) de.

€2

Applying the rule integration by parts from the last, we obtain
2
P 10Y e,
dp ~ pop) "

:_C;_g% / {{VeSa () = VS (@]} 22

7/2—e1
[ V00 S (O)p § 2 ()
€1
7/2—e1
—~dp, / {1V (00.2) Zun (2) =V (pr10.2) 20 ()] 227} |22,

€1

—(ym/c)’ / V(pvsD,Z)zQVZm(Z)dZ}Sn(w)dso.
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Hence, passing to the limit as, e — 0, 2 — 0 and considering (2), (4),
(5), (27), (40) and boundary conditions of the problems (9), as well as the
notation (43), we obtain the equality
46 +1

p
Hence, the function (., (p) satisfies the differential equation (24) for p =

fin-
Moreover, due to the boundary conditions (3), it follows from (43) that
the function (,, (p) satisfies the following boundary conditions:

o)+ B - (Am - ’/j—) Com (0) =0, p e (0.1).

where
C 71'/2

Fom = dm / / £ (£22) S () 22 Zpn (2) dipd. (47)
0 O

Consequently, the function (,,, (p) , defined by equality (43), satisfies equa-
tion (24) at ji = p,, and conditions (25), (46). Therefore, by subjecting the gen-
eral solution (28) of equation (24) to these conditions, we find the coefficients c3
and c4:
c3 = fam/1lw, (Om/c), c4 = 0.

Substituting these values into (28), we unambiguously find the function
Cnm (P)

G () = Lus, (0mp/€) frum [ Lus,, (0m [ €). (48)

Now, we shall prove the following theorem.

THEOREM 3.1. If a solution to problem T exists if condition (40) is
satisfied, then it is unique.

P r o o f. For this, it is sufficient to prove that the homogeneous prob-
lem T, has only a trivial solution. Let f (¢,2z) = 0. Then f,,, = 0 for all

n,m € N. By virtue of this equality, it follows from (48) and (43) that
C 71'/2

[ [ V(psp,2) Sy (p) 2% Zy, (2) dedz = 0. Hence, by virtue of the complente-
00

ness of the system of functions (10) with the weight 227 in the space Ls (0, c)

w/2
and V (p,p,2) € C (Q) it follows that, [ V (p,¢,2) Sy (¢)de =0, n € N.
0

Given the completeness of the system of functions (37) in the space Ly (0, 7/2)
and V (p,p,2) € C <Q> , it follows from the last equality that V (p,p,2) =0

in Q.
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Using this equality and U (z,y,2) = V (p,p,2), it is easy to see that
U(z,40,2) =0, Uy(2,0,2) =0, z€[0,1], z€[0,q].
Then, by virtue of U (z,y,2) € C (ﬁ) , the following equations are true

U(x,—0,2) =0, Uy(z,—0,2) =0, =z €[0,1], z€0,c]. (49)

It follows from the results of [20] that the solution of equation
2y
Uge — Uyy +U., + 7Uz = 07 (ZL',Z/, Z) € Q1

satisfying conditions (49) is identically zero, i.e., U (z,,2) =0, (z,y, 2) € Q3.
Theorem 1 is proved. O

4. Construction and justification of the solution to the problem T

Substituting the values ¢35 = fum/Ly, (0m/c) to equality (38), and then
the obtained function in (39), we find partial solutions of the problem T in
the form of

U1’L+m (m7 y7 Z)? (x7 y7 Z) 6 QO? n7m e N7
Upnm (z,y,2) = B _
Unm(m7y7z)7 (xayaz)egla n7m€N7
where
Uajm (:L‘v Y, Z) = Zm (Z) Cnm (p) STL (90) 9 (1‘, Y, Z) € QOa (50)
Un_m (:L‘v Y, Z) = 2—wan (Z) Xnm (g) YTL (77) ) (:L‘a Y, Z) € le (51)
I n— m nm
Xy () = L2212 &/ o r (52)
Iyp_1/2 (om/c)
1\ 4 1 1 11 a2

and Zp, (2)Sn (@) fam and Coum (p) are defined by the equations (10), (37),
(47) and (48) respectively.

THEOREM 4.1. If f (p, z) satisfies the following conditions:
L f(p,2)€ C’é’,‘z (IT), where II = {(p, 2) : ¢ € (0,7/2), z € (0,0)};
i .

i Lo =0 Lrn

»=0

J J
III. 8_ (p,2)],—9 = 0, 8_

82'] 8zjf(g0,,2)|z:c:0,j:0,4
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Then the solution of the problem T exists and is defined by the formula

ZZ ':E Y5 %) (ac,y,z)EQO,
Ulz,y,z) =4 """ (54)

ZZ ':E Y5 %) (x7y7z)6(217

n=1m=1

where U}, (z,y,2), U,,, (x,y, 2) are functions defined by formulas (50) and
(51), respectively.

Before proceeding to the proof of this theorem, let us prove some lemmas.

Lemma 1. If v € (0,1/2), then the following estimates are valid with
respect to the functions Z,, (z), defined by equations (10), for z € [0,c| and
sufficiently large m:

| Zm (2)] < e52' 2 (o) ? 77, (55)
222", (2)| < colom) ', (56)
‘B§—1/2Zm (Z)‘ < 72 7 (om)* 7, (57)
9> 2g+10
where ¢j, j = 5,7 are positive constants, Bj = + ¢+19 is Bessel
2 y Oy
operator [21].
P roof. Let us rewrite the function Z,, () in the from
Zn(2) = o N0, ) P (o), (59)

I'(3/2=7)
where J, (2) is the Bessel-Clifford function [22]:

o0

2
Jy(2)=T(v+1)(z/2)7" Z ,,+{4)jl

The function J, (z) is even and infinitely differentiable. Moreover, we have
the equality J, (0) = 1 and the inequality |J, (z)| < 1 for all v > —1/2.
Considering this and 1/2 — a > 0, from equality (58), we get the estimate
(55).

o
Now, consider the function 2*7Z’,, (2) = 7mz1/2+7J_1/2_,y(

o
m? ). Let us
c

rewrite this function in the form

270 (2) = (o) PYEHVT (6, (59)
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where £ = 0,,z/c. The function 51/2%/*]—1/2—’7 (&) is bounded at the point
¢ = 0 and continuous at & € [0,+00). Moreover, by virtue of the asymptotic
formula of the Bessel function:

Jy (€) ~ <%>U2 cos (€= 20 - 7Y, (60)

for sufficiently large £, we have the estimate ‘{1/2+”/J_1/2_ﬂ/ ({)‘ < &¢g,
where ¢g = const > 0 is valid. Considering these properties of the func-
tion £Y/2H7J 4 /2~ (), it follows from (60) that for sufficiently large & the
inequality |2%7Z", (2)| < Z6(om/c) 2 TVET = Glom/c) 227 < clom)Y?, e,
the estimate (56) is valid.
It is known that the function Z,, (z) satisfies equation from (9) at A, =
(om/c)?. Tt follows that BE 1 2%m (2) = —(0m/¢)*Zm (2) . Then, by virtue of
evaluation (55), evaluation (57) is valid. Lemma 1 is proven. O

Lemma 2. [23] For sufficiently large m € N, the following estimate is
valid

—-1/2
a2y (0m)| 2 es(om) ™72 (61)
where cg is the positive constant.
Lemma 3. Let the conditions of Theorem 2 be satisfied. Then, for the
coefficients fnm,, defined by equality (47), the following estimate is valid:
| frml < cowp *(om) ™, (62)
where cq is some positive constants.
Proof. Let us represent the coefficient f,,;, in the form

fom = o [ Fu(2) 2134 13 (0mafe) d, (63)
0
/2
where F,, (z) = [ f(p,2)sin (wngo + %) dep.
0

First, consider the function F), (z) and for it applying the rule of integration
by parts four times, we obtain

1 p=n/2
Fn (Z) = __f (907 Z) cos (wngp + 77/4)
n =0
1 p=m/2
+—5 [ (0, 2) sin (wnp +7/4)
w2 =0
p=m/2

1
5 Fp (912) co8 (wap + 7/4)
wy =0
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p=m/2

1 .
——1 fopep (¢, 2) sin (wpp + 7/4)
wi =0
w/2
1 T\ 04
o sin (wnso+ ) P 21/ (v, 2) dop.
0
By virtue of the statements of Theorem 2, the non-integral terms in the

last term are zero. Hence,

/2
F,(2) = 1 / sin (wngp + ﬂ) 6844f (p,2) deo. (64)

4
Wn

4
Based on the conditions of Theorem 2, it is true 88—g04f (p,2) € C(II).

Taking this into account and |sin (wp,p +7/4)] < 1, we conclude that the
integral in (64) exists and F), (z) € C'[0,¢].
Now consider the coefficients f,,,, defined by equality (63).
Using the equality
c d
Ny (/) = === [y (omefe)|(65)

coefficient f,, we will write in the form

cdm d
fom = ——= - { 1/2+~/J_1/2_ﬂ/ (amz/c)] F, (z)dz.

0
Applying the rule of integration by parts, we obtain

fnm = _dm (C/Um) 21/2—“{']—1/2—“/ (O’mZ/C) Fn (Z)

+d, (¢/om) / z1/2+7J_1/2_7 (omz/c) F'y (2)dz. (66)

By virtue of the equality

Om? 22 d _
21/2+WJ_1/2_7 <_) =2 - - [z1/2 T j2—ny (sz/c)} ) (67)

c om dz

we rewrite equation (66) in the form

Jom = —dm (¢/om) Zl/2+’y']—l/2—’y (omz/c) Iy (2)

zZ=cC

z=0

m(c/om) Q/di /2_7J1/2_7 (Umz/c)] 2F, (2)dz.
0
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Hence, applying the rule of integration by parts again, we have

frm = —dm (¢/om) z1/2+7e]_1/2—~/ (omz/c) Fn (z)‘ 0

zZ=cC

+dm (c/am)2z1/2+7,]1/2_7 (omz/c) F'p (2)
—dm(c/crm)2 /Zl/2_’y<]l/2_,y (omz/c) (22’YF/n (z))/dz.
0

Taking into account the equalities (2*7F', (z))/ = zQVB;j_l/an (z) and (65),

2=0

let us rewrite the last equality in the form

fnm = _dm (C/O'm) Zl/2+’yJ—1/2_’Y (O‘mZ/C) I (Z)

zZ=cC

z=0
z=c

Hd (c/om) 2T (Omz /) Fly (2)
[ d
3 1/2 z
tdm(c/om) / - (V300 oy (ome )] Biy o (2) dz (68)
0
Taking into account formulas (65) and (67), we apply the rule of integration

by parts three more times to the integral in (68). As a result, equality (68)
takes the form

fam = dn { = (e/om) 225013 (2 /) o (2)

z=0

zZ=cC

2=0
z=c

+(c/on)* 2P Ty gy (Gmz/e) ' (2)

+ (C/am)3zl/2+7j_l/2_,y (omz/c) B§_1/2Fn (2) ‘Z

d .

2
_(c/am)5z1/2+”r,]_1/2_ﬁ{ (omz/c) [ny_m} F, (2)

+(c/om) / MV (omz/c)d%[ i_l/szn (z)dz}. (69)
0

Since the integral in (64) converges uniformly with respect to z, all deriva-

tives and operators acting on z functions F), (z), passes to functions f (¢, z).
Om?Z

By virtue of, z1/2t7J 5. (—22) € C[0,¢], J1/5_ (0m) = 0 and the condi-
12=v\ "¢ /2=

tions of Theorem 2, the non-integral terms in (69) are zero. Hence,

z=0

/ d

fom = dpn(c/o )5/21/%7,] 1 (o z/c)—[ z rF (2)dz.
nm m m —1/2—y \Ym dz y—1/2 n
0
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c
If we use equalities, 21/2+”/J_1/2_7 (omz/c) = azz'yZ/m (z), then the last
equality can be written as

c

Fom = (/)" / g (z)diz[ ;_1/2}21?” (2)d-. (70)
0

Using the operator decomposition B,j it is easy to see that

% {Bi—yzrf (¢,2)

_1/27

o 4y O 492 — 8y 03
= %f(% z) + 7@11(% z) + 7@]0(% z)
1292 — 12y 02 1292 — 12y 0
—T@f(% z) + T&f(% z).

Hence, based on the conditions of Theorem 2, it follows that

dr.,, 2 _
Bz ] Fe ecm).
Taking into account this and 2*7Z’,, (2) € C[0,c], we conclude that the
integral in (70) exists.
Substituting the function F), (z), defined by equality (64) into (70), we

have
C 7'('/2

6d
fom = [ [ sin (wnp+ ) #2727 (2
Wy op, 4
0 0

0r1.,, 2
X& |:B~/—1/2} foppp (0, 2) dpdz. (71)

By virtue of the condition of Theorem 2, it is true that

0 2 1 []
9z [B§—1/2} fle2) € CID),  foppp (p2) € C(I0).

Then

B 12 €C )L S (pr2) €C ().

Taking this into account, and
T O 2 _
sin (wngp + Z) z1/2+”’J_1/2_ﬂ/ (%) eC (H) ,

we conclude that the integrand is continuous in II, and the repeated integral
in (71) exists.

Based on the estimates (61), we obtain |dpm,| < c100m, where ¢19 = const >
0. Given this and estimates (56), from (71), we obtain estimates (62). Lemma
3 is proved.
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Lemma 4. For any n,m € N for functions (,m, (p), defined by equality
(48), it is valid to evaluate at p € [0, 1] :
|Cnm (p)| < Cllw7;40;b4’5v (72)
and at p € (0,1)

1
" om (P) + ;C’nm (p)| < 12 (of, +wi /p*) wyto (73)

where cq1, c19 are positive constants.

Proof. Tt is easy to see that I, (omp/c) is an increasing function. By
virtue of w, > 0 this function has zero at the point p = 0 and its maximum
is the point p = 1. If we take this into account, then from (48) by virtue of
(62), it follows the estimate (72).

Moreover, the function (., (p), defined by equality (48) satisfies the dif-
ferential equation (24) at 1 = p,,. Therefore, the equality

"o (0) + (1) ¢ () = (M + 11/ 0°) G (p) s p € (0,1) . (T4)
By virtue of evaluation (72), evaluation (73) follows from (74). Lemma 4 has
been proved.
Similarly, one can prove the following lemmas.
Lemma 5. For any n,m € N functions Xy, (§), defined by equality (52),
estimates (72) and (73) are valid.

Lemma 6. For any n € N for functions S, (¢), defined by equality (37),
the estimates are valid

190 (D)l < V2, |90 (9)| < V2wnate € [0,7/2], (75)
18" (0)| < V2wlatyp € (0,7/2). (76)

The fairness of the estimates (75), (76) follows easily from the property of
trigonometric functions.

Lemma 7. For any n € N for functions Y, (n), defined by the equality
(53), the estimates are valid

Yo ()] <cs, n>1, |Y'0(0)] < crawn, n>1, (77)

Y0 ()] < erswi, > 1, (78)
where c13, c14, C15 = const > 0.

Proof. By virtue of 0 < 1/n < 1, the function Y,, () is bounded. Using
the well-known formula [18]

% [°F (a,b,c;z)] = ax® ' F (a + 1,b,c; ), (79)
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from (53), we obtain
1\« 7, 14w 1
Y () = —-2(= joll el " 1w - )
m=-5()" F(Fe e ). e

From this equality, by virtue of 0 < 1/n < 1, the second estimate (77) follows.
Once again, using formula (79) from (80), we obtain

Y70 () = wn/2 (wn/2 + 1) (1/m)“"/*+2x

XF (wn/2+2,(14+wn) /2,1 +wn;1/n).
From the last equality, by virtue of 0 < 1/n < 1, follows the estimate (78).
Lemma 7 has been proved.

Proof of Theorem 2. According to (50) and (51), all terms of series (54)
satisfy conditions (4)-(6). Then to prove the theorem it is enough to prove
the uniform convergence of series (54) and series, 227V, V,, in Qo, as well as

1 1
series, V), + ;Vpa Bf,_l/gv Voo, Uge +

£
K cQyuUQyq.
According to [17], for sufficiently large m for m — one positive root of the
equation Jy /o (7) = 0, there is a relation

Ue¢, Uy and U, in any compacta

Om & TM. (81)

For eigenvalues w,,, approximate equations are valid

Wn AN (82)
According to the estimates (55)-(57), (72), (73), (75), (76), (81) and (82),
the series (54), 227V, V,, and in the region Qg are estimated by the numerical

series, respectively

S QS | 2l =1 21l = 1
0D i 12w L s 2oy X (89
n=1 m=1 n=1 m=1 n=1 m=1
. 1 . .
and the series, V,, + ;Vp, B;j_l /2V and Vi, are estimated respectively by
numerical series

19 Z ) Z €20 Z nd Z m2+“f’ €21 Z n2 Z m4+’y (84)

where ¢;, j = 16,21 are the positive constants.
Since both multipliers of the number series in (83), (84) converge, the series
(54) and the series 22V, V,, converge absolutely and uniformly to Qo and

the series, V,, + Vp, BZ V and V,,, converge on every compact K C ().

v—1/2
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Now consider the series (54) in the region Q. Given w,, > 0 it follows that
27 < eo9, €99 = const > 0. (85)

According to estimates (55)-(57), (72), (73), (77), (78) and (85), the series
(54) and 227U, in the region €); are estimated in absolute value by the following
products of numerical series, respectively

o0 o0 o0 o0
c93 E n~? E m =47, co E n?4 E m~4 (86)
n=1 m=1 n=1 m=1

1
and the rows, B i—l /2U y Uee+=Ug, Uy and Uy, are numerical rows, respectively

§

00 00 00 00
Ca5 E n~4 E m=277, e E n=? E m277, (87)
n=1 m=1 n=1 m=1

00 00 00 00
ca7 E n=3 E m~477, cog E n=? E m~ 47, (88)
n=1 m=1 n=1 m=1

where ¢;, j = 23,28 are positive constants. Both multipliers of the numerical
series in (86)-(88) converge, then the series (54) and 2*7U, converge abso-
lutely and uniformly in to €1 and the series, B§—1/2U (,y,2), Uee (v,y,2) +

1
EUg (x,y,2), Uy (x,y, 2) and Uy, (,y, 2) converge on every compacta of K C

Q. Therefore, the function U (x,y, z), defined by row (54), satisfies all the
conditions of the problem T. Theorem 2 is proved.

5. Conclusion

In this work, in a mixed domain, for which the elliptic part consists of
a quarter cylinder and the hyperbolic part of a triangular straight prism,
the Tricomi problem is studied for a mixed type equation with a singular
coefficient. The method of spectral analysis has been used to prove the unique
solvability of the problem posed. The solutions to the considered problem
in the areas of hyperbolicity and ellipticity of the equation are constructed
in the form of a double series. When justifying the uniform convergence of
the constructed series, asymptotic estimates of the Bessel functions of the
real and imaginary argument, as well as the properties of hypergeometric
Gauss functions, were used. On their basis, estimates were obtained for each
member of the series, which made it possible to prove the convergence of the
resulting series and its derivatives up to the second order inclusive, as well as
the existence theorem in the class of regular solutions.
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