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Abstract: This study proposes a methodology for deriving boundary con-
ditions in the presence of boundary layers by using integral conjugation con-
ditions for thin geobarriers. These boundary conditions are essential part of
the boundary value problems such as mathematical models of physical, chem-
ical and hydrological processes. The developed approach allows to account for
variable characteristics of the boundary layer material. Such consideration is
significant in mathematical and computer modelling of environmental processes
with strong nonlinear effects. By applying the proposed methodology, we de-
rive balance boundary conditions for: soil surface moisture and temperature
in case the soil is covered with growing crops or a layer of fallen leaves; salt
concentration in pore water under carst processes; greenhouse gas distribution
on the soil-atmosphere contact in the presence of growing plants.

AMS Subject Classification: 35K61, 35Q35, 35Q79, 76D10
Key Words: boundary layer; balance boundary condition; geobarrier; inte-
gral conjugation condition

1. Introduction

Boundary conditions constitute an essential part of mathematical physics equa-
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tions, which are used for simulation and analysis of physical, chemical and hy-
drological processes in natural and artificial environments. The transitions from
a real process to mathematical model and further to boundary value problem is
accompanied by numerous assumptions concerning both the partial differential
equations (PDEs) and their boundary conditions.

In this paper, we mostly discuss the problem in the view of interaction
processes between heat fluxes in ‘soil — atmosphere’ environment. The corre-
sponding model can be applied to simulating and forecasting the temperature
of fertile soil layer, a problem relevant in agriculture [1, 2, 3, 4]. The obvious
way to set the boundary condition for the soil-atmosphere interface is to use
Newton-Richmann heat exchange law, or, even simpler, to assume that the soil
surface temperature equals to the air temperature know from the meteorologi-
cal measurements. However, in case there is a (presumably) thin layer of crops
or snow that is defined by its own thermal capacity and conductivity character-
istics, the application of these conditions requires additional justification. For
example, if the modelling is carried out in real-time with meteorological air
temperature data (which is typically measured 2m above the ground), we dis-
regard the effect of crop cover and its warming due to the solar radiation [5, 6].
Similar doubts about the classical boundary conditions arise for the problem
of tracking moisture of the fertile soil layer profile, when precipitation amounts
or remotely sensed soil moisture data are available [7, 8, 9]. In this case, the
amount of soil evaporation and transpiration depends also on the crop height
and temperature. Thus, the task of producing realistic simulation and forecast
in the real time calls for modification of boundary conditions to incorporate a
notion of boundary layers, which have different characteristics from that of the
problem medium.

2. Conjugation condition for the heat transfer with a thin layer on
the soil-atmosthere contact

Here we propose methodology for deriving boundary conditions in the pres-
ence of thin boundary layers based on the integral conjugation conditions for
geobarriers. Similar modifications for conjugation conditions with nonlinear
dependencies are introduced in works [10, 11, 12, 13]. Further, studies [14, 15]
adjust the conjugation conditions for thin inclusion to consider the effect of
biocolmatation according to the methodology of modelling interconnected pro-
cesses in porous media described in [16].

To preserve the logic and wholeness of the derivations, we summarize here
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Figure 1: Thin geobarrier €2y on the contact of two domains, 2; and
Q2

some of the known facts as for the temperature conjugation conditions provided
in [10, 11, 12, 14, 15, 17]. In Figure 1, Q; is atmosphere, 5 — soil; ¢ — thin
boundary layer with thickness J, positioned at « = 0, where the heat transfer
process is transpiring. Thermal and physical characteristics of materials in the
domains €2g, 1, Qo differ from each other and can nonlinearly depend on the
temperature itself. We assume, due to the thinness of the boundary layer, that
thermal processes in the cross-section of the layer are stationary or, at least,
quasi-stationary. Thus, we consider the following heat transfer problem for the
layer:

o) or
Tpoo =T ,T|,_s=T". (2)

Here T' is temperature, A5 (7') — thermal conductivity coefficient for the thin
layer that can nonlinearly depend on temperature. Note that thermal conduc-
tivity can potentially depend, in addition, on other fields such as moisture,
organic compounds, concentration of chemicals etc.

From equation (1) we get

or
)‘5 (T) E = T17

where T} = const is a yet unknown constant or a function of time ¢ (the variance



110 O. Stepanchenko, P. Martyniuk, O. Belozerova, L. Shostak

with time does not lead to significant differences in further derivation). Further,

T(a:)le/x @, 3)
o As(T)

where Ty = const is another yet unknown constant. Then, from (3) and bound-
ary conditions (2) we have

TO) =T,=T",

§
dx
T(d) :Tl/ +Th = T+,
o A (T)
This system of linear algebraic equations leads to
T+ —T~

Th=T", T =
f5 dx
Xs(T)

Thus, the problem (1), (2) yields

TH—-T- [* dx
T(z)=—3 / +71.
IN /\g(’”T) o s (T)

Consequently, we get

or Tt -T-

— = : 4)
6 €T (
0r X5 (T) Jy 5%

Then we derive conjugation condition from the conservation law for heat
flux ¢:

oo, =X (1) 50 6

Considering the Ox axis is directed downward, from (4) and (5) we have

the final equation for modified conjugation condition on non-ideal contact for
temperature on a thin boundary layer:

e df . (6)
=0+ f s (T
Here A (T) is thermal conductivity of the material in domain §; (on z = 0_) or
domain Q9 (on z = 04). Condition (6) is part of the mathematical model for
interconnected heat transfer processes in domains €2 and €29 with thin inclusion
Qp. In case temperature field in one of the domains ( €2 for instance) is known,
the thin inclusion )y becomes a boundary layer, and condition (6) becomes
boundary condition after necessary modifications.
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3. Balance boundary conditions

3.1. Heat transfer in the ‘soil-atmosphere’ environment in the
presence of thin boundary layer (plants, snow, fallen leaves and
pine needles etc.)

Temperature 7T~ is in this case known and equal to the air temperature 7.
Temperature 7" is an unknown temperature 7" at the soil surface. Then, from
the conjugation condition (6) we get the following boundary condition:

oT T - T,
e g
Jo X5 (T)

where A5 (T') is thermal conductivity of the boundary layer material (plants,
snow, plant litter). Assuming A\s (T') = \s = const yields

or
O =0

AT _ —Agw. (8)

3.2. Moisture transfer in the ‘soil-atmosphere’ environment in the
presence of thin boundary layer

In the study [17], according to Darcy-Klute law with gravitational flow [8], the
following conjugation condition for moisture transfer equation can be derieved
(where soil moisture is represented by pressure head h):

oh ht — h— 1)
(k: (h) 9 l-c(h)> & S
=0 fo Es(R) f Es(R)

Then, as in (7), we get the following boundary condition:
_ hl,—o— ha )

oh
(k0 G —km)| == T T

Here k (h), ks (h) are unsaturated soil permeability in Q9 and €, respectively,
h, — pressure head equivalent to the moisture on the top boundary of the con-
tact between boundary layer €2y and atmosphere. Depending on the unknown
functions of the moisture transfer model, the conditions above can be trans-
formed into analogical conditions for soil moisture or saturation.
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3.3. Karstic processes on the ‘salt layer—soil’ interface

In this case, 21 is a layer of soluble salts, {25 — soil fully saturated with water,
and p — a thin boundary layer in the neighborhood of the salt dissolution front.
Existence of such layer is justified in [18] and its impact is studied in [19]. The
presence of a diffusion layer is also studied in [20] concerning the contaminant
transfer problem. According to Fick’s law, as in (6), the conjugation condition
for the salt concentration is
D)% :—7?_6
e N N (3]
5\C

Here D and Ds are diffusion coefficients of the soluble salts with concentration
¢, which also nonlinearly depend on temperature. Concentration ¢~ in this
case in known and equals to the maximum saturation C,,. Concentration ¢
is an unknown concenration ¢ on the soil surface. Then, using the congugation
condition, we can write the following balance boundary condition:

@
ox

_ c‘x:O _ Cm' (9)

D (c,T) 5 du
=0 fo Dy (c,T)

In case Ds (¢, T) = Ds = const, similar to (8), from (9) we get

D (c,T) 9e

Cm
oz '

—Ds C‘$05—

(10)

=0

Condition (10) conforms with the balance boundary condition on the edge
of dissolution front derived through other reasoning [18]. However, condition
(9) allows for variation of diffusion coefficient on the thin boundary layer. The
method of deriving conditions (9) and (10) suggests that it is a special case of
a more general condition — the conjugation condition for a thin inclusion.

3.4. Balance boundary condition for the diffusion of carbon dioxide
from the soil to the atmosphere in the presence of thin
boundary layer

According to the model of CO4 diffusion [21], by analogy with (9) we can derive

Oc |y — Ca

D (e, T,h) TP A
Ox 2=0 f()(S %
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Here c is concentration of carbon dioxide in the soil, ¢, — concentration of car-
bon dioxide on the contact of boundary layer and atmosphere, D (¢,T) and
Ds (¢, T, h) — diffusion coefficients of COs in the soil and boundary layer, re-
spectively.

Note that similar conditions, diverging only in numerical values of param-
eters, can be used for the processes of greenhouse gas distribution from the
surface of a waste storage covered with geobarrier or from a surface of con-
structed wetland with a thin layer of water.

4. Conclusions

Conjugation conditions are integral parts of boundary-value problems for partial
differential equations as mathematical models of processes in environments with
thin inclusions. In this work, we have demonstrated how the balance boundary
conditions can be derived as modified conjugation conditions when geobarrier
is located at the boundary of problem domain instead of its interior. This is
similar to a way two-phase Stefan problem is transitioned to one-phase problem.
On example of a dissolution in the ‘salt layer-soil’” interface, we have shown that
the problems with thin inclusions and boundary layers belong to the same class
of problems.

The methodology of deriving these boundary conditions, proposed in this
work, allows to take into consideration dependencies of the process parameters
along the thickness of the boundary layer. As to the problems with modi-
fied conjugation conditions, as described in the proposed methodology, it is
demonstrated that significant differences in predictive calculations might arise
as compared to the classical conjugation conditions [17, 13, 10, 11]. Our fur-
ther research will concern numerical experiments and analysis of the influence
of these effects on the problems with thin boundary layers.

References

[1] V. Cherlinka, Models of soil fertility as means of estimating soil quality,
Geographia Cassoviensis, 10 (2016), 131-147.

[2] B.M. Onwuka, Effects of soil temperature on some soil properties and plant
growth, Journal of Agricultural Science and Technology, 6 (2016), 89-93.

[3] M.M. Al-Kaisi, R. Lal, K.R. Olson, B. Lowery, Chapter 1 - Fundamentals



114

[10]

[11]

O. Stepanchenko, P. Martyniuk, O. Belozerova, L. Shostak

and functions of soil environment, In: Soil Health and Intensification of
Agroecosytems, Academic Press (2017), 1-23.

J. Heinze, S. Gensch, E. Weber, J. Joshi, Soil temperature modifies effects
of soil-biota on plant growth, Journal of Plant Ecology, rtw097 (2016),
1-14.

P. Colaizzi, S. Evett, N. Agam, R. Schwartz, W. Kustas, Soil heat flux
calculation for sunlit and shaded surfaces under row crops: 1. Model de-

velopment and sensitivity analysis, Agricultural and Forest Meteorology,
216 (2016), 115-128.

E. Haghighi, J.W. Kirchner, Near-surface turbulence as a missing link
in modeling evapotranspiration-soil moisture relationships, Water Resour.

Res., 53 (2017), 5320-5344.

0.D. Kozhushko, M.V. Boiko, M.Yu. Kovbasa, P.M. Martyniuk, O.M.
Stepanchenko, N.V. Uvarov, Evaluating predictions of the soil moisture
model with data assimilation by the triple collocation method, Computer
Science and Applied Mathematics, 2 (2021), 25-35.

0.D. Kozhushko, M.V. Boiko, M.Yu. Kovbasa, P.M. Martyniuk, O.M.
Stepanchenko, N.V. Uvarov, Field scale computer modeling of soil mois-

ture with dynamic nudging assimilation algorithm, Mathematical Modeling
and Computing, 9 (2022), 203-216.

O.M. Stepanchenko, L.V. Shostak, V.S. Moshynskyi, O.D. Kozhushko,
P.M. Martyniuk, Simulating soil organic carbon turnover with a layered
model and improved moisture and temperature impacts, In: Babichev, S.,
Lytvynenko, V. (eds), Lecture Notes in Data Engineering, Computational
Intelligence, and Decision Making. ISDMCI 2022, 149, Springer, Cham
(2022), 74-91.

Y.V. Chui, V.S. Moshynskyi, P.M. Martyniuk, O.M Stepanchenko, On con-
jugation conditions in the filtration problems upon existence of semiperme-
able inclusions, JP Journal of Heat and Mass Transfer, 15 (2018), 609-619.

Y. Chui, P. Martyniuk, M. Kuzlo, O. Ulianchuk-Martyniuk, The conditions
of conjugation in the tasks of moisture transfer on a thin clay inclusion
taking into account salt salutions and temperature, Journal of Theoretical

and Applied Mechanics, 49 (2019), 28-38.



BALANCE BOUNDARY CONDITIONS FOR THIN BOUNDARY... 115

[12]

[13]

[14]

[17]

0. Ulianchuk-Martyniuk, O. Michuta, Conjugation conditions in the prob-
lem of filtering chemical solutions in the case of structural changes to the
material and chemical suffusion in the geobarrier, JP Journal of Heat and
Mass Transfer, 19 (2020)

O.R. Michuta, P.M. Martyniuk, Nonlinear evolutionary problem of filtra-
tion consolidation with the non-classical conjugation condition, Journal of
Optimization, Differential Equations and Their Applications, 30 (2022),
71-87.

0.V. Ulianchuk-Martyniuk, O.R. Michuta, N.V. Ivanchuk, Finite ele-
ment analysis of the diffusion model of the bioclogging of the geobarrier,
Eurasian Journal Of Mathematical and Computer Applications, 9 (2021),
100-114.

O. Ulianchuk-Martyniuk, O. Michuta, N. Ivanchuk, Biocolmatation and
the finite element modeling of its influence on changes in the head drop in a
geobarrier, Furasian Journal Of Mathematical and Computer Applications,

4 (2020), 18-26.

V.A. Herus, N.V. Ivanchuk, P.M. Martyniuk, A System Approach to
Mathematical and Computer Modeling of Geomigration Processes Using
Freefem++ and Parallelization of Computations, Cybernetics and Systems
Analysis, 54 (2018), 284-294.

P.M. Martyniuk, O.R. Michuta, O.V. Ulianchuk-Martyniuk, M.T. Kuzlo,
Numerical investigation of pressure head jump values on a thin inclu-
sion in one-dimensional non-linear soil moisture transport problem, In-
ternational Journal of Applied Mathematics, 31, No 4 (2018), 649-660;
doi:10.12732/ijam.v31i4.10.

A.P. Vlasiuk, Numerical solution of the problem of dissolution and leaching
of embedded salts from foundations of hydraulic structures, Reports of the
National Academy of Sciences of Ukraine, 8 (1995), 37-39 (in Ukrainian).

O.M. Stepanchenko, Mathematical modelling of dissolution of salt inclu-
sions in soil foundations of hydraulic structures, Transactions of Kre-
menchuk Mykhailo Ostrohradskyi National University, 4 (2015), 149-156
(in Ukrainian).

X. Li, J.Sheng, Zh. Zhang, Zh. Wang, An analytical solution for one-
dimensional contaminant transport in a double-layered contaminated soil



116 O. Stepanchenko, P. Martyniuk, O. Belozerova, L. Shostak

with imperfect diffusion boundaries, Environmental Engineering Research,
27 (2022), 210058.

[21] E.M. Ryan, K. Ogle, H. Kropp, K.E. Samuels-Crow, Y. Carrillo, E. Pen-
dall, Modeling soil CO2 production and transport with dynamic source
and diffusion terms: testing the steady-state assumption using DETECT
v1.0, Geosci. Model Dev., 11 (2018), 1909-1928.



