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Abstract: Very recently, Younis and Bin-Saad [13] introduced twenty new
complete quadruple hypergeometric functions, namely X:.E?),Xég), ...,Xéé). In
this article, we present the solutions of systems of partial differential equa-

)

tions for hypergeometric function in four variables X?(j . We also obtain some

recursion formulas for the function X?Elil).
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1. Introduction

Hypergeometric functions have attracted the attention of many researchers due
to their importance and applications in diverse areas of mathematical, physical,
engineering and statistical sciences, [4, 8, 12]. Multiple hypergeometric func-
tions occur in various fields of pure and applied mathematics such as approx-
imation theory, partition theory, representation theory, group theory, mirror
symmetry, difference equations and mathematical physics etc. They possess
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important properties such as recurrence and explicit relations, summation for-
mulae, symmetric and convolution identities, algebraic properties etc. In recent
years, several multivariable hypergeometric functions have been considered by
many authors (see [1, 3, 5, 7, 9, 10]).

In [13], Younis and Bin-Saad defined twenty complete quadruple hypergeo-
metric functions denote by XZ-(4) (1 = 31,32,...,50), that have not been included
in Exton [6] and Sharma and Parihar [11] set, and then gave their integral rep-
resentations. Each quadruple hypergeometric function in [6, 11, 13| is of the
form

XWy= > O(m, n,p,q) == —.

m,n,p,q=0

where ©(m,n,p,q) is a certain sequence of complex parameters and there are
twelve parameters in each series X (.) (eight a’s and four ¢s). The 1st, 2nd,
3rd and 4th parameters in X (4)(.) are connected with the integers m,n,p and
q, respectively. Each repeated parameter in the series X (4 (.) points out a term
with double parameters in ©(m,n, p,q). For example, X ¥ (a1, a1, az, az, a3, as,
aq,as) mean that(ai)min(a2)ptq(as)min(as)p(as), includes the term. Simi-
larly, X (ay, a1, a1, a2,a1,a1,as,a3) points out the term

(a1)2ma2nip(a2)prq(az), and X (ay, a1, az,as,a1,a3,a2,a3)

shows the existence of the term (a1)2m4n(@2)2p+q(@3)n+q- Thus, it is possible
to form various combinations of indices. Here, (a),, denotes the Pochhammer
symbol

(@) = % —ala+1)(a+n—1) (neN:={1,2,..})

and (a)p = 1.

For our purpose, we need to introduce the quadruple hypergeometric func-
tion X1 defined by

(4) . .
Xgy'(a1,a1,a2,a2,a1,a3,a2,a3;c1,c2,3,C430, Y, 2, 1)

= i (a1)2m1n(a2)2p1q(a3)nrq ™ y" 2P ul

e m(en(ea)plea)g  minl pl gl

1 1
(m <3l <1lel < 5o lul < 1) . (1.1)
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The integral representation of Laplace-type for the function X?Elll)

(see [13])

is given by

X?(,le) (al,0,1,0,2,&2,al,ag,ag,a3;01,02,03,04;.1',2/,2,75)
1 T (v 1 1 2
=" e TV M T T F (=187
T(a1)T (az) /o /o of (i1 7%)
x oF (—; 63;7)22) Uy (as; co, cq; sy, vt) dsdv (Re(ai) >0, Re(az)>0), (1.2)

where oF} and Ws are the confluent hypergeometric functions defined, respec-
tively, by (see [12])

=1 2™
oF1 (=5¢2) = Z ol |z < o0
m m!

—~

and
o0

(@)msn ™ Y"
Uy (a;b,c;x,y) = E — 7 |z| < 0, < 0.

The structure of this paper is as follows. In Section 2, we find the linearly
independent solutions of partial differential equations satisfied by the function

)

Xﬁ). Section 3 provides some recursion formulas for Xﬁ .

2. Solving the systems of partial differential equations

According to the theory of multiple hypergeometric functions [2], the system
of partial differential equations for a quadruple hypergeometric function X:glll)
is defined as follows:
( (a1 + w%) (:L‘a% +1)z
— (a1+2x8%—|—y8%+1) (a1+2x8%—|—ya%)u:0,
(C2 + ya%) (ya% + 1) y~u
— (a1 +2l‘(% —|—y(%) (a3+y(% —|—t%)u:0, (2.1)
(63 + z%) (Z% + 1) 27ty
— (aga—l— Zz% + t% + 1) (ag + 22% + t%) u =0,
(cattd) (th+1)t7
— (a2 + 224 +t2) (ag—i-ya% +t%)u:0,

(4) . .
where u = X31 (alu ai,az,az,ay, az, az,a3; 1, C2,C3,C4;T,Y, Zut)'
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Starting from (2.1) and by making use of some elementary calculations, we
define the system of second order partial differential equations

o (1 — 42) Ugy — 4TYUzy — Y2 uyy + [c1 — 2 (2a1 + 3) 2] uy
—2(&1 +1)yuy—a1 (a1 +1)'LL: 0,

Y (1 —y) uyy — 22YUpy — 20Uz — Yty — 203Uy
+[c2 — (a1 +as + 1)yl uy — artuy — arazu = 0,
(2.2)
2 (1 —42)u,, — dztuy — tPuy + [c3 — 2 (2a2 + 3) 2)]u,
—2(ag + 1) tuy —ag (a2 + 1) u =0,

t(1 —t) Uy — 2y2zuy, — Yty — 228Uz — a2yuy — 2a32U,
+[ca — (az + a3 + 1) t] uy — azazu = 0.

It is noted that four equations of the system (2.2) are simultaneous, because

the hypergeometric function X:glll) satisfies the system. Now, in order to find
the linearly independent solutions of system (2.2), we will search the solutions
in the form

u =2y’ t0w, (2.3)

where w is an unknown function, and «, 3, and ¢ are constants, which are to
be determined. So, substituting v = 2%y’ 27t%w into the system (2.2), we get

T (1 — 42) Wy — 4TYWay — yPwy,
+{c1+2a—22(a1 +2a+ B) + 3]z} w,
—2[(a1 +2a+ B) + 1yw, + a(c1 + o — 1)z tw
— (a1 +2a+8) (a1 +2a+ [+ 1)w =0,

Y (1 — y) wyy — 20yway — 2xtway — Ytwy,

—2(az + B+ 6) vw,

+{c2 +28 — [(a1 + 22+ B) + (a3 + B+ ) + Ly} wy

— (a1 + 2o+ B) twy

+B(ca+B—1)y 'w— (a1 + 20+ f) (a3 + B+ 6)Jw = 0, (2.4)
2 (1 —42)w,, — dztw,y — 2wy + {c3 + 27

—2[2(az +2y+9)+ 3]z} w,

—2[(az +2y+6) + 1tws +y(cs +v—1) 271w

— (a2 +2v+0) (a2 +2y+d+1)w =0,

t (1 —t) wy — 2yzwy, — ytwy, — 22tw,,
— (a2 + 2y +0) ywy — 2 (az + B+ 9) zw,
+{ca+20—[(az+2y+9)+ (azg+ B+ )+ 1]t} w,
+6(ca+0—1)t" w— (ag+2y+0)(az + B+ ) w=0.
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We note that system in (2.4) is analogical to system (2.2), therefore we
require that the conditions

alag+a—-1)=0
Blea+B—-1)=0
Y(es+v—1)=0 (2.5)
d(ca+0—-1)=0

should be satisfied. It is evident that system (2.5) has the following solutions:

1 2 3 4 5 6 7 8
a: 0 1—c 0 0 0 l—c1 1—ca 1—a
B: 0 0 1—co 0 0 1—co 0 0
vy: 0 0 0 1—c3 0 0 1—c3 0
6: 0 0 0 0 1—ca 0 0 1—oca
9 10 11 12 13 14 15 16
a 0 0 0 l—c1 1—c1 1—c1 0 1—c
B: 1—c2 1—co 0 l—c2 1—co 0 l—c2 1—c2 . (2.6)
v 1—03 0 1—03 1—03 0 1—03 1—03 1—03
(5: 0 1—C4 1—64 0 1—C4 1—64 1—C4 1—64

Finally, substituting two solutions of the system (2.6) into (2.4), we find
the following linearly independent solutions of the system (2.2) at the origin:

(4) . .
ui(z,y,z,t) = X3, (a1, a1,a2,a2, a1, a3, az,as; c1, c2,c3, €43 T, Y, 2, 1), (2.7)

us(z,y, 2, t) = xlfchézll) (a1 +2—2c1,a1 +2—2¢1,a2,a2,a1 + 2 — 2¢1, as, az,
as;2 — c1,C2,C3,C4;T, Y, 2, 1), (2.8)
us(z,y,2,t) = y1762X§111) (a1 +1—=c2,a1+1—co,a2,a2,a1 +1—ca,
as+1—co,a2,a3+1—c2;¢1,2 — ca,c3,c4; 2,9, 2,t), (2.9)
ua(z,y,2,t) = 21763X§1&) (a1,a1,a2 + 2 — 2¢3,a2 + 2 — 2¢3, a1, as, a2 + 2 — 2cs,
as;C1,C2,2 — C3,C4; T, Y, 2, 1), (2.10)
us(z,y,2,t) = t1754X§411) (a1,a1,a2 +1 —ca,a2 +1 —ca,a1,a3 + 1 — cq,
az+1—ca,a3+1—cajc1,c2,03,2 — cay,y,2,t), (2.11)
ug(z,y,z,t) = a:lfclylchXézll) (a1 +3—2c1 — c2,a1 + 3 — 2¢1 — ¢2, a2, a2,
a1+ 3—2c1 —c2,a3+1—c2,a2,a3+1—c2;2—c1,2 —ca,¢3,¢4; 2,9, 2, 1), (2.12)
ur(z,y, z,t) = xlfclzlf%Xé‘ll) (a1 +2—2c1,a1 + 2 —2¢1,a2 + 2 — 2cs,
a2 +2 —2c3,a1 + 2 — 2c1,a3,a2 + 2 — 2¢3,a3;2 — ¢1,¢2,2 — €3,C4; T, Y, 2, ) (2.13)
us(z,y,z,t) = w1751t1754X§411) (a1 4+2—2c1,a1 +2—2c1,a0 + 1 — cq,
a2+ 1—cq,a1 +2—2c1,a3+1—ca,a2+1—ca,a3+1—1ca;2 —c1,c2,c3,

2—64;$,y,2,t), (214)



328 A. Al e’damat, J. Younis

ug(x,y, z,t) = yl_%zl_%Xgll) (a1 +1—co,a1 +1—co,a2 +2— 2c3,
a2+ 2 —2c3,a1+1—c2,a3+1—c2,a2+2—2c3,a3+1—c2;¢1,2 —c2,2 —c3,
a3 2,Y, 2, 1),
uo(x,y, 2, t) = yl_CQtl_c‘LX:'E;l) (a1 +1—c2,a1+1—co,a2+1—caya2+1—cu,
ar+1—c,a3+2—co—ca,a2+1—ca,a3+2—co—cajc1,2—ca,c3,2 — ca;
z,y, 2, t),
uit(z,y, 2, t) = zlfc?’tlfc“X?Ei) (a1,a1,a2 + 3 —2¢c3 — ca,a2 + 3 — 2¢3 — ¢4, a1
as+1—ca,a2+3—2c3 —ca,as+1—cajc1,02,2 — 3,2 — ca; 2,9y, 2, ),
ui2(x,y,2,t) = xl_clyl_”zl_%Xé? (a1 +3—2c1 —c2,a1 + 3 — 2¢1 — ca,
a2 + 2 —2c3,a2 +2—2c3,a1 +3 —2¢c1 —c2,a3+ 1 —c2,a2 + 2 — 2¢3,
as+1—c2;2—c1,2 —c2,2 — c3,c4; 2,9, 2, 1),
uiz(x,y,z,t) = x1761y1762t1764X§?) (a1 +3—2c1 —ca2,a1 +3 — 2¢1 — 2,
a2+ 1—ca,a2+1—ca,a1 +3—2c1 —c2,a3+2—ca—ca,a2+1—ca,
as+2—cy—ca;a2+1—ca,2—c1,2—c2,03,2 — ca;2,9,2,t),
uia(x,y, 2, t) = w176121763t1764X§‘11) (a1 +2—2¢1,a1 + 2 — 2c1,
a2 +3 —2c3 —ca,a2 +3 —2¢c3 —ca,a1 +2—2c1,a3 + 1 —ca,a2 + 3 — 2¢3 — ca,
as+1—cs;2—c1,¢2,2 — 3,2 — cay 2,9, 2, 1),
uis(z,y, 2, t) = ylfqzl*%tl*c“Xéf) (a1 +1—co,a1 +1—co,a2 + 3 — 2c3 — ca,
a2+ 3 —2c3 —ca,a1+1—ca,a3+2—ca—ca,a2+ 3 — 2c3 — ca,
as+2—cy —cajc1,2 — 2,2 — 3,2 — cayx, Y, 2, 1),
uie(z,y, 2, t) = xl_clyl_czzl_%tl_c“Xﬁ) (a1 +3—2c1 —c2,a1 + 3 —2¢1 — 2,
a2+ 3 —2c3 —ca,a2+3 —2¢c3 —ca,a1 +3—2¢c1 —c2,a3 + 2 —c2 — ca,

az +3—2c3 —ca,a3+2—co2—ca32—c1,2 — 2,2 — 3,2 — ca;w, Y, 2, )

3. Recursion formulas

Some recursion formulas for the hypergeometric function in four variables X3

(2.15)

(2.16)

(2.17)
(2.18)
(2.19)
(2.20)
(2.21)

(2.22)

(4)
1

are established in this section. In what follows, n denotes a non-negative integer

in all formulas.

The following abbreviated notations are used in this section. We, for ex-

)

. 4 .

ample, write X?El for the series
@ . . ;
31 ((11, ay,az,az,ay,as,az,az;Cc1,C2,C3,C4; 2, Y, 2, )

and X?Elll) (a2 +n) for

(4) . .
X31 (a17a17a2 +n,a2 +n,ay,as,a2 + ’I’l,(lg,Cl,CQ,Cg,C4,$,y,Z,t) .
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The notation X?Elil)(ag + n,cy + ny) stands for
ngzll) (a1,a1,a2 +n,a2 +n,a1,a3,as + n,as; c1,c2 + N1, 3,42, Y, 2, t) ,
etc.

Theorem 1. The following recursion formulas hold true for the numerator

(4)

parameter a1, as, ag of the X3, :

2 n
XP(ay +n) = x4+ c—”f 3 (a1 + )X (a1 + 1+ 0,00+ 1)

n1—1
ya3 Z X31 a1+n1,a3+1 CQ—I—l) (3.1)
ni=1
() (1) 2 | )
Xa) (a1 —n) = X5, — o Z(cu +1—-n1)X3 (a1 +2—-n1,¢1 +1)
ni=1

n
a
BN X+ l-na+ Lo+, (32)
2
ni=1

2 n
X (a2 +n) = X5+ =57 (a2 +n0) X8 (a2 + 1+ 0,05+ 1)

C:
3 nlfl

t
s Z XV (ay +ny,a3 +1,¢4 + 1), (3.3)

ni=1

27
X:glf)(az —n) = X:glll) - = Z (ag +1— nl)X:glll)(ag +2—ny,c3+1)

C
3 ni=1

ta
BZX?)I a2+1—n1,a3—|—1 C4—|—1) (34)

ni=1

X:g%)(ag—i-n):X() ya1 Z Xgll a1+1 a3+n1702+1)

ni=1
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ta
= ZX31 as +1,a3 4+ n1,cq + 1), (3.5)

nll

X?Elil)(ag—n) :Xﬁ) yal Z Xgi a1+1 a3—|—1—n1,02+1)

n11

t
2 ZX31 (az+1as+1—np,ca+1).  (3.6)

ni=1
Proof. From the definition of hypergeometric function X?Elll) and the relation

(a1 + Vamin = (@1)zmin (14~ 2—m ) (3.7)
aj

we obtain the following contiguous relation:

2x

XP(ar +1) =X + E(al + 1) XD (ay +2, ¢+ 1)

+ %Xgp(al +1a3+ 1,00+ 1), (3.8)
2

To obtain contiguous relation for X?Elll) (a1 +2), we replace a; — a1 + 1 in (3.8)
and simplify. This leads to

2
2
XP(ay+2) = X + C—f S (a1 + 1) X5 (a1 +ny+ 1, e+ 1)

ni=1

+498 Z XP(ay +n1,a3+1Lea+1).  (3.9)

ni=1

Iterating this process n times, we obtain (3.1). For the proof of (3.2), replace
the parameter a; — a7 — 1 in (3.8). This gives

2

X?E?)(al -1)= X?ﬁ) - —al X;g)((h +1,c141)

_ Y Xﬁ)(a2 1, e+ 1), (3.10)

Iteratively, we get (3.2).
The recursion formulas from (3.3)-(3.6) can be proved in similar manner.

O
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Theorem 2. The following recursion formulas hold true for the numerator

parameter ag of the X?Elll):

X?E?(G:H-n) = Z < n >(a1)n1(a2)n2y”1t”2

No<n ni,ng (02)n1 (64)712

X?Elll)(al +n1,a2 + n2,a3 + No, o + 1, ca + na), (3.11)

XD (ag—n)= 3 ( n )<a1>n1<a2>n2<—y>m<—t>”2

No<n ni,ng (CQ)n1 (64)712
Xézll)(a1 + ni,az +n1,co +n1,04+n2), (3.12)
|
where " = i and No = nq + no.
n1, N9 nilng!l(n —ny —ng)!

Proof. The proof of (3.11) is based upon the principle of mathematical
induction on n € N. For n = 1, the result (3.11) is true obviously by (3.5).
Suppose (3.11) is true for n = m, that is,

( n > (a1)n, (a2)n,y" 2"

ni,n2 (62)n1(04)n2

X?Elll) (a3 +n)= Z

NQSm

X X?Eil)(al +n1,a2 + 12, az + Na, co +ni,ea +n2). (3.13)

Replacing a3 — ag + 1 in (3.13) and using the contiguous relation (3.5) for
n =1, we get

nigng
XP(as+m+1) = > ( n >(a1)n1(a2)n2y t

NoT \T 72 (€2)ny (ca)ny

X {Xrgil)(al +n1,a2 +n2, az + Na,c2 +n1,ca + n2)

%){é? (a1 +n1+1,a2 +n2, a3+ No+1,ca+n1+1,¢4 +n2)

2 1

(a2 +n2)t (1

7(0 T a) X3 (a1 +ni,a2+n2+1,a3+No+1,c24+n1,ca+n2+1) 5. (3.14)
4 2

Simplifying, (3.14) takes the form

Xgll) (a3 +m+1) = ZN2§m (m, . ) (@1)ny (@2)nyy™1 £"2

n2,n3 (c2)ny (ca)ngy

XX:'S%)(CH +n1,az + na, az + Na, c2 +n1, ¢4 + n2)
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(a1)n (@2)nyy"1t"2
+ ZNQSerl (n1 fnl,ng) (clg)nl (ci)n2
XX;)EZI)(M +ny1,a2 + no, az + No, ca +n1,c4 + ng)

(a1)nq (a2)nyy"1t"2
+ X N <mtt oy mp1) (e (ca)g

XX?E? (a1 +n1, a2 + ng, az + No, c2 + 11, ¢4 + n2). (3.15)

Using Pascal’s identity in (3.15), we have

X{P(as +m+1)

B O [

No<m+1 (02)?11 (64)112

X X;g)((h +ny1,a2 + no, a3 + No, ca +n1,c4 + ng).
(3.16)

This establishes (3.11) for n = m+ 1. Hence by induction result given in (3.11)
is true for all values of n. The recursion formula (3.12) can be proved in a
similar manner. O

Theorem 3. The following recursion formulas hold true for the denomi-

)

4
nator parameter c1, co, c3, ¢4 of the X?El :

X (e1 —n) = X5 (3.17)
* (a1)2x7§:1 (c1 — n1)(cl1 +1—mnq) Xi(ar +2 e +2=m),

X (e = n) = X5 (3.18)
+ alagymznjl (= ’n1)(612 I — X?Eil)(al +1l,a3+1,c04+2—mq),

X (s —n) = X§7) (3.19)
+ (a2)2 ZmZn::l (e = nl)(clg o — X:gzll)(@ +2,c3+2—mn),

X (er —n) = X5 (3.20)

n
+ 1 (4)

t X +1,a3+1,¢4 +2 .

asag Z (ca—ni)(ca+1—ng) "3 (a2 +1,a3 +1,¢4 ny)

ni=1
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Proof. Using the definition of hypergeometric function X?Elll) and the relation

1 1 m P >
- 1+ n , 3.21
(1 = Vmtp  (c)mp ( cr—1 ¢ —1 (3.21)

we have

(a1)2 T
C1 (01 — 1)
(CLQ)QZ

(4)
+ —= X as + 2 +1). 3.22
01(01 1) 31 ( 2 » C1 ) ( )

Xﬁ) (c1—1)= Xﬁ) + Xﬁ)(al +2,¢1+1)

Using this contiguous relation to the X gf) with the parameter ¢; —n for n times,
we get result (3.17). Recursion formulas (3.18)-(3.20) can be proved in a similar
manner. U
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