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Abstract

In this paper, exponential space and its properties, the topological proper-
ties of exponential spaces are studied. It is known that the exponential space
in category of compact space generates covariant functor. It is checked the
impact of this functor into some types of mappings.
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1. Introduction

Throughout this paper, exponential space and its properties, the topo-
logical properties of exponential spaces are studied. It is known that the
exponential space in category of compact space generates covariant functor.
It is checked the impact of this functor into some types of mappings.

Let us recall that a cover of a set X is a family {As}s∈S of subset of X
such that

⋃
s∈S As = X, and that - if X is a topological space- {As}s∈S is an

open (closed) cover of X if all sets AS are open (closed). We say that a cover
β = {Bt}t∈T is a refinement of another cover A = {As}s∈S of the same set X
if for every t ∈ T there exists an s ∈ S such that Bt ⊂ As; in this situation
we say also that β refines A. A cover A

′
=

{
As

′
}
s∈S′ of X is a subcover of

another cover A = {As}s∈S of X if S
′ ⊂ S and A

′
s = As for every s ∈ S

′
. In

particular, any subcover is a refinement.
A topological space X is called a compact space if X is a Hausdorff space

and every open cover of X has a finite subcover, i.e., if for every open cover
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{Us}s∈S of the space X there exists a finite set {S1, S2, ..., Sk} ⊂ S such that
X = US1 ∪ US2∪, ...,∪USk

, [3].

Definition 1.1. Let (X, τ) and (Y, τ ′) be two topological space; a map-
ping f of X to Y is called continuous if f−1(U) ∈ τ for any U ∈ τ ′, i.e., if
the inverse image of any open subset of Y is open in X. The fact that f is a
continuous of X to Y will be often written in symbols as f : X → Y , [1].

Definition 1.2. A mapping f is called an almost-open, if for each y ∈
Y there exists x ∈ f−1(y) such that f(U) is a neighborhood of y for each
neighborhood U of x, [1].

Definition 1.3. A mapping f is called pseudo-open if for each y ∈ Y
and each neighborhood U of x ∈ f−1(y) in X, f(U) is a neighborhood of y in
Y .

Proposition 1.1. Let f : X → Y be a mapping. If X is first countable
(especially, if X is metric), then the following are equivalent ([1]):

1. f is an almost-open mapping;
2. f is an almost weak-open mapping;
3. f is an almost sn-open mapping;
4. f is a 1-sequence-covering, quotient mapping.

Definition 1.4. A covariant functor F : Comp → Comp acting in the
category of compact is called normal, if it

1) preserves the weight;
2) preserves singletons and empty set;
3) monomorphic (preserves embeddings);
4) epimorphic (preserves surjections);
5) preserves intersections of closed subsets;
6) preserves inverse images;
7) is continuous with respect to inverse limits.

2. Acting of covariant functors on mappings

A covariant functor F : Comp → Comp is said to be weakly normal, if it
satisfies all the properties from Definition 1 except the inverse image preserving
property.

Let F : Comp → Comp be an arbitrary normal functor and let X ∈ Tych.
Put Fβ(X) = {x ∈ F (βX) : supp(x) ⊆ X}. For a morphism f : X → Y in
the category Tych put Fβ(f) : F (βf) | Fβ(X), where βf : β(X) → β(Y ) is
the Stone-Czech extension of the mapping f . Using normality of the functor
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F one can show that Fβ(f) is well-defined, i.e. F (βf)Fβ(X) ⊆ Fβ(Y ). It is
easy to see that Fβ is a covariant functor in the category Tych.

Let X be a topological T1-space. The set of all non-empty closed subsets
of a topological space X is denoted by expX. The family of all sets of the
form

O〈U1, ..., Un〉
=

{
F : F ∈ exp(X), F ⊂

n⋃
i=1

Ui, F
⋂

Ui 	= ∅, i = 1, 2, ..., n

}
,

where U1, ..., Un are open subsets of X, generates a base of the topology on
the set exp(X). This topology is called the Vietoris topology. The set exp(X)
with the Vietoris topology is called exponential space or the hyperspace of a
space X, [3].

Corollary 2.1. The mapping expn f is almost-open for every almost-
open mapping f : X → Y (see Definition 2).

P r o o f. Let f : X → Y be a almost-open mapping. For an arbitrary
y ∈ Y there exist such element xi ∈ X and the image f(Uxi) of an arbitrary
neighborhood Uxi is a neighborhood of y. Therefore, for an arbitrary y ∈ Y
there exist f−1(y) and y ∈ Int(f(Uxi)), i = 1, n.

Let us choose an arbitrary C ∈ expnX. Here C = {y1, y2, ..., yn}
(expn f)

−1 (C) = (expn f)
−1(y1, y2, ..., yn). (1)

Since expn is a normal functor, then (1) is equal to expn(f
−1(y1, y2, ..., yn)).

It follows that there is such a set C
′
= {x1, x2, ..., xn} ∈ expnX, and given

xi ∈ f−1(yi) i = 1, n, so that the relation

C ′ = {x1, x2, ..., xn} ⊂ (expn f)
−1({y1, y2, ..., yn})

holds.
Let it be C ′ ∈ O 〈U1, U2, ..., Un〉. It is possible to say x1 ∈ U1, x2 ∈

U2, ..., xn ∈ Un without loss of generality.
f(xi) ∈ Int(f(Ui)) i = 1, n, Intf(Ui) = Vi shows that C ∈ O 〈V1, V2, ..., Vn〉

.
exp f(O 〈U1, U2, ..., Un〉) = O 〈f(U1), f(U2), ..., f(Un)〉, and since Intf(Ui) ⊂

f(Ui),∀Vi ⊂ f(Ui), Vi ∈ O 〈V1, V2, ..., Vn〉,
O 〈V1, V2, ..., Vn〉 ⊂ expn f(O 〈U1, U2, ..., Un〉)

it follows that the relationship holds. �

Corollary 2.2. The mapping expn f is pseudo-open for every pseudo-
open mapping f : X → Y .
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P r o o f. Let f : X → Y is a pseudo-open mapping. For an arbitrary
y ∈ Y there exists such elements xi ∈ X and the image f(Uxi) of an arbitrary
neighborhood Uxi is a neighborhood of y. Therefore, for an arbitrary y ∈ Y
there exist f−1(y) and y ∈ Int(f(Uxi)), i = 1, n.

Let us choose an arbitrary C ∈ expnX. Here C = {y1, y2, ..., yn},
(expn f)

−1 (C) = (expn f)
−1(y1, y2, ..., yn). (2)

Since expn is a normal functor, then (2) is equal to expn(f
−1(y1, y2, ..., yn)).

It follows that there is such a set C ′
k =

{
xk1 , x

k
2 , ..., x

k
n

} ∈ expnX, and

given xi ∈ f−1(yi) i = 1, n, it follows that the relation

C ′
k =

{
xk1, x

k
2 , ..., x

k
n

}
⊂ (expn f)

−1({y1, y2, ..., yn})
holds.

Let it be C ′ ∈ O 〈U1, U2, ..., Un〉. It is possible to say xk1 ∈ U1, x
k
2 ∈

U2, ..., x
k
n ∈ Un without changing the generality. f(xki ) ∈ Int(f(Ui)) i = 1, n,

Intf(Ui) = Vi shows that C ∈ O 〈V1, V2, ..., Vn〉. exp cf(O 〈U1, U2, ..., Un〉) =
O 〈f(U1), f(U2), ..., f(Un)〉 equality, and since Intf(Ui) ⊂ f(Ui),∀Vi ⊂ f(Ui), Vi ∈
O 〈V1, V2, ..., Vn〉,

O 〈V1, V2, ..., Vn〉 ⊂ expn f(O 〈U1, U2, ..., Un〉)
the relationship follows. �

3. On τ-closed subsets of hyperspaces. On the functor of closed
sets of finitely many components.

In [3] it is proven that the union of compact subspace in hyperspace is
closed in initial topological space.

Definition 3.1. A subset A of a topological space X is called τ -closed
if for some B ⊂ A, |B| ≤ τ we have [B] ⊂ A, [6].

Recall that a topological space X is called τ -bounded (see [6]), if the
closure in X of every subset of cardinality at most τ is compact.

Corollary 3.1. Let X be a topological space. Then the set Γ = {F ∈
expX : F ∩A 	= ∅} is τ -closed, if A ⊂ X is τ -closed in X, [5].

Corollary 3.2. Let X be an infinite regular space, then ∪β is τ -closed
in X for every τ -bounded subspace β of the hyperspace expX, [6].

For X ∈ Comp let us consider the spaces expn(X) and Cn(X). Put
fX(F ) = F for every F ∈ expn(X). It is clear that fX(F ) ∈ Cn(X), i.e. the
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map fX : expn(X) → Cn(X) is an embedding. Commutability of the following
diagram is obvious:

expn (X)
fX−−→ Cn (X)

expn(f) ↓ ↓Cn(f)

expn (Y )
fY−−→ Cn (Y )

,

where f : X → Y is a continuous mapping and X, Y ∈ Comp.
From the above discussion we directly obtain the following

Corollary 3.3. The functor expn : Comp → Comp is a subfunctor
of Cn : Comp → Comp. Moreover, the functor Cn : Comp → Comp is a
subfunctor of exp : Comp → Comp, [5].
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