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Abstract: In this work, the non-local diffusion system with Neumann bound-
ary conditions

(1) Z/QJ(J: —y)(uly, t) — u(z,t))dy + f(u(z,t),v(z, )

1
w(et) = [ T = loent) = oo )y + gCuw o)
u(a:,O) = uO(x)¢ U(aj¢0) = UO(£)) z €,
is studied, where (z,t) € Q x (0,7), © is a bounded, connected and smooth

domain, f and g are continuous functions and (ug,vg) € C(2) x C'(Q2), nonneg-
ative and real functions. Existence and uniqueness of solutions is proved. For
some particular functions f, g, the simultaneous and non-simultaneous blow-up
for solutions is analyzed. Finally, the blow-up rate for the solution is given.
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1. Introduction

The coupled parabolic system
up = Au + f(u,v), v = Av+ g(u,v), (2)

where u(x,0), v(z,0) are nonnegative bounded functions and f, g continuous
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functions, has been studied by several authors. The existence and uniqueness of
solutions and the blow-up phenomena have been analyzed, see for instance, [8],
[12], [13], [15], [16] and [17]. For the case f(u,v) = u"vP, g(u,v) = v?v®, whit
p,q,7,s > 0, Dickstein and Escobedo in [8], studied (2) considering bounded
domains. For the case f(u,v) =u" + P, g(u,v) = u? + v® whit p,q,r,s > 0,
Souplet and Tayachi in [17], studied the Cauchy problem for (2). Rossi and
Souplet in [15], studied (2) considering bounded domains and homogeneous
Dirichlet boundary conditions. They show that the non-simultaneous and si-
multaneous blow-up are possible for the exponent region r > g—+1or s > p+1,
both depending on the initial data.
Equations of the form

u(x,t) = Jxu —u(z,t) = / J(x —y)uly,t)dy — u(zx,t), (3)

n

and variations of it, have been widely used in the last decade to model diffusion
processes, see for instance [1], [2], [6] and [10]. As stated in [10], J : R" — R
is a non-negative, smooth, symmetric radially and strictly decreasing function,
with / J(x)dx = 1, supported in the unitary ball. If u(x,t) is thought as

]Rn
a density at the point x at time ¢ and J(z — y) is thought as the probability

distribution of jumping from location y to location z, then (J * u)(x,t) is the
rate at which individuals are arriving to position x from all other places and

—u(x,t) = — / J(y—z)u(z,t)dy is the rate at which they are leaving location

x to travel to all other sites. This consideration, in the absence of external
sources, leads immediately to the fact that the density u satisfies equation (3).
This equation is called nonlocal diffusion equation because the diffusion of the
density u at a point x and time ¢ does not only depend on u(z,t), but also on all
the values of u in a neighborhood of x through the convolution term J*wu. This
equation shares many properties with the classical heat equation u; = Aw such
as the fact that bounded stationary solutions are constant, a maximum principle
holds for both of them and even, if J is compactly supported, perturbations
propagate with infinite speed.

Bogoya in [3], studied the problem with Neumann boundary condition and
source term

u(x,t) :/QJ(QJ —y)(u(y,t) —u(z,t)dy + f(u(z,t)), z€Q, t >0,
u(x,0) = ug(z), z € Q,

(4)

where ug € C(Q) is nonnegative function and Q ¢ RY a bounded, smooth and
connected domain, f a function of u representing reaction term (source). The
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author proves the existence and uniqueness of solutions. For some conditions on
f, it is shown that the solution becomes unbounded at time 7" (blow-up). For
blowing-up solutions, the rate of blow-up (that is the speed at which solutions
go to infinity an time 7') is also analyze. For f(u) = e, the author considers the
radial case in the ball of radius » > 0. It is proved that if radially symmetric
initial condition has a unique maximum at the origin, then the solution is
radially symmetric and has a unique maximum at the origin which it is the
only blow up point.

Perez-Llanos and Rossi in [11], studied the problem (4) for f(u) = u? with
p > 0, where ug € C(Q) is nonnegative function. They prove that for, nonnega-
tive and nontrivial solutions, blow up in finite time for the solutions, if and only
if, p > 1. Moreover, they find that the blow-up rate is the same that the one
that holds for the ODE «/(t) = uP(t), that is, lim,_,z— (T — )"/ @D ||u(-, t)||ec =
(1/(p — 1)V,

Bogoya in [4], studied the following nonlocal reaction-diffusion system with
Neumann boundary conditions

ut(a:,t):/QJ(x—y)(u(y,t)—u(x,t))dy + 0P (z,t), (z,t)eQx(0,T)

vt(x,t):/QJ(x—y)(v(y,t)—v(ac,t))dy—l—uq(x,t), (@, )eax©,1) O

u(x,0) = up(x), v(x,0)=uvo(x), x €,

with p, ¢ > 0, up(x), vo(x) € C(2) nonnegative and nontrivial functions and
Q c RN (N > 1) a bounded connected and smooth domain. The author proves
the existence and uniqueness of nonnegative solutions (u,v) of (5) and shows
that the solution (u,v) is unique if pg > 1, or if one of the initials conditions is
not zero for pqg < 1. The, the globally existence for the solution of (5) is proved.
It is shown that if pg > 1 and ug, vg, are nonnegative and nontrivial functions,
then the solution (u,v) of (5) blows up in finite time T, if pg < 1 then the
solution (u,v) of (5) exists globally. Finally it is considered the blow-up rate
for the solution (u,v) of (5). Bogoya and Gémez in [5] studied the numerical
approximation of (5).

General problem: Our first objective in this paper is to study the nonlocal
diffusion system

ug(x,t) = /Q J(x —y)(uly,t) —u(z,t)dy + f(u(z,t), v(z,1)),

v, ) = /Q J@ = y) @y, t) — vl )dy + glu(z, ), 0(z, 1), O
u(z,0) = up(z), v(zr,0)=uvo(z), =€,
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where g, vy are nonnegative bounded functions, (z,t) € Qx(0,T), @ Cc RN isa
bounded domain with smooth boundary and f, g : R+xR™ — R are continuous
functions. Since the integrating is on €2, is considered that the diffusion takes
place only in €2, sot that, the individuals may not enter nor leave 2. This
is the analogous of what is called in the literature as homogeneous Neumann
boundary conditions.

Sum of power terms: A second objective is to the study of (6) with
f(u,’u) = u" + P, g(u,’u) = u? +v® for p,q,r,5s > 0, ug, vy € C(Q)v (.1‘,75) €
Q% (0,7),

ug(x,t) = /Q J(z —y)(uly, t) —u(z,t))dy + u"(z, 1) + 0P (2, 1),

o, 1) = /Q T(z — )y, 1) — v(@, O)dy + (@, 8) + v*(z,8), ()
u(z,0) = up(z), v(zr,0)=uvo(z), =€l

The system (7), can be viewed as a combination of the following two systems:
the problem (5) and

J(x—y)(u(y,t)—u(x,t))dy +u"(x,t), (x,t)eQx(0,T)

<
ISy
K
~
~
I
S~
8
<

v, t) = | Te—y) 0y, )—v(z, 0)dy + o (2, 1), (@,0)ex0,T) &
u(x,0) = up(z), v(x,0)=1vo(x), z€Q,

(8) is uncoupled system and non-simultaneous blowing-up solutions exists, see
[11]. In [3], it is studied the coupled system (5), which has only simultaneous
blowing-up solutions if pg > 1. Therefore it is natural to ask whether the
blow-up is simultaneous or not for (7).
It is said that a solution (u,v) blows up in finite time if only if there exists
a finite time T > 0, such that
i S t oo t oo = .
Jipn sup (lu(@, )l oo () + (@, )| L)) = 00
If T = oo, the solution (u,v) is global, i.e. the solution exists for all ¢ > 0.
It is said that the blow-up is simultaneous if

limn, sup fJu(z, t)l|z> @) = Jim sup (@, )l (@) = o0

One can note a priori that there is not a reason for both components of
the system to blow up simultaneously. In fact, it could happen that one of the
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components blows up as ¢ — 7', while the other, remains bounded on [0,T).
This phenomenon is called non-simultaneous blow up.
The following information is necessary for the study: If (o, 8) is the unique

solution of .
r—1 p A
() G- %

thena=(1-s+p)/A, f=1—-r+q)/A, A=(r—1)(s—1)—pg #0.

The rest of the paper is organized as follows: In Section 2, we study the
general problem (6), the existence and uniqueness of nonnegative solutions (u, v)
as well as a comparison principle for the solutions is studied. In Section 3, we
study the sum of power terms (7), the global existence and blow-up of solutions
is proved, non-simultaneous blows up and the blow-up rate is studied.

2. General problem

In this section, we prove the existence and uniqueness of nonnegative solutions
(u,v) of (6) by following the ideas of [8].
Let to > 0 be fixed and
Xiy = C (10,t0] 5 C@) x C@) = {(u,0) :
[0,t] = C(Q) x C(Q) : (u,v) is continuous},
a Banach space with the norm

MW#MHZ@@@WM»&U@@WLthI:L“@DxL“@h

[(u(- ), v(-, 8))l[r = max fu(z, )] + max fv(z, t)].
€ e

Let [Jullx = maxo<i<t, [[u(- )]l oo @)-
Let P, = {(u,v) € X3, : u >0, v > 0} be a closed subspace of X;,. We
define the operator ¥ : Py, — Py, as Yyg,00) (4, v) = (Tyg (1), Sy, (v)), where
t
To()t) = [ [ @ =)ty s) = ulw.s))dy ds
t
+ [ (e s) oo s)ds + o),
0
t
Su@)(w.t) = [ [ I = )(wla.5) = o)y ds

+ [ gtu(e.s). o 5)ds + wn(a).

(10)
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We begin the study considering the functions f and ¢ locally Lipschitz. The
following lemma is very important for the study and its proof is analogous to
that given in [4], reason why, we omit here.

Lemma 1. Let f and g be locally Lipschitz function, (up,vp), (wo,20)

€ C(Q) x C(Q) and (u,v), (w,z) € Py,. Then there exists a positive constant
C =C(Kq, K3,Q,J) such that

1% a0 00) (1 ©) = Wy 20) (w0, 2)[[| < Clol[[(w; v) = (w, 2)]]
+ [ (w0, vo) — (wo, 20)]1-

(11)

Theorem 2. Let f and g be locally Lipschitz function and (ug,vo)
€ O(Q) x C(Q), nonnegative and real functions, then, there exists a unique
solution (u,v) of (6) such that (u,v) € P,. Moreover, (u,v) can be extended

to a maximal interval [0,T) with T' < oo.

Proof. Following ideas of the proof of Lemma 1, we see that the operator
Y Py N B(0,0) = Py, N B,(0,0) is well defined, where

r = max{[luoll, Juoll} +1 and B,(0,0) = {(w,v) : [(w,0)l; <r}.  (12)

Now, taking (ug,vo) = (wp, z0) in Lemma 1 and choosing ¢y such that Cty < 1,
we obtain that ¢ (u, v) is a strict contraction of P,,NB,(0, 0) into itself, therefore,
there exists a unique fixed point (u, v) of ¥ (u,v) in P, N B,(0,0) by the Banach
fixed point theorem, which is the uniqueness of solution to (6), in Q x [0,%].
Uniqueness implies that the solution can be extended to a maximal interval
[0,T), with T’ < cc.

Remark 3. The solution (u,v) of (6) depend continuously on the initial
data. In fact if (u,v) and (w, z) are solutions to (6) with initial data (ug,vo)
and (wy, zo) respectively, then there exists a constant C' = C(t, K3, 2, J) such
that

1w, v) = (w, 2)[|| < Cll(uo, v0) = (wo, 20)ll1-
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Remark 4. (u, v) € P, is a solutions of (6),

u(x,t) = /0 /tQJ(J: —y)(uly,s) —u(zx,s))dy ds
/ flu(z,s),v(x,s))ds + up(x),

(@, t) // z —y)(v(y, 8) — v(z, s))dy ds

/O o(u(z, 5), v(z, $))ds + vo().

(13)

Following the ideas of [8], the existence and uniqueness of the solution of
(6) is studied under conditio that f and g, are continuous functions.

Theorem 5. Let f and g continuous functions and (ug,vg) € C(Q)x C(Q)
nonnegative and real functions, then, there exists a unique solution (u,v) of (6),
such that (u,v) € Py,.

We will use the notation (a,b) > (¢, d) to indicate that a > ¢ and b > d.

Definition 6. Let w,v € C1([0,T);C(Q)). (u,v) is called a supersolution
of (6) if

/ (@ = )@y, 1) — T, ))dy + (@, 1), 5(, 1))
T, 1) > /; (@ — )y, t) — Bz, 1)) dy + g(a(, ), 5z, 1)) (14)
u(x,0) > up(z), o(x,0)>vo(x), €.

Analogously, (u,v), is called a subsolution of (6), if it satisfies the opposite
inequalities.

Now, we consider the following hypothesis on f and g¢:

H,: f and g are increasing functions in each variable, i.e.
flug,v9) > fug,vr) and g(ug, va) > g(uq,v1) for all 0 < wug < wg, 0 < vy < vo.
The hypothesis H; allows us to establish some comparison results, which
are given in the following lemma. Its proof is analogous to that given in Lemma
2.2 of [8], a reason why we omit it here.



162 M. Bogoya, C.A. Gomez

Lemma 7. Let f, g, be continuous functions satistying Hy, and let (u,v),
a supersolution of (6) in 2 x (0,T). Then, there exists a solution (u,v) of (6) in
Q x (0,T) such that (u,v) < (u,v). Moreover, if (u,v) is a subsolution of (6) in
Q2 x (0,7), verifying (u,v) < (u,v), then, there exists a solution (u,v) defined
on Q x (0,T) such that u <u <u, v<v<7.

As a consequence of these previous results, we have the following corollary,
which proof is omitted.

Corollary 8. Let f and g be locally Lipschitz functions satisfying Hy and
(u,v) the solution of (6), in Q x (0,T).

1. If (w,v) is a supersolution of (6), then (u,v) < (u,v) in @ x (0,7).

2. If (u,v) is a subsolution of (6), then (u,v) < (u,v) in Q x (0,7).

Definition 9. A solution (ups, var) of (6) in Q2x(0,T") is a maximal solution
of (6), if given any other solution (u,v) of (6), we have (u,v) < (upr,var) in
Q% (0,7).

Lemma 10. Let f, g be continuous functions satisfying Hy. Then, (6)
has a maximal solution (u,v) in  x (0,T).

Proof. As in Theorem 5, let (fy,), and (g,) decreasing sequences of locally
Lipschitz functions, with f, — f, g, — ¢ as n — co. Moreover, we can take
fns gn satisfying the condition Hy, for alln € N. Let (uy,, vy,) the solution of (1),
then wpy(z,t) = limy, o0 un (2, t), var(x,t) = lim, o v, (2, 1), and by Remark
(4), we obtain what (ups,var), is a solution of (6), in Q2 x (0,7"). We claim that
(upr,vpr) is the maximal solution of (6). Indeed, if (u,v) is any other solution
of (6) with source term f, g then (u,v) is a subsolution of (6) with source
term f,, g, for all n € N as (f,), and (g,,) decreasing sequences, therefore
(u,v) < (up,vy) for all n € N. Letting n — oo, we get (u,v) < (upr,vpr) in
(x,t) € Qx(0,T).

U) is a positive supersolution of (6) and (u,v) is a

Remark 11. If (@,
(@,7) = (u,v).

subsolution of (6), then

The following lemma is very important for the case when f and g are non-
Lipchitz functions. The demonstration is very similar to this given in [8], so
that we omit here.
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Lemma 12. Let f, g be continuous functions satisfying Hy, with f(0,0) =
9(0,0) =0and f #0, g # 0. Let (ug, v9) = (0,0) in Q and (u, D) a supersolution
of (6), such that (u,v) > (0,0) in Q x (0,T). Then (u,v) > (u,v) in Q x (0,7
for any solution (u,v) of (6), with (ug,vp) = (0,0).

3. General problem

Now, we analyze the problem (7). As p,q,r,s > 0, we note that f(u,v) =
u" 4+ 0P, g(u,v) = u? + v° satisfy Hj.

3.1 Existence and uniqueness

Theorem 13. Let ug, vg € C(2) with (ug,vg) # (0,0) in Q. Then there
exists a unique solution (u,v) of (7) such that (u,v) € P,.

Proof. It is obtained from Theorem 5.

Theorem 14. Let ug, vg € C(Q) with (ug,vp) = (0,0) for all x € Q. If
r > 1, s > 1 and pq > 1, then the problem (7), has only the trivial solution.
Otherwise, there exists a unique positive solution (u,v) of (7) in (x,t) € Q X
(0,T), which is the maximal.

Remark 15. The special case 7 = s = 0 leads to study the problem (5),
which is studied in [4] and a similar result to Theorem 13 is obtained.

Remark 16. By a previous remark, it follows from the proof of Theorem
14 that if » > 1, s > 1, and pg > 1, then, there is no nontrivial subsolution
leaving (0, 0).
3.2 Blow-up analysis

In this section, we study conditions under which, the solution of (7) exists
globally or blow-up. In what follows, we build on ideas developed in [17].

Theorem 17. If max{r,s,pq} > 1, the solutions of (7), blow-up in finite
time.
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Proof. We shall proceed in two cases.

Case 1. Let pg = max{r,s,pq} > 1. Let (u,v) the solution of (5), which
blow-up in finite time 7" > 0 for pg > 1, see [4]. As (u,v) is nonnegative then
is a subsolution of (7) in © x [0,7). If (0,0) # (ug(x),ve(x)) < (ug(x),vo(z))
in Q, then by Lemma 7 we have that the solution (u,v) of (7) blow-up in finite
time.

Case 2. Let r = max{r, s,pq} > 1 or s = max{r, s,pq} > 1, these two cases
can be handled with the same argument, so that, we consider r > 1.

Let u be the nonnegative solution of (4) with f(u) =u". Asr > 1, we have
that u blow-up in finite time, see [11]. Let v, the nonnegative solution of (4)
with f = 0, see [7]. Moreover, we have that (u,v) is a subsolution of (7) in
Qx[0,7). If (0,0) # (up(z),v9(z)) < (uo(z),vo(x)) in Q, then by Lemma 7 we
have that the solution (u,v) of (7) blow-up in finite time.

Theorem 18. If max{r,s,pq} <1, then all solutions of (7) are global.

Proof. Let max{r,s,pq} <1 and «, 3, A, given in (9). Let a1 = 2a, 1 =
2. We have ay,81 > 0, ay(1 —7) — f1p = 2 and p1(1 — s) — ayq = 2. Let
A >0 and C > 0, we considerer the functions @ = (t + C)*, T = (t+ )" in
2 x [0,00). We have

Ut — / J(z —y)(uly,t) —u(z,t))dy —u" —v"
Q
=ai(t+ C)al_l —(t+ C)O‘l_ﬂﬂ—? —(t+ C)a1—a1q—2 >0,

(15)

for C' sufficiently large. Similarly, we have
7 — / Iz — 1) By, t) — B(w, 1)) dy — 78 — 7 > 0.
Q

Therefore (w,v), is a supersolution of (7). Let (ug,vg) > (0,0) with (ug,vg) <
(u(x,0),v(x,0)). By Lemma 7 and the uniqueness the result of the Theorems
13 and 14, we have the solution (u,v) of (7) is global.

If A =0, then (1 —7)(1—3s)=pq Let u= Cet, 7= Ce" in Q x [0,00)
such that v = (1 —7)p~'u = q(1 — s) "' . We have

7 / (e — y)@ly,t) — (e, 0)dy — T — T = yw - — T
Q
— et (uC — CTemVPt — CPeTt) > eht (uC — CT — CP) > 0,

(16)

for p sufficiently large. Similarly, we have

7 — /Q Iz — )y, t) —B(a, O)dy —a — 7 > (Wl — C1— C*) > 0. (17)
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Therefore (w,v) is a supersolution of (7) and the same conclusion for the case
A > 0 holds.

Next, we will study the conditions under which non-simultaneous blow-up
the solution of (7) could occur. Consider the system of ODE

vP(t), V(t) =ui(t) +v(t), t>0
=b.

u'(t) = u'(t) (18)

_l’_
u(0) = a, v(0)

Remark 19. 1. If p=g¢ =17 = s =1, then u(t) = C1e*, v(t) = Coe? is
solution of (18).

2. Let pg > 1 and (u,v) be nonnegative solutions of (18). We have u/(t) >
vP(t), v'(t) > ui(t), therefore (u,v) is a supersolution of w'(t) = 2P(t), 2'(t) =
wi(t), w(0) = ¢ < a, 2(0) = d < b. As the solution (w,z), simultaneous
blow-up in finite time 7" > 0 for gr > 1, then by Comparison Principle, (u,v)
simultaneous blow-up in finite time 7" > 0.

Remark 20. (u(t),v(t)) is a flat solution (a solution that does not depend
on x) of (7), with initial datum wu(z,0) = a > 0, v(z,0) = b > 0 if only if
(u(t),v(t)) is a solution of the system of ODE (18).

The following proposition refers to the flat solution (7) and is analogous to
Proposition 2.2(i) of [17], reason for which we omit its demonstration.

Proposition 21. Letr > q+ 1. If clu(l)Jrq*T + vy < CQUgnil)/(871), with
1/(s—1)
= ﬁ, co = (%) , then, for the flat solution (u(t),v(t)) of (7),
must be u blow-up in finite time T' > 0, while v remains bounded on [0,T), i.e.
satisfies
lim u(t) =00 and sup v(t) < oo. (19)
/T te(0,T)

For s > p + 1, the analogue obviously holds by exchanging the roles of u, v.
Theorem 22. (Non-simultaneous Blow-up) Let (u,v) be a positive blowing-

up solution of (7). If r > ¢+ 1 or s > p+ 1, then there exist ug and vy such
that non-simultaneous blow-up occurs.

Proof. Assume that r > g+1, then by Proposition 21, there exists ug and vg
such that lim; ~r [[u(?)||ec = 00 and supg (o 1) v(z,t) < oo for some finite time
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T > 0. Hence, non-simultaneous blow-up occurs. For s > p 4 1, the analogue
of Proposition 21 holds by exchanging the roles of v and v.

3.3 Blow-up rates

In this section, we analyze the blow-up rate of the solutions of (7). We assume
that x = 0 € €2, and note that for smooth radially symmetric and nondecreasing
initial conditions (that is, when ug(r), vo(r) are C'! such that uf(r) <0, vj(r) <
0) the solutions are also radially symmetric and radially nondecreasing (that
is, it holds that wu,(r,t) < 0, v.(r,t) < 0). Hence, for every t € (0,7), the
maximum of both components is attained at x = 0. We state this result as
follows. For a proof, we refer to Lemma 4.1 in [11].

Lemma 23. If Q) = B(0;R) is a ball and (ug,vo) are smooth, radially
symmetric, and nondecreasing initial conditions (i.e. ug(r), vo(r) are C' such
that uy(r) < 0, vy(r) < 0) then both components u, v of the solution of
(7) are radially symmetric and radially nondecreasing (they verify wu,(r,t) <
0, vp(r,t) <0 for every r € [0, R) and every t > 0).

Next, we study the blow-up rate of the solutions of (7).

Theorem 24. Let (u,v) be a positive blowing-up solution of (7), such

that the maximum is reached at x = 0 for all t € (0,T). Let r < % and

5 < q((qp:f)): then there exists C1, Cy, C3, C4 positive constants such that
Ci(T —t)# <u(0,t) <Co(T —t)™*, 0<t<T, 20)
Co(T — 1)~ < 0(0,6) < Co(T =), 0<t<T,

with = p+1 V= q+1

pg—17 7 7 pg—1-

Proof. Let u(0,t) = max_ gu(z,t) and v(0,t) = max_gv(x,t). By (7),
we have

ug(0,1) = /Q J(0 —y)(u(y,t) — u(0,t))dy + u"(0,t) +vP(0,)

<u"(0,t) + vP(0,t), (21)

010, ) = /Q J(0 = y)(w(y, 1) — v(0,8))dy + u9(0,£) + v*(0, 1)
<u?(0,t) +v°(0,¢).
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As 1= / J(¢)d¢ > / J(¢)d¢ and (u,v) is a positive solution, we have
RN Q

ut(oa t) > —’LL(O, t) + /Up(07 t)7 /Ut(07 t) > _U(Oa t) + uq(07 t)
Therefore, we have that for all 0 <t < T
—U(O, t) + ’up(O, t) < Ut(o, t) < ur(o’ t) + Up(ov t) (22)

and
—v(0,t) + u?(0,t) < ve(0,¢) < u?(0,t) +v°(0,¢). (23)

Multiplying the second inequality of (22) by u4(0,¢) and the first inequality of
(23) by vP(0,t), we have

ue (0,8)u?(0,1) < u"9(0,t) + v, (0,1)0P(0,t) + vPT1(0,1),

which is equivalent to

q+1 p+1(0. ¢
<u (07t)> o uT+q(07t) S <’U (07 )> +’Up+1(0,t).
g+1 ¢ p+1 '

Multiplying the inequality by (p+1)e®+D! and integrating on [0, ] with t < T,
we have

u?(0,t) < C(v(0,1))PHha/lat), (24)
Replacing the second inequality of (23) by the inequality (24) and as s < q((qp:11))>

we have
ve(0,1) < C(v(0,1))PTDU D 440, ¢)

< C(v(0, 1)) Pt/ @) 4 (y(0,¢))PTDa/(a+1)

Therefore,
ve(0,t) < (C + 1)(v(o7t))(p+1)q/(q+1),

Integrating the inequality from above on [t,T"), we obtain that v(0,t) > C3(T —

t)~Y, where v = %. In analogous way, we obtain u(0,t) > Cy (T —t)~*, where
p+1

p= :
pg—1

Doing a similar analysis to the one developed above, we obtain that there
exists a constant C' > 0, such that, for 0 <t <T

C(v(0,£))PHD/ @) < 9(0, 1), (25)
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Replacing the first inequality of (23), by the inequality (25) and as pg > 1 we
have (p +1)q¢/(g+1) > 1 and

C(v(o,t))(pﬂ)q/(qﬂ) < —v(0,t) + C(U(O,t))(p“)‘”(‘?“) < (0, 1).
Integrating the inequality from above on [t,T), we obtain
v(0,t) < Cy(T —t)™".
In analogous way, we obtain

u(0,8) < Co(T — ).

Theorem 25. Letr >qg+1ors>p+1 and (u,v) be a positive solution
of (7).
(7) If w blows up, then there exists C1, Co positive constants, such that

CUT —t) "Y1 < ut)]loo < Co(T —t)" YD 0<t<T.
(#i) If v blows up, then there exists C3, Cy positive constants such that

C3(T — )"V <o) |loo < Ca(T — )YV 0<t < T

Proof. (i) Let r > g+1, then by Theorem 22 we have that non-simultaneous
blow-up occurs. Let u blow up in finite time 7' > 0 with lim;_,7— ||u(t)|/cc = 00
and v remains bounded, there exists a constant C' > 0, such that v(z,t) < C
for all (z,t) € Q x (0,00). Therefore v a nonnegative solution of the problem

wlaont) = [ I~ ) (alyst) = ulo 0)dy + o7 + b, ),
Q
(z,t) € Q x (0,T), (26)
u(x,0) =ug, z€Q,
where b(z,y) < C, is a positive function. Asr > 1 and using a similar argument
given in [11], we have there exists Cy a positive constant, such that ||u(t)||cc <
Co(T —t) V=1 0<t<T.

Let U(t) = sup,equ(z,t), V(t) =sup,eqv(x,t), by Remark 4 we have for
O<t<ti <t

Ut) < U(t) + /t "t Ur(s)ds + /0 VP(s)ds < U(H) + /t N Ur(s)ds +C.



SIMULTANEOUS AND NON-SIMULTANEOUS BLOW-UP... 169

As u blows up, there exists a first ¢; € [t,T), such that U(t1) = 2U(¢). It
follows that U(t;) = 2U(t) < U(t) + (t1 — t)(2U(¢))" + C. Therefore U(t) <

(T -

t)(2U(t))" + C for t close to T, we have U(t) > 2C. Then U(t) > 5-(T —

t)_l/(r_l). Therefore, C1 (T — t)*l/(“l) < JJu(t)|loo- The proof of (ii) proceeds
in an analogous way.
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