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Abstract: The field fractional partial differential equations has been greatly
expanding with in the last 20 years as evidenced by the growing body of lit-
erature. The work has primarily been theoretical in nature as there has been
limited availability of experimental data. This work demonstrates using simu-
lated data, how one can utilize these models and apply them to real world data
to make inferences about the parameter values, predictions at future values and
even what forcing mechanism was used to generate the data. This is done us-
ing a Bayesian approach that employs Markov chain Monte Carlo techniques.
The proposed approach is evaluated using simulation studies concerning cred-
ible interval coverage probabilities and highest posterior model probabilities.
The simulation study shows that the proposed method is effective for many
parameters and that more work is needed to better estimate some physical
coefficients.
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1. Introduction

Many physical systems are modeled by partial differential equations [1, 2]; ap-
plications of such equations arise in many fields, such as, atmospheric chemistry
[3], modeling of fluid flow in homogeneous media [4], combustion [5], and porous
media [6]. It has been observed and proved that the use of fractional calculus
leads to a good fit of the experimental data and therefore describes better the
behavior of many materials (see [7, 8, 9, 10, 11, 12, 13, 14]). Hilfer [9, 10] showed
that time fractional derivatives are equivalent to infinitesimal generators of gen-
eralized time fractional evolutions arising in the transition from microscopic to
macroscopic time scales. In [9], Hilfer showed that this transition from ordinary
time derivative to fractional time derivative indeed arises in physical problems.
The Hilfer’s idea on time fractional evolution is presented in detail in Chapter 9
of the book [12]. Bagley and Torvik [7] used the fractional calculus to generalize
the Kelvin-Voigt theory and showed that it has several attractive features.

In a paper by Ghanam et al. [15], they have considered transparent bound-
ary conditions for a diffusion problem modified by Hilfer derivative. That that
paper, they considered a homogeneous fractional diffusion problem in an infi-
nite reservoir sometimes called a “modified” diffusion equation. The equation
involves a memory term in the form of a time fractional derivative. For the
sake of reducing the computational domain to a bounded one they have estab-
lished appropriate “artificial” boundary conditions. This is to avoid the effect
of reflected waves in case of a “solid” standard boundary. Then, an equivalent
problem is studied in this bounded domain. They used the Laplace-Fourier
transform, the two-parameter Mittag-Leffler function and some properties of
fractional derivatives go give analytical solution.

An open area of research is how to apply these methods to empirical data.
One of the main barriers to application is determining the fractional parameter
α. In [16], Ghanam et al. show how to estimate this parameter using a Bayesian
framework. In addition this work considers whether or not a fractional calculus
based model is supported by data. Their work considered a very simple FPDE.
This work extends that work to more complicated FPDE across three forcing
functions.

This work employs a Bayesian framework for inferences which utilizes the
posterior probability distribution of the parameters and the posterior predictive
distributions for predictions. Often the posterior probability density is not
analytically tractable and hence numerical methods such as sampling may be
used to explore the properties of the posterior probability density. Markov
chain Monte Carlo (McMC) techniques are often employed to obtain a large
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number of samples from the posterior distribution. All inferences are made
from the samples from the posterior probability distribution. For more on
using the Bayesian framework for statistical inferences, see [17],[18]. Other
techniques such as Method of Moments [19] or Maximum Likelihood [20] are
not considered here and the authors have not found any literature where they
are applied to FPDEs as likelihood is not differentiable with respect to α.

This project considers the utilizing the Bayesian inferential framework to
provide inferences for a system of FPDE across three forcing functions, specif-
ically:

1. Parameter estimation techniques that utilizes empirical data will be de-
veloped.

2. Predictive models that utilize empirical data will be developed.

3. Comparing empirical data to each model across forcing function to de-
termine which forcing mechanism generated the data. This will involve
determining the posterior probability of the model/forcing function com-
bination given the data.

2. The Problem statement

In this section we will consider the following fractional partial differential equa-
tion:

∂U
∂t −KDα,β ∂2U

∂x2 = f(x, t)

U(x, 0) = g(x), −L ≤ x ≤ 0
U(−L, t) = 0, 0 ≤ t ≤ T

∂
∂xD

α,βU(0, t) = 0, 0 ≤ t ≤ T,

(1)

where (Dα,βf)(t) is the Hilfer fractional derivative of f(t) of order α and type
β defined by

(Dα,βf)(t) =

(

Iβ(1−α) d

dt
I(1−α)(1−β)f

)

(t), 0 < α < 1, 0 ≤ β ≤ 1, (2)

with

(Iαf) (t) =
1

Γ(α)

∫ ∞

0
(t− s)α−1f(s)ds, t > 0, α > 0. (3)

Equation (1) has been studied and solved by Ghanam et al. [15] and explicit
solutions have been provided. In fact, the solution for the special case when
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f(x, t) = f(t) l(x) is given by

U(x, t) = Σ∞
n=0

(

Tn(0)E1−α,1(−Kλ2
n t

1−α) + CnB(n, t)
)

cos
(2n + 1)πx

2L
, (4)

where

Tn(0) =
∫ 0
−L

g(x) cos (2n+1)πx

2L
dx

∫ 0
−L

cos2 (2n+1)πx

2L
dx

Eα,β(z) = Σ∞
n=0

zn

Γ(αn+β)

B(n, t) =
∫ t
0 f(t− s)E1−α,1(−K λ2

ns
1−α)ds

Cn = 2
L

∫ 0
−L l(x) cos (2n+1)πx

2L dx.

(5)

In this paper, we will consider the special case of Equation (1) with its
solution Equation (4) for the case the case f(t) = 1. We will now consider
three models based on the nature of the forcing function l(x).

2.1. Model 1: A constant forcing function

In this model we consider the following:

∂U
∂t −KDα,β ∂2U

∂x2 = C

U(x, 0) = g(x), −L ≤ x ≤ 0
U(−L, t) = 0, 0 ≤ t ≤ T

∂
∂xD

α,βP (0, t) = 0, 0 ≤ t ≤ T.

(6)

We note that, in the above model we take l(x) = C where C is constant. This
yields the following:

Cn =
4C(−1)n+1

(2n+ 1)π
. (7)

2.2. Model 2: A linear forcing function

In this model we consider the following:

∂U
∂t −KDα,β ∂2U

∂x2 = x

U(x, 0) = g(x), −L ≤ x ≤ 0
U(−L, t) = 0, 0 ≤ t ≤ T

∂
∂xD

α,βU(0, t) = 0, 0 ≤ t ≤ T.

(8)

We note that in the above model we take l(x) to be a linear function in the
form l(x) = x,

Cn = −
8
(

π(2n+1)(−1)n

2 − 1
)

L

π2 (2n+ 1)2
. (9)
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Model 3: A wave forcing function

In this model we consider the following:

∂U
∂t −KDα,β ∂2U

∂x2 = sin(x)

U(x, 0) = g(x), −L ≤ x ≤ 0
U(−L, t) = 0, 0 ≤ t ≤ T

∂
∂xD

α,βP (0, t) = 0, 0 ≤ t ≤ T.

(10)

We note that in the above model we take l(x) to be an oscillating function of
the form l(x) = sin(x),

Cn =
4(π(n+ 1

2
)+L) cos(L−πn− 1

2
π)

−4(n+ 1
2
)2π2+4L2

+
(π(−n− 1

2
)+L) cosL+πn+ 1

2
π)−2L)

−4(n+ 1
2
)2π2+4L2 .

(11)

3. Prior Distributions, Likelihood and Computation

For notation, U(x, t) is the underlying process at location x and time t, Ũ(x, t) is
an observation of the process at location x at time t and Ûθ(x, t) is the solution
to the system U at location x and time t using parameters θ. Here Ûθ(x, t) will
be used as the mean process with with an additive observation error ǫ, namely:

Ũ(x, t) = U(x, t) + ǫ, (12)

where ǫ ∼ N(0, σ2) and ǫ is independent across different observations.
A Bayesian estimation approach will be used and hence Bayes Theorem [21]

is essential to obtain the posterior probability distribution for the parameters
θ given the observed data Ũ(x, t), namely p(θ|Ũ(x, t)) is given by [20, 17, 19]:

p(θ|Ũ(x, t)) =
p(θ)L(Ũ(x, t)|θ)

∫

Θ p(θ)L(Ũ(x, t)|θ)dθ
, (13)

where p(θ) is the prior probability distribution for the parameters specified a
priori to experimentation and L(Ũ , t)|θ) is the likelihood of the data given θ.
Hence, one needs to specify both the prior distribution for θ and the likelihood.
The normal likelihood will be utilized for all three models, specifically:

L(U(x, t)|θ) = Normal(Ûθ(x, t)|θ, σ
2), (14)

where the mean is Ûθ(x, t) is the solution to the differential equation at location
x and time t when using parameters θ and σ2 is the variance parameter which
will also need to be estimated. For more on Bayesian inference in general, see
[18].
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(a) (b)

(c)

Figure 1: Plots of solutions of Model 1 (a), Model 2 (b) and Model 3
(c) across x at various time points. Here α = 0.7, K = 1 and C = 1
(C is only for Model 1).

3.1. Prior distribution specification

Model 1 has parameters θ = {α,K,C, σ} and the prior distributions for these
parameters are specified as:

α ∼ Beta(3, 3) (15)
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K ∼ LogNormal(0, 1)

C ∼ LogNormal(0, 1)

σ ∼ Exp(1).

Note that α must be in the interval [0, 1] and the Beta distribution ensures
that requirement is met. Similarly, K and C must be on the interval (0,∞)
hence the LogNormal distribution will guarantee that negative values will not
be considered. Since σ2 is a variance parameter it has support on (0,∞) and
hence an Exponential distribution is reasonable.

Model 2 has parameters θ = {α,K, σ} and the prior distributions for these
parameters are specified as:

α ∼ Beta(3, 3) (16)

K ∼ LogNormal(0, 1)

σ ∼ Exp(1).

Similar logic is used in specifying the prior distributions for the parameters as
in Model 1.

Model 3 has parameters θ = {α,K, σ} and the prior distributions for these
parameters are specified as:

α ∼ Beta(3, 3) (17)

K ∼ LogNormal(0, 1)

σ ∼ Exp(1).

Similar logic is used in specifying the prior distributions for the parameters as
in Model 1. As both Model 2 and Model 3 have the same parameter sets, for
consistency the same specification is used.

3.2. Computational Details

As the solution to the differential equation, Ûθ(x, t), must be approximated
numerically there is no closed form for the posterior distribution and hence
inferences on the parameters cannot be obtained in a straightforward manner.
To overcome this, McMC techniques will be employed to obtain samples from
the posterior distribution, p(θ|Ũ(x, t)), from which all inferences will be made.

The first computational issue is estimating the solution to the differential
equation Ûθ(x, t), given in equations (6,8,10) using the appropriate Cn given
in equations (7,9,11), respectively. These were programmed and calculated in
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Julia 1.8.2 one solution across the observed x and t values take approximately
8.81 seconds as it involves several integrals and an infinite sum. All solutions
were monitored to ensure the values converged to with in 0.0001 of the true
value.

The next computational issue is to obtain samples of the parameters from
the posterior distribution. The Metropolis-Hastings McMC scheme will be used
to obtain the samples. Note that to obtain one sample from the posterior
distribution the solution to the PFDE must be calculated at least four times
hence the estimation procedure is very computationally intensive. The posterior
distribution is proportional to the quantity given below:

p(θ|Ũ(x, t)) ∝ α2(1− α)2(CK)−1e−1/2(ln(C)2+ln(K)2)−σ (18)

× e
− 1

2σ2 (Ũ(x,t)−Ûθ(x,t))
′(Ũ(x,t)−Ûθ(x,t)).

To explore the posterior distribution 1,000 samples were generated using
the Metropolis-Hasting framework. Traceplots were examined to ensure con-
vergence of the sampler to a stationary process. The sampler was programmed
in Julia 1.8.2 and used no external McMC packages. For each of the models the
sampling process took between 7 to 9 hours to complete on a computer with a
AMD Ryzen 3 1200 Quad-Core processor at 3.10 GHz and 16GB of RAM. All
inferences are made from the 1,000 samples. Traceplots of the posterior sam-
ples were examined to ensure convergence of the sampler to a region of high
posterior density. Furthermore, several short chains were obtained before sam-
pling to tune the step values of the Metropolis-Hastings sampler. These tuning
samples were discarded as burn-in samples. For more on McMC methods in
general see [22, 23].

3.3. Estimation and Prediction

To verify the method and algorithm a simulated dataset was generated for
each model and the estimation algorithm was employed to generate posterior
samples for each of these models. For Model 1 the true parameterisation is
α = 0.7, K = 1, C = 1 and σ2 = 0.1, for Model 2 α = 0.7, K = 1 and σ2 = 0.1
and for Model 3 α = 0.7, K = 1 and σ2 = 0.1. Table ?? gives the true value,
posterior mean and 95% credible interval for each of the parameters in each of
the models. Notice that the posterior means are close to the true values and the
true value falls within it’s respective 95% credible interval. This shows that the
proposed estimation method is capable of correctly estimating the parameters.
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Figure 2 provides histograms of the posterior samples from each Model and
their corresponding parameters. The vertical red line corresponds to the true
underlying value of the parameter. Notice that only a few of the parameters
show a symmetric distribution, namely Model 1 K (c), Model 2 σ (g). Many
parameters exhibit a bimodal shape, namely Model 1 α (a) and C (b), Model
2 α (e) and K (f), and Model 3 α (h) and K (i). The fact that these do
not demonstrate a unimodal pattern one can see how Maximum Likelihood
techniques and their variants would be difficult to fit as there are likely many
local maxima for this problem.

Table 1: True value, posterior mean and 95% credible intervals for
Models 1, 2 and 3 for parameters: α, K, C (Model 1 only) and σ2.

Model Parameter True Mean 95% CI

Model 1 α 0.7 0.693 (0.671, 0.715)
K 1.0 1.015 (0.995, 1.041)
C 1.0 0.999 (0.968, 1.035)
σ2 0.1 0.108 (0.095, 0.122)

Model 2 α 0.7 0.706 (0.644, 0.774)
K 1.0 1.012 (0.970, 1.044)
σ2 0.1 0.095 (0.086, 0.106)

Model 3 α 0.7 0.688 (0.670, 0.701)
K 1.0 0.997 (0.981, 1.007)
σ2 0.1 0.097 (0.085, 0.112)

As prediction is often very important for researchers and practitioners using
the same simulated data sets from the estimation study a predictive perfor-
mance study is considered. Here the posterior predictive distribution of each
model is created using the posterior samples. The posterior predictive distri-
bution is given by:

p(Ǔ(x, t)|Ũ (x, t)) =

∫

Θ
p(θ|Ũ(x, t))L(Ǔ (x, t)|Ũ (x, t))dθ (19)

where Ǔ(x, t) is the predicted value of U(x, t). Using the posterior samples for
each model predicted values were generated for the data with corresponding
95% predictive intervals. The predicted values are the median of the posterior
predictive distribution and the predictive intervals are found by obtaining the
2.5% and 97.5% quantiles from the posterior predictive distribution. Figure 3
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(a) (b) (c) (d)

(e) (f) (g)

(h) (i) (j)

Figure 2: Histograms of posterior samples from Model 1, α (a), C
(b), K (c) and σ (d). For Model 2 parameters α (e), K (f) and σ (g).
For Model 3 parameters α (h), K (i) and σ (j). Red line corresponds
to the true value of the parameter.

shows the data, the predicted value and the 95% predictive intervals for each
model across x and across t. When looking across x, t = 1 and when considering
across t, x = 1. Notice that for all of the Models the predictive interval captures
the data. This demonstrates that the estimation paradigm has potential use in
prediction as well.

3.4. Model Section

The McMC approach presented can also be used in the model selection setting.
For example, if one does not know the mechanism that generated the observed
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(a) (b)

(c) (d)

(e) (f)

Figure 3: Posterior predictive plots for across x and t for Model 1,
panels (a) and (b), Model 2, panels (c) and (d) and Model 3 panels
(e) and (f).
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data a model selection approach can to determine the probability that the
data were generated by one of the candidate models. This notion of highest
posterior model probability is presented in [24, 25]. Suppose there aremmodels,
M1,M2, ...,Mm under consideration. Given a dataset D, one can determine the
posterior model probability of each model by using Bayes’ Theorem:

P (Mi|D) =
P (Mi)P (D|Mi)

∑m
j=1 P (Mj)P (D|Mj)

(20)

where P (Mi) is the prior probability of model Mi and P (D|Mi) is the marginal
probability of the data D given model Mi and is found by:

P (D|Mi) =

∫

Θ
p(θ|Mi)L(D|θ,Mi)dθ. (21)

In Section 4 a simulation study is performed to show the ability of the method to
select the correct model. Note that when none of the models have an overwhelm-
ing probability one can utilize all of the models by averaging the predictions
across all models using P (Mi|D) as the weighting for each prediction.

4. Simulation Studies

To examine the ability of the approach for statistical inference on parameter
estimates a simulation study was conducted. This study varies α and the vari-
ance of the observation error σ. Here α is varied across 0.3, 0.5 and 0.7 and σ is
varied across 0.1 and 0.2 for each of the models. The other parameters are set
to K = 1 across all models and C = 1 for Model 1, in order to keep the size of
the simulation study reasonable. For each model and parameter combination
100 data sets were generated and the proposed estimation method is employed
to create 95% posterior credible intervals for the each parameters. The coverage
probability is calculated for each of the parameters and models using:

θ̂ =
1

100

100
∑

i=1

I [θ ∈ (θL,i, θU,i)] , (22)

where I is an indicator function θ is the parameter of interest, θL,i and θU,i are
the lower and upper bounds for the 95% posterior credible interval for the ith

dataset.
Table 2 shows the results of this simulation study where all three models are

considered and their associated parameter estimated coverage probabilities are



STATISTICAL INFERENCE ON FRACTIONAL... 139

presented. One very clear item to observe is that the parameter K was never
in any of the calculated posterior credible intervals for any model or speci-
fied parameter combination. As this seemed very odd, further inspection into
the individual credible intervals revealed that all of the credible intervals were
slightly lower than the true value of K = 1. This phenomenon can be observed
in Table 1 where most of the region of the 95% posterior credible intervals K

were below its value true value. Another odd phenomenon to notice in Table
2 is that α, C and σ had 100% coverage. This gives an indication that the
posterior credible intervals are wider than would be expected in general. Hence
there seems to be a lack of correct uncertainty calibration in the approach.

Table 2: Coverage probability study for 95% credible intervals for
Models 1, 2 and 3 for parameters: α, K, C (Model 1 only) and σ2 for
α = 0.3, 0.5, 0.7 and σ = 0.1, 0.2. Both K = 1 and C = 1 were used
as true values where appropriate. Results based on 100 simulated
datasets for each parameter combination.

Parameters 95% CI Coverage

Model σ α α̂ K̂ Ĉ σ̂

Model 1 0.1 0.3 1.00 0.00 1.00 1.00
0.5 1.00 0.00 1.00 1.00
0.7 1.00 0.00 1.00 1.00

0.2 0.3 1.00 0.00 1.00 1.00
0.5 1.00 0.00 1.00 1.00
0.7 1.00 0.00 1.00 1.00

Model 2 0.1 0.3 1.00 0.00 1.00
0.5 1.00 0.00 1.00
0.7 1.00 0.00 1.00

0.2 0.3 1.00 0.00 1.00
0.5 1.00 0.00 1.00
0.7 1.00 0.00 1.00

Model 3 0.1 0.3 1.00 0.00 1.00
0.5 1.00 0.00 1.00
0.7 1.00 0.00 1.00

0.2 0.3 1.00 0.00 1.00
0.5 1.00 0.00 1.00
0.7 1.00 0.00 1.00
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To determine the ability of utilizing a highest posterior model probability
approach to correctly identify the process that the generate by, a simulation
study was conducted. A total of 90 detests were generated, 30 from Model 1
with α = 0.7, K = 1, C = 1 and σ = 0.1, 30 from Model 2 with α = 0.7, K = 1
and σ = 0.1 and 30 from Model 3 with α = 0.7, K = 1 and σ = 0.1. It should
be noted that even though the parameter values are the same the structure of
the solution of the FPDE is very different. For each of the 90 simulated data
setss all three models were fit to the data and the posterior model probability
was calculated using equation (20). For each model and data set, the McMC
sampler was utilized to obtain 1,000 samples from the posterior distribution,
which in turn were used to approximate (21). The same prior distributions
were specified for each model as those in previous sections. The model with the
highest posterior model probability was said to be the “correct model.”

Table 3 shows the confusion matrix for this study. The cell in the first row
and second column has the value 0 meaning that of all the data sets generated
by Model 2, 0 were classified as Model 1. Similarly, for the first row first
column there is a value of 30, meaning that for data sets generated by Model
1, 30 were classified as model 1. It is clear to see that across all 90 data sets,
the model with the highest posterior model probability was the model that
actually generated the data. This demonstrates the ability of the posterior
model probability approach to select the correct model.

True
HPMP Model 1 Model 2 Model 3

Model 1 30 0 0
Model 2 0 30 0
Model 3 0 0 30

Table 3: Confusion matrix for the True model that generated the
data and the Highest Posterior Model Probability (HPMP) selected
using the presented approach. For each model 30 datasets were gen-
erated for a total of 90 datasets.

5. Discussion

This work shows both the challenges and successes of using a Bayesian param-
eter estimation approach for the fractional parameter α, the coefficient K and
the model error variance σ2 and in Model 1 the constant forcing pressure C.
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The proposed method works well for α, σ2 and C, however does not perform
well for the coefficient K as it is slightly underestimated. Furthermore, the pro-
posed method performs well in terms of predictive performance in spite of the
underestimation of K. Additionally, the approach works well with model selec-
tion for situations when one may be uncertain about which process was used to
generate the data. Overall, the proposed method shows promise for researchers
in the fields of Engineering, Chemistry, and Physics to employ fractional partial
differential equation modeling to real world data sets.

As mentioned before, the proposed method does not quantify the uncer-
tainty associated with the constant K as evidenced by the poor coverage prob-
abilities. This may be attributable to the approximation used when calculating
the solution. The solution given in equation (5) involves nested infinite sums
which must be approximated using finite sums in which the error in the inner
sum will accumulate across the outer sum. This notion is further evidenced
by the fact that the estimated values of K were slightly under the true value.
A larger scale study needs to be performed to understand the impact of the
accuracy of the approximations on the coverage probabilities for K.

Future work includes studying the impact of approximation accuracy of the
infinite sums on credible interval coverage probabilities for all parameters. In
addition, [26] consider utilizing internal model error in conjunction with exter-
nal model error to account for model misspecification such as approximation
inaccuracy. Due to the computational efforts needed by this approach one could
speed up the calculations while still accurately quantifying the uncertainty. One
other area of exploration is the design of experiments for generating real world
data. At what distances x and what times t should the researcher focus on to
be able to best estimate the parameters and make inferences while still keeping
the number of experimental units low. This shows there is a large amount of
work that can still be done in this area to improve domain researchers ability
to employ these models to solve their problems from a data science perspective.
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