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Abstract

In this paper, we establish the nonlocal controllability of mild solutions of
partial functional evolution equations with state-dependent delays in Fréchet
spaces. We give sufficient conditions to obtain the nonlocal controllability of
mild solutions by using Avramescu’s nonlinear alternative to for the sum of
compact and contraction operators in Fréchet spaces, combined with semi-
group theory.
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1. Introduction

We demonstrate in this paper the controllability of mild solutions defined
on the semi-infinite real interval J := [0, 400), for a class of first order semi-
linear functional differential evolution equations with infinite state-dependent
delay and with nonlocal conditions in a real Banach space (E, |-|). In Section 3,
we consider the following nonlocal semilinear functional differential evolution
equation

y'(t) — At)y(t) = Cult) + f(t, Yptyy), a-e. tEJ, (1)
y(t) = @(t) - ht(y)v le (_0070]7 (2)
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where B is an abstract phase space which will be defined later; ¢ € B, f :
JxB—E p:JxB—Randh; : B— E are given functions; the control
function w(-) is given in L?(J, E) is the Banach space of admissible control
function; C' is a bounded linear operator from E into E and {A(t)}ies is a
family of linear closed (not necessarily bounded) operators from E into E
which generates an evolution system of operators {U (¢, 3)}(t7s)e Jxg for s <t.
For any continuous function y and any ¢ € J, we denote by y; the element of B
defined by y:(8) = y(t + ), for § < 0. Here y;(-) represents the history of the
state from time ¢ < 0 up to the present time . We assume that the histories
yr belong to B. Then in Section 4, we illustrate by an example the previous
abstract theory obtained.

Functional and partial functional differential equations have been used to
model the evolution of physical, biological and economic systems, where the
response of the system depends not only on the current state but also on
the system’s past. In recent decades, many authors have extensively stud-
ied the existence and uniqueness of mild, strong and classical solutions to
semilinear functional differential equations using semigroup theory, fixed point
arguments, degree theory and non compactness measures. For example, we
mentioned the books of Ahmed [4], Pazy [26] and Wu [28]. When the delay
is infinite, the concept of the phase space B plays an important role in the
study of both qualitative and quantitative theory. A common choice is a semi-
norm space satisfying the appropriate axioms, which is introduced by Hale
and Kato in [21I]. The problem of controllability of linear and nonlinear sys-
tems represented by ODEs in finite-dimensional spaces has been extensively
studied. Some authors have extended the concept of controllability to infinite-
dimensional systems with unbounded operators in Banach spaces. Quinn and
Carmichael [27] showed that controllability problems can be transformed into
fixed point problems. Using fixed-point parameters, Benchohra et al. ex-
amined many classes of functional differential equations and inclusions and
presented some controllability results in [7]. Baghli et al. considered the ex-
istence, uniqueness, and controllability of mild solutions to various evolution
problems with finite and infinite delay in [2], [10]-[I5]. However, in recent
years, complex cases where the delay depends on an unknown function have
been proposed in modeling. These equations are often referred to as state
delay equations. We refer readers to the work of Abada et al. [I] and Baghli
et al. in [5, 6] O 16]. More recently, Baghli and Mebarki provided results for
the existence of mild solutions to the class of neutral-type integral-differential
evolution inclusions constraints with infinite state-dependent delay in [25].
Byszewski introduced the concept of nonlocal constraints in [I8, [19] to ex-
tend classical constraint-based problems. Nonlocal constraints represent their
usefulness in describing certain physical phenomena. Nonlocal constraints are
implemented in physics due to their better efficiency compared to classical
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initial constraints. Furthermore, due to the accuracy of non-local constraints,
they are largely involved in boundary value problems. In recent years, several
papers have been devoted to the existence of solutions to differential equations
with nonlocal conditions as in [17), 24].

Our aim in this paper is to extend Baghli et al. controllability results
obtained specially in [5] earlier for our nonlocal problem ([I)—(2). We use
Avramescu’s nonlinear alternative method [8] for the sum of compact operators
and contraction maps in Fréchet spaces, combined with semigroup theory [4]
20], to provide sufficient conditions for the existence of mildly controllable
solutions.

2. Preliminaries

In this section, we introduce notations, definitions and theorems which are
used throughout this paper.

Let C(J, E) be the continuous functions space from J into E and B(E)
be the all bounded linear operators space from E into E, with the norm:
IN sy = supd|N(y) : Iyl = 1}.

A measurable function y : J — FE is Bochner integrable if and only if
ly| is Lebesgue integrable. Let L'(J, E) be the Banach space of measurable
functions y : J — E which are Bochner integrable normed by: ||y||;1 =

+00
o ly()ldt.

Let X be a Fréchet space with a semi-norms family {|- ||, }nen. We assume

that the semi-norms family {| - ||,,} verifies:

|zl < [lz]l2 < ||lz||s < -+ for every z € X.

In what follows, we assume that { A(t) }+>0 is a closed densely defined linear
unbounded operators family on the Banach space E and with domain D(A(t))
independent of t.

DEFINITION 2.1. A family {U(t, s)} s)csx.s of bounded linear operators
U(t,s) : J x J = E for s <t is called an evolution system if the following
properties are satisfied:

(1) U(t,t) = I where I is the identity operator in F,

(2) U(t,s)U(s,7) =U(t,7) for 7 < s <t,

(3) U(t,s) € B(F), where for every s < t and for each y € F, the mapping

(t,s) — U(t,s)y is continuous.

In this paper we use the axiomatic definition of the phase space B intro-
duced by Hale and Kato in [21] and follow the terminology used by Hino,
Murakami and Naito in [23]. Thus, B will be a linear space of functions
mapping (—oo,0] into F endowed with a seminorm || - ||, and satisfying the
following axioms:
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(A1) Ify: (—o0,b) — E, b> 0, is continuous on [0,b] and yo € B, then for
every t € [0,b) the following conditions hold:
(i) y € B;

(ii) There exists a positive constant D such that

()] < Dllyells;

(#7i) There exist two functions K(-), M(-) : RT — R" independent of
y(t) with K continuous and M locally bounded such that:

lyells < K (#) sup [y(s)| + M(#)]lyol|s-
0<s<t

Denote K, = sup K(t) and M, = sup M(t).
te[0,b] t€[0,b]
(A2) For the function y(-) in (A1), y: is a B-valued continuous function on
[0, b].
(A3) The space B is complete.

REMARK 2.1.

1. (#4) is equivalent to |¢(0)| < D||¢||p for every ¢ € B.

2. Since ||-||5 is a seminorm, two elements ¢, ¢ € B can check ||[¢—1||g = 0
without necessarily ¢(0) = () for all § < 0.

3. From equivalence, we can see that for all ¢, € B such that |[¢—1|zp =
0. This implies necessarily that ¢(0) = ¢(0).

Here is an example of phase spaces. For more details we refer the reader
to the book by Hino et al. [23].

ExAMPLE 2.1. Let BC denote the bounded continuous functions space
defined from R~ to E; BUC denote the bounded uniformly continuous func-
tions space defined from R~ to E;

C>® :={¢ € BC :limp_,_, ¢() exist in E};

CY:={¢ € BC :limy_,_o ¢(#) =0}, endowed with the uniform norm |[|¢|| =
sup |¢(6)|. Then, we have that the spaces BUC, C™ and C° satisfies assump-
0<0

tions (A1) — (As). However, BC satisfy axioms (A1), (As) not axiom (As).
O

Set R(p™) = {p(s,®) : (5,P) € J x B, p(s,P) < 0}. We always assume
that p : J x B — R is continuous. Additionally, we introduce the following
hypothesis:b

(Hg) The function t — ®; is continuous from R(p~) into B and for every
t € R(p™), there exists a continuous and bounded function £® : R(p~) —
(0, +00) such that ||®]|z < L®(t)]|®]|5.
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REMARK 2.2. Continuous and bounded functions verified frequently the
condition (Hg) (see [23]).

LeEMMA 2.1. [22] If y : (—o0,b] — E is a function such that yo = ® € B,
then for each s € R(p~)UJ

lyslls < (M + £2)]|@]15 + Kpsup {|y(8)]; 6 € [0, max{0, s}]},

where £L® = sup L2(1).
teER(p™)

ProrosITION 2.1. [5] From (Hg), (A1) and Lemma 2], for all t € [0,n]
and n € N we have

9ot 18 < Knly(@)] + (M + LT) [|2]|5.

DEFINITION 2.2. A function f : J x B — E is said to be an L] -
Carathéodory function if it satisfies:

(i) for each ¢ € J the function f(¢,-) : B — E is continuous;
(ii) for each y € B the function f(-,y) : J — E is measurable;
(iii) for every positive integer ¢ there exists ¥, € L} (J,RT) such that
|f(t,y)| < V4(t) for all ||y|g < g and a.e. t € J.

DEFINITION 2.3. A function f: X — X is said to be a contraction if for
each n € N there exists k,, € (0,1) such that:

1 () = FW)lln < knllz —ylln for all z,y € X.

Now we introduce the nonlinear alternative used in this paper given by
Avramescu in Fréchet spaces which is an extension of the Burton and Kirk
alternative given in Banach spaces, we refer to [8] and the references therein.

THEOREM 2.1. (Nonlinear Alternative of Avramescu)
Let X be a Fréchet space and let A, B : X — X be two operators satisfying:

A is a compact operator and B is a contraction. Then either one of the
following statements holds:

(C1) The operator A+ B has a fixed point;
(C2) The set {z € X, = AA(z) + AB (%)} is unbounded for some A €
(0,1).

3. Semilinear Evolution Equations

In this section, we give a nonlocal controllability results for the problem
(@)— (). Before stating and proving this result, we introduce the definition of
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mild solutions for the nonlocal problem (1) —(2]) and we define its controllabil-
ity sense.

DEFINITION 3.1. We say that the function y(-) : R — E is a mild solution
of M)—@) if y(t) = o(t) — ht(y) for all t € (—o0, 0] and y satisfies the following
integral equation

y(t) = U(£,0)[(0) — ho(y)] + /O U(t, 5)Cu(s)ds

t
+/ U(t,s) (S, Yp(s,ys))ds for each t € J. (3)
0

DEFINITION 3.2. The evolution problem (I)—(2) is said to be non locally
controllable if for every initial function ¢ € B, y* € E and n € N, there is some
control u € L%([0,n], E) such that the mild solution y(-) of ({)— (&) satisfies
the terminal condition

y(n) + hn(y) =y~ (4)

We will need to introduce the following hypotheses which are assumed
thereafter:

(H1) U(t,s) is compact for t —s > 0 and there exists a constant M > 1 such
that [|U(t,s)|pE) < M for every s < t.

(H2) There exists a function p € L}, (J,R") and a continuous nondecreasing

function ¢ : RT — (0,+00) and such that:
|f(t,u)| < p(t)y (||lul|g) for a.e. t € J and each u € B.
(H3) For all R > 0, there exists Ig € L} (J,R") such that:

loc

[f(tu) = [t 0)] < Ir(t)|lu—vlls
for all u,v € B with |jul|g < R and ||v||g < R.

(H4) For each n € N, the linear operator W : L2([0,n], E) — E is defined by
Wu = [ U(n,s)Cu(s)ds, has a pseudo invertible operator W~ which
takes values in L%([0,n], F)/ker W and there exists positive constants
M and M, such that: ICB(E) < M and WY < M.

(Hb5) For each n € N, there exists a constant o, > 0 such that

hi(u) = he(v)] < onllu—vls

for all u,v € B with ||ul|g < n and ||v|p < n.
(H6) There exists 7, > 0 such that |h(u)| < 7, for each t € J and u € B
with ||u|lg < n.



NONLOCAL CONTROLLABILITY OF ... 59

REMARK 3.1. For the construction of W‘l, see the paper of Quinn and
Carmichael [27].

COROLLARY 3.1. From (Hg ) and Proposition[2]], the functiony : (—oo, b] —
E such that y(t) = ¢(t) — he(y) for t <0 when h, is satisfying (H6), then for
each t € [0,n] and n € N we have

Wot.olls < Kaly@®)| + (M + £7) (16]s + ),

for p e R(p~), and Ei = sup L0O-NM0),
teR(p™)

Consider the following space
Bio ={y: R — E: y| 1) continuous for 7' > 0 and yo € B},
where y|(o 7] is the restriction of y to the real compact interval [0, 7.

Let us fix 7 > 1. For every n € N, we define in B4 the semi-norms by:
[ylln := sup e "Ea®|y(t)] where LE(t) = fg In(s)ds , I,(t) = K,Ml,(t) and
te(0,n]
l,, is the function from (H3). Then B, is a Fréchet space with those family
of semi-norms {|| - || }nen-

THEOREM 3.1. Assume that (Hg) and (H1)-(H6) hold. Then the partial
functional evolution equation with infinite state-dependant delay (Il)—(2) is
non locally controllable on R.

P r oo f. We transform the problem (II)—(2]) into a fixed-point problem.
For that, let us consider the operator N : By — Bis defined by

8(0) = i(y), it <0
M) = { UE0I60) ~tal)] + | viesicuys)as
+/ U(t, ) f (5, Yp(s,ys)) 5, ift € J.
0

First, let us introduce the following proposition.
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PROPOSITION 3.1. From the inequalities ([B]) and (@) and the hypotheses
(H1), (H2), (H4) and (H6), for all t € [0,n] and n € N we have

u(0) < B | "] + BTDYlls + (7 + 15
+57 [o0 ol | 5)
0

P r o o f. Using assumption (H4), for arbitrary function y(-), we define
the control

uy(t) = W {y ~ hnly) — U(m,0) [8(0) — ho(y)]

- [ U0 e s 0
By the hypotheses (H1), (H6) and using Remark 2.1] we get

g ()1 < 17211971 + 1 0)] + [0 .0z [160)] + [Ro(w)]
- ||U<n,r>||B(E>|f<7,yp(7,yf>>|dr}

< W |1+ + ST D1 + 5] + 7 [ 170, |
Applying (H2), we get

fuy (8)] < 3, [|y*| - TD|6lls + (VT + 1)

i p<¢>¢<||yp(7,y7>||s>dr]
0
O

Using the previous proposition, we shall show that the operator NV has a
fixed point y(-) which is the mild solution of the nonlocal evolution equation

@m-@.

P roof. For ¢ € B, we define the function z(-) : R — E by
0= { 20 -1t it <0
€T =
U(t,0)[¢(0) = ho(y)], ifte .

Then xg = ¢ — ho(y). For each function z € By with z(0) = 0, we denote
by z the function defined by

(1) = 0, ift <0;
), itted
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If y(-) satisfies ([B]), we can decompose it as y(t) = z(t) + x(¢t) for t € J,
which implies y; = z; + x4, for every ¢t € J. The function z(-) satisfies zgp = 0
and for ¢t € J, we get

t
z(t):/o Ul(t,s)Cuzqq(s)ds
t
+A U(t, S)f(sazp(s,zs-l—:cs) +mp(s,z5+x5))ds’

Let BY, = {2 € By : 20 = 0}. We define for ¢t € J the operators
F, G: BY — Bl by F(2)(t) = [JU(t,s)Cu.4s(s)ds and  G(2)(t) =
f()t U(tv s)f(s, Zp(s,zs+xs) + $p(s,zs+zs))d8'

Clearly the operator N has a fixed point is equivalent to F' + G has one,
so it turns to prove that F' 4+ G has a fixed point. The proof will be given in
several steps.

Step 1: F is continuous. Let (z;)ren be a sequence in BY_ such that
zp — z in B . By the hypotheses (H1) and (H4), we get for every ¢t € [0,n]

[F'(2)(t) — F(2)(t)]

t
< /0 1O $) e 1€ 5(e) [uz+2(8) = tzga(s)lds

. t
< MM [ [tz (s) = wsra(s)lds.
0

Using the hypotheses (H1), (H4), (H5) and assumption (A;), we get
[t () = Uz (s) < W1 [lhn(zk +2) = hn(z + 2)]
+ U (s, 0)ll s [ho(zr + x) — ho(z + )]
+ A HU(n, T)HB(E') ‘f(T, Rkp(T 237 1) + xp(T,zk.,—i-z-r))

- f(Ty Ro(T,2r+x7) + xp(T,z7—+:c7—))|dT:|

< My [0 (M + 1)K |2 (s) = 2(5)]

—

n
+M /0 [f(Ts Zkp(r,zpmtar) T Tp(rzpr+a0))

- f(Ty Ro(T,2r+x7) + xp(T,z7—+:c7—))|dT:| :
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Then

|F(21,)(t) — F(2)(t)] < MMM, /0 on(M + 1) Kp|2,(s) — 2(s)|ds

o t n
" WMMl/o /0 (T 2hpr ) + T pirzptan))
— [ (Ts 2p(r 20 00) T Tp(r 20 ) AT

I t
< on Ky MMM (M + 1)/ |zi(s) — z(s)|ds
0

+ MQMMl”A ‘f(sa ka(s,zks—l—ms) + xp(s,zks—l-rs))

- f(S, Zp(s,zs+xs) + xp(s,zs+ws))|d8'

Since f is Caratheodory, by the Lebesgue dominated convergence theorem,
we obtain |F(z)(t) — F(2)(t)] = 0 as k — +oo. Thus F is continuous.

Step 2: F maps bounded sets of BS’FOO into bounded sets. Indeed, it is
enough to show that for any d > 0, there exists a positive constant ¢ such
that for each z € By By = {z € Bl : ||z]ln < d} one has ||F(z)]||, < {. Let

z € By. By the hypotheses (H1), (H4) and the inequality (Bl), we have for
each t € [0,n]

t
FE))] < /0 10, 5)1 ) |C Ly etz 0(5) s
e~ T~ t/\—' —~ e~
< NPl / M1[|y*| - ID|ls + (3T + 1)
0

iy /0 P62 rmn sy + x,)ﬁ,m%)nwdf] ds
< MMDMn [|y*| + MD||¢||s + (M + 1)84

AR [ D60z + ptsetonlls)ds.
Using Corollary B.1] and the fact that xg = ¢ — ho(z + x), we get

120(s,20t2) T Zp(s,zata) 1B < N2p(s,z0t20) 1B T 12 p(s,20120) 1B
< Knl2(8)] + (Mo + L) 12015 + Knl2(s)] + (M + £0)]20]5
< Kylz(s)] + Kul|U(s,0)|| By |#(0)| + Knl|U (s, 0) 5(r)lho(z + )]
+ (M + £3) (¢l + )
< Kol2(s)| + KnM (D)6l + 5n) + (M + £3) (l6]15 + )
< K, |2()] + (Ko MD + M, + L) 6|5 + (K, M + M, + £9)5,.
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Set ¢ i= (KnMD + My, + L) 6|5 + (KnM + M, + £2)3,, to get
Hzp(s,zs+zs) + mp(S,zs+rs)HB < K l2(s)| + cn. (6)
Since z € By, then we have
”Zp(s,zs-i-:cs) + xp(S,zs-i-zs)HB < Kpd + ¢ := 0p. (7)

We get, using the nondecreasing character of ¢, for each ¢ € [0, n]

[F(2)()| < MMMyn [[y*| + MD|6|ls + (M + 15,
AP [ (s} (Kola()] + o) ds
0

< MMMn ||y*| + MD|¢lls + (M + 1),

+ M2MMynab(8,)|pll 2 = Cn.

Thus there exists a positive number ¢, such that ||F(2)|, < #¢,. Hence
F(Bd) - Bgn.

Step 8: F maps bounded sets into equicontinuous sets of BS’FOO. We con-
sider By as in Step 2 and we show that F(By) is equicontinuous. Let 71, 75 € J
with 75 > 7 and z € By. Then

FE)m) - Fm) < | h

[U(72,8) — U(11,8)]|Cupys(s)|ds

T2
+ / |U (12, 8)Cuyyr(8)| ds

T1

T1
S/O 1U(72,8) = U(71, )| (8) IC| B(15) | tz-42(5) | ds

T2
+/ 1U (72, 9)l| (&) | Cll () |04 (3) | ds.

1

By the inequalities (B]) and (7l) and using the nondecreasing character of
P, we get

[uz42()] < M [Jy"| + MDig]ls + (M + 1),

+ M(60) [l 12| += wn. (8)
Then

|[F(2)(72) = F(2)(m1)| < Muwy, /OTI [U(72,8) = U(71,9) || (1) 5

—_ T2
—i—Mwn/ HU(TQ,S)HB(E)dS.

1
Noting that |F'(z)(72)—F(z)(71)| tends to zero as 7o—71 — 0 independently
of z € By. The right-hand side of the above inequality tends to zero as
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79 — 11 — 0. Since U(t,s) is a strongly continuous and compact operator
for ¢t > s this is implies the continuity in the uniform operator topology (see
[3, 26]). As a consequence of Steps 1 to 3 together with the Arzeld-Ascoli
theorem it suffices to show that the operator F' maps B, into a precompact
set in F.

Let t € J be fixed and let € be a real number satisfying 0 < € < ¢. For
z € By we define

Ul(t,s)Cuztq(8)ds

U(t,t —e¢) / h Ut — €,8)Cuyip(s)ds.

t—e

Note that the set / Ut —€,5)Cuzyz(s)ds : z € By p is bounded. Since

0
U(t, s) is a compact operator, Z(t) = {Fe(z)(t) : z € By} is a precompact set
in E for every e sufficiently small, 0 < ¢ < t. Moreover using (8), we have

[F(2)(t) — Fe(2) (1)) S/t_ Ut )l pe) IC1 Bk [tz (5)|ds

N t
ngn/ 1U(t, )|l p(r)ds
t—e

Then |F(z)(t) — Fe(2)(t)] = 0 as ¢ — 0. Therefore there are arbitrary closed
pre-compact sets to the set {F(z)(t) : z € Bgq}. Hence the set {F(z)(t) : z €
By} is precompact in E. So we deduce from Steps 1, 2 and 3 that F is a
continuous compact operator.

Step 4: G is a contraction. Indeed, consider z, Z € B?roo. By (H1) and
(H3) for each t € [0,n] and n € N

t
GEO ~GEOI< [ V(3 am)
X (57 Zp(s,zs+s) +x p(s, z5+:c5)) - f(szp(s,Es-i-:cs) + ajp(s,zs—i-zs))‘ ds

/Ml ||Z (s,2s4+xs) — (szﬁ—i-acS ||B ds.
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Using inequality (@), we obtain
G(2)(t) — G(Z)(@)] S/O M Kyly()|2(s) = Z(s)|ds
ol s)em () | emTLln(9)|2(s) — 2(s)|ds
< [ fiatrert] 2() = 2(s)ld

t | eTL(s) !
g/ dsl|z — 7|,
0 T

< Lo
T

1z = Zlln-

Therefore, ||G(2)—G(Z)||n < 1|[z2—Z]||n- So, the operator G is a contraction
for all n € N.

Step 5: To apply Theorem 2], we must check (C2): i.e. it remains to
show that the following set is bounded

F:{zEBgm:z:AF(z)+AG(§) forsome0<)\<1}.

Let z € I'. By (H1), (H2), (H4) and the inequality (&), we have for each
t €[0,n]

t
()] < A/O U, 9)| ) 1O B(E) [tz 42(5)|ds

Jr>\/0t||U(15, )y |f (S,@ +xp(s,Z;+xs)> ds
< XTI [ 38l -+ FiDl ol + (3 + 15,

iy / O Ztrms o) + Tt HB)dT} ds
+)\M/ < ’;”S’ + Zo(s 2 ya) D ds

< AMMMin |ly*| + MD|¢lls + (1 + )5,

+)‘M2MM1n/ p( ) (Hzp(s Zs+Ts) +xp(s,z5+zs)||l§)d8

o o )

Pp(s, 5 +as)
T T Tl )
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Using Corollary Bl and inequality (@), we obtain

Zp(s, 28 +xs)
o x| S Rl s el 120,500 lls
K, |z(s
< # + (Mo + L)1 20ll + Knl(5)| + (M, + £2)]20]15
Kp|z(s)|
< =22 KU (5, 0) ) [900)] + KallU (5, 0) | sy o (= + )
+ (M + £3) (I6]]5 + 5n)
K, = v 5
< B2 Oy (4, RID 4 Mo - £) 0l + (KT + M+ £0)5,
Then, we get
Zp(s, %8 +as) Kylz(s)]
T POeee)|| STy ton )

By inequality (@) and the previous one and the nondecreasing character of v,
we obtain

[2(6)] < AMMMyn [[y*| + MD|6|ls + (M + 15

+Az\72z\71\71n/n () (Kn|2(s)| + cn) ds

oot [t (B

Consider the function @(t) := sup |z(€)|. Then by the nondecreasing
0<[0,t]
character of v, we get for ¢t € [0, n]
K,u(t)
A

+ en < o+ Ko MMM [ly*| + MD6]15 + (M +1)5]

+ K, M?MMn /n p(s)Y(Kpu(s) + c,)ds
0

VK, M /O " b5y (an(s) + cn> ds.

Set o = cn + Ky MMMyn [|y*\ + MD||¢|ls + (M + 1)34 .

By the nondecreasing character of ¥ and for A < 1, we obtain
Kyu(t)

e K,
3 +c, < ap+ KnM2MM1n/ p(s)yY (is) + cn> ds
0

A

K, M /O " b5y (K"f(s) + cn> ds.
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We consider the function p defined by

L(t) ::sup{an(s) +cn:0§5§t}, ted

Let t* € [0,t] be such that u(t) = %(t*) + ¢,. If t* € [0,n], by the

previous inequality, we have for ¢ € [0, n]

w(t) < ap + K, M2M M;n /On p(s)Y(u(s))ds

K0T /0 p(s)(u(s))ds

<a,+ Kn]/W\(J/W\MMm +1) /On p(s)Y(u(s))ds.

Consequently,

Izl -
0t + Ko (MMM + 1)zl lpll e~

Then this shows that the set I' is bounded, i.e. the statement (C2) in
Theorem [ZT] does not hold. Then the Avramescu nonlinear alternative [8]
implies that (C1) holds: i.e. the operator F' 4+ G has a fixed-point z*. Then,
there exists at least y*(t) = 2*(¢) + x(¢), ¢ € R which is a fixed point of the
operator N, which is a mild solution of the nonlocal problem (I)—(2]). Thus
the evolution system (II)—(2)) is non locally controllable on R. O

4. Example

We give in this section an example to illustrate the previous results. Con-
sider the following control problem given by the partial functional differential
equation

M6y = PV o)+ an(t)o(t€) + d(E)ult)
ot > pgr ) IR

“f | arls =0 s = plo)on ([ aatulottmPn ) €] ds

—00

t>0, €10, (10)
v(t,0) = v(t,m) =0, t>0,
p
0(976) + ZCﬂ)(Q + tiaé) = 00(976)7 0 S 07 é € [077T]7

i=1

where ag : R x [0,7] = R is a given function such that ag(-,€) is continuous
and ag(t,-) is uniformly Holder continuous in ¢ (see [20]); a; : R~ — R; py :
RT 5 R;ps:R—=R;as:[0,7] = Rand vy: R x[0,7] — R are continuous
functions. ¢;, ¢ =1,--- ,p, are given constants and 0 < t; < --- < ¢, < +o0.
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Let E = L%([0,7],R), u(-) : R* — E is a given control and d : [0,7] — F
is a continuous function. Consider the operator A : D(A) C E — E given by
Aw = w" with domain

D(A) :=={we€ E:w" € E,w(0) = w(r) = 0}.

Thus A is the infinitesimal generator of an analytic semigroup {7'(t)}:>0
on E. Furthermore, A has discrete spectrum with eigenvalues —n?, n € N,
and corresponding normalized eigenfunctions given by z,(§) = \/g sin(nf). In
addition, {z, : n € N} is an orthonormal basis of E and

a:—Ze n’ Ya,2n)2n v € E,t > 0.

It follows from this representation that 7'(¢) is compact for every ¢t > 0
and that ||T'(t)]] < e~! for every t > 0. On the domain D(A), we define the
operator A(t) : D(A) C E — E by

At)z(§) = Az(§) + ao(t, §)z(8).
By assuming that ag(-) is continuous and that ag(t,§) < —do (dp > 0)
for every t € R, £ € [0, 7], it follows that the system «'(t) = A(t)u(t) ¢ >
s, u(s) = x € E, has an associated evolution family given by

Ut 8)a(€) = [T(t — s)exp < / o, £)dr> :r] (©).

From this expression, it follows that U(t,s) is a compact linear operator
and that ||U(t,s)|| < e~ (1190)(=9) for every s < t.
Set B = BUC(R™, E) the space of bounded uniformly continuous functions
defined from R~ to E endowed with the uniform norm ||¢|| = sup |¢(0)].
0eR—

THEOREM 4.1. Let ¢ € B. Assume that condition (Hg) holds and the
functions d : [0,71] = E, p1 : RT 5 R, po : R >R, a1 : R™ > R, ay: [0,71] =
R and vy : R~ x [0,7] — R are continuous. Then the partial differential
equation ([IQ) is non locally controllable on R.

P r o o f. From the assumptions, we have the following well defined func-
tions for each £ € [0, 7]:

for t € R : y(t)(€) = v(t, &)

for ¢ > 0: f(t,4)(€) = [7, ar(s)(s,&)ds, Cu(t)(€) = d(€)u(t),

for u € R, d(&) € E, and for C' € B(R, E)

for t <0 p(t,9)(€) =t — p1(t)p2 (fg a2(m)[¥(0,€)[*dn)

he(v)(€) = 225_ cju(t +15,€), and ¢(t)(§) = vo(t, &)
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which permit to transform system (I0) into the abstract system (II)—(2]).
Moreover, the function f is bounded linear operator. Then, the nonlocal
controllability of mild solutions can be deduced from a direct application of
Theorem [B.1] and the conclusion of our theorem hold. O

From Remark 2.2 we have the following result.

COROLLARY 4.1. Let ¢ € B be continuous and bounded. Then the system
(IQ) is non locally controllable on R.
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