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Abstract: In this paper, we study the ill-posedness of the regularized rBO-ZK
equation, defined by

up + a(u")y + (bHup 4+ uyy )y — p(—A)%u =0,

where H is the Hilbert transform with respect to x. The values a, b, p and «
are real numbers, with >0, >0 and o > & and (—A)* = (—92 — 92)~.

We show that the associated Cauchy problem is ill posed in Sobolev space
H*(R?) for s < 0 and n = 2. The lack of local well-posedness is in the sense
that the dependence of solutions upon initial data fails to be continuous.
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1. Introduction

In the paper, we are interested in the proof the ill-posedness in Sobolev spaces
to the Cauchy problem

ug + a(u?), + (bHuy + Uyy)z — p(—A)%u =0,
w(0,z,y) = o(z,y),
where H is the Hilbert transform with respect to =, defined by

(1)
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1 [ fy)
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H(f)(z,y) =p. v dg,
f eS8, a b pand «a are real numbers, with b > 0, u > 0, a > % and
(—A)* = (=02 — 2.

We say that the initial value problem (IVP) associated to 1 is locally well-
posed in a Banach space X if the solution uniquely exists in certain time interval
[T,T] (unique existence), the solution describes a continuous curve in X in
the interval [—T,T| whenever the initial data belongs to X (persistence), and
the solution varies continuously depending upon the initial data (continuous
dependence) i.e., we have the continuity of the application uy — u(t) from X
to C([0,7]; X). If some property in the definition of locally well-posed fails,
we say that the IVP is ill-posed. The non-linear evolution equations play a
very important role in different areas of science and engineering. It is worth
mentioning some of them: fluid mechanics, plasma physics, fiber optics, solid
state physics, chemical kinetics, among others. For example, Korteweg-de Vries
equation

Up = Ugpr + Uly (z,t) € R?, (2)

that models the behavior of waves in shallow water channels. Other one-
dimensional equations are, one, the introduced by Benjamin [2] and by Ono
10],

ur + Hugy + uug = 0, (3)

which models the internal waves in stratified fluids deep. The another, is the
regularized Benjamin-Ono equation

U + Up + Uy + Hug = 0, (4)

where v = u(x,t) is a real valued function, with z,¢ € R. This equation is
a model for the evolution in time of waves with large crests at the interface
between two fluids inmiscibles. There are bidimensional versions extending the
above equations. In the case of the KdV equation we have the Kadomtsev-
Petviashvilli equation, see Kadomtsev [6],

(u + auty + Ugzy)g + Uyy = 0, (5)

which describes waves in thin films of high surface tension. Another is the
Zakharov- Kuznetsov equation

U = (Ugg + Uyy ) + Vg, (6)

which arises in the study of geophysical fluid dynamics in isotropic sets.
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For the case of the equations BO (3) and rBO (4) we have the following
bidimensional’s versions, the ZK-BO equation

wp = (Hug + tyy) e + iy, (7)
and the rBO-ZK equation
wp 4+ a(u™)y + (bHuy + uyy)e =0,  (2,y) € R?, > 0. (8)

Bona [7], Mammeri [8] and Angulo [1] they studied the well-posedness of the
rBO equation (4). Angulo [1] it was also examined the existence and stability
of travelling periodic waves of rBO equation. Fonseca [5] was studied the well
and ill-posedness of rBO in weighted Sobolev spaces, in particular, there it is
obtained a result in unique continuation property of this equation. For equation
(8) has been shown the local well-posedness in Sobolev space and the local well-
posedness in weighted Sobolev spaces.

For the equation (8) we have the following result.

Theorem 1. The initial value problem associated to (8) is locally well-
posed in H*(R?) for s > 1.

Proof. We consider the integral equation associated to (8)

u=E(t)p+ /0 E(t —7)B(u"(r))dr, 9)

Et)=e",  A=-0,(1+M0;)'0;, and B=—-0,(1+MH0d;)"". (10)

Since B is a bounded operator in H*(R?), and it is a Banach algebra for s > 1,
using the Banach fixed point theorem we conclude the result. O

The following theorem is the main result of this paper.

Theorem 2. Let s < 0. Then there does not exist T' > 0 such that (1)
has a unique solution in the interval [0, T], and the flow map uy — w is of class
C? in zero from H*(R?) to H*(R?).
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2. Estimates

In what follows we will show some previous lemmas

2
Lemma 3. Let p(§,n) = 1377‘5‘.

J X
0

_ / HEHHIPEN (¢ ¢ . 1) déydiddn,
R4

where

K(&&,mm) = L@(&,m)@(f —&1,m—m) (

1+

eitg(f,flﬂiﬂ]l) — ]_
19(5, 617 7, 7]1)

and
0(¢,&1,mm) = p(&1,m) +p(€ = &1,m—m) — p&,n). (11)

Proof. The proof of this lemma is a common procedure that appears in the
literature related to dispersive equations (see for example Lemma 4 in Molinet
[9] and Bona [3]).

From the definition of convolution between functions and Fubini’s theorem,
we have that

t

/ Bt —7)(1 + H0,)0,[(E(t)p))dr

0
t

— / [ / e”f“y"((uﬂax)1axE<t—T>[<E<t>so>2]>A<5,n>dsdn] ar
0 R2
t

_ iag+iyn i (t-TpEm) S (700G 4 TG

= [ | eermettnmen e gy 6, s ar

_ it riynritpem) & b nm)

—/R4€ e 1+‘§|‘1’(§a§1,77,?71)</06 i dT> d&idndédn

_ / EF ) [ (¢, €1 . 1) déydpydédy,
R4

where
W& &,mm) = @(&,m)e€ —&,n —m).
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The function (£, &1,n,m1) in (11) is called the resonant.
The next two lemmas may be proved by a simple direct calculus.

Lemma 4. Let s <0, a >0, N >0 and

@(67 7]) = a_lN_S(Xh (67 77) + XIo (67 7]))7 (12)

where
Il:[_N_av_N]X[a72a]v IQ:[N7N+05]X[05>205]>

and Xy is a characteristic function on the set I. Then, ¢ s g2y < 2.

Lemma 5. If (§&1,m) € I y (§ — &1,m —m) € I we have that
|0(§>§1>T/>T/1)| < 0062.

Next, we prove an important theorem.

Theorem 6. Consider the Cauchy problem (1) and s <0 y T > 0. Then
there does not exist a subspace X1 continuously included in C([0,T]; H*(R?))
such that, for some constant C' > 0, we have that

IE@¢llxr < Cllolas g2, (13)
for all ¢ € H*(R?), and

t
/0E(t—T)[(l+H3x)_13x(u2(7))]d7 < Cllull%, (14)

X1

for u € Xp.

Proof. By contradiction, we suppose that there exist a subspace X7 contin-
uously included in C([0,T]; H*(R?)) such that (13) and (14) are satisfied. If,
we replace u(t) = E(t)p in (14), then X7 is in C([0,7]; H*(R?)) and by (13),
follows that

< Cllel| - (15)

/t E(t —7)[(1+ HOy) '0,(E(1)p)*] dr
0 H®

We will proof that ¢ defined in Lemma 4 does not satisfies (15) for N large
enough. By Lemma 3, we have that

/Ot E(t — 7)1 4 HO,) '0.[(E(t)p)?]dr
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= q1(t,z,y) + g2(t, z,y) + g3(t, 2, ), (16)
where ¢;, 1 = 1,2,3, and

- 1 . 5 eite(évélynvnl) — 1
Gi(t.&n) = eltren > — : dgydn,,
( ) a? N2 L+ 1 Jryem 10(E6,mm)
- 1 . 5 eite(évélynvnl) — 1
B(t.&n) = et . dydn,
( ) a?N2s L+ 1] Jragem 10(E,61,mm)
further,
R 1 . é‘ eitg(f,flﬂiﬂ]l) — ]_
g3 (t7 fa 77) = eltp(é,n) PR s dé.l d7717
a?N2s L+ & Jraemunen 10(EE,mm)
with

IZ](é‘un) = {(617771) €R2 ‘ (6177]1) € Ii7 (6 - 6177] - 771) € I]v} 17] = ]-7 2. (17)
On the other hand, we have that the following supports are disjoint,
supp(g1) C [2N,2N + 2a] x [2a, 4al],

supp(g2) C [-2N — 2, —2N] X 2, 4a,

and
supp(.éé) - [-Oé,Oé] X [2a74—a]7

for N large enough and « small. Therefore,

2 Hgi(tv'>')HHsa (18)

[ B0+ o) o, B 0
0 e

for i = 1,2,3. If we take @« = N™¢, with ¢ > 0 small enough, we have that
(&,m) € supp(gs) y (§1,m) € Tz U I

eitg(f,fbnﬂh) — ]_
19(5, 617 7, 7]1)

= [t] + O(NT), (19)

by Lemma 5,
‘0(67 617 m, 7]1)‘ S CN_QE S CN_G.

Thus,

|%@w”%:/ (14 1 72 \Gs (1,6, dedn
supp(g3)
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_ S
o O

eit@_l 2
/ L devdm| dedn
I12Ul21
2.4 3a/2 r3a/4 2
clfa” / / (1+&+n?)* & dédn
= Oy (1+1¢))?
|t|2 /3&/2 /3&/4 )
§" d&dn
N4s /2
|t|2 /3&/2 /3&/4 )
§" dgdn
N4S a2 Jo

> C|t]PN~*a?
> C|t]PN—4ste),

X

Finally, by (15), (18), and by Lemma 4, we deduce that
42 olide ) 2 980 ey = ON~H6F9),

This is a contradiction for s < 0 and N large. U

3. Main result
In this section we will prove the main theorem.

Theorem 7. Let s < 0. Then, there does not exist T > 0 such that (1)
has a unique solution in the interval [0,T], and such that the low map uy — u
is of class C? in zero from H*(R?) to H*(R?).

Proof. Consider the Cauchy problem

ug + (u?)y + (Hug + Uyy)e =0, (x,y) € R2,t>0
(20)
uc(0,7,y) = ep(x,y),

and e small enough. We suppose that u.(¢,x,y) is a unique local solution of
(20) and that the flow map associated is of class C? in zero from H*(R?) to
H*(R?). Then,

ue(t,x,y) = eE(t)p(z,y) —l—/o E(t —7)(1 + HO,) ‘0, (uZ(r,2,y))dr.  (21)
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If we take the derivate with respect to €, then we have that

O?uc(t, x,y)

t
IV =2 /0 E(t— 7)1+ H0,) '0,(E(r)p)%dr.  (22)

Since the flow map is of class C?, then

This is a contradiction by Theorem 6.
This completes the proof. ]

< Cllellfs (R?).

/t E(t —7)[(1+ Ho,) '0,(E(1)¢)*] dr
0 Hs(R?)

References

[1] J. Angulo, M. Scialom and C. Banquet, The regularized Benjamin-Ono
and BBM equations: well-posedness and nonlinear stability, J. Differential
Equations, 250, No 11 (2011), 4011-4036.

[2] T.B. Benjamin, Internal waves of permanent form in fluids of great depth,
J. Fluid Mech., 29 (1967), 559-592.

[3] J. Bona and N. Tzvetkov, Sharp well-posedness results for the BBM equa-
tion, Discrete and Continuous Dynamical Systems, 23 (2009), 1241-1252.

[4] D. Dix, Nonuniqueness and uniqueness in the initial value problem for
Burgers’ equation, J. Math. Anal., 27 (1996), 708-724.

[5] G.E. Fonseca, G. Rodriguez and W. Sandoval, Well posedness and ill posed-
ness result for the regularized benjamin-ono equation in weighted Sobolev
spaces, Comm. Pure and Appl. Anal., 14, No 4 (2015), 1327-1341.

[6] B.B. Kadomtsev and V.I. Petviashvili, On the stability of solitary waves
in weakly dispersing media, Soviet Physics Doklady, 15 (Dec. 1970), 539.

[7] H. Kalisch and J.L. Bona, Models for internal waves in deep water, Dis-
crete Contin. Dynam. Systems, 6, No 1 (2000), 1-20.

[8] Y. Mammeri, Long time bounds for the periodic Benjamin-Ono-BBM
equation, Nonlinear Anal., 71, No 10 (2009), 5010-5021.

[9] L. Molinet, and J. Saut and N. Tzvetkov, Ill-posedness issues for the
Benjamin-Ono and related equations, SIAM Journal on Mathematical
Analysis, 33 (2001), 982-988.



ON THE ILL-POSEDNESS OF THE REGULARIZED... 125

[10] H. Ono, Algebraic solitary waves in stratified fluids, J. Phys. Soc. Japan,
39, No 4 (1975), 1082-1001.

[11] F. Sénchez and M. Pachon, On the existence and analycity of solitary waves
solutions to regularized Benjamin-Ono-Zakharov-Kuznetsov type equation,
International Journal of Applied Mathematics, 28, No 5 (2005), 557-565.



126



