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Abstract: In this paper, we improve earlier bounds on the extremal eigen-
values of positive definite matrices by introducing an increasing function and
by considering a vector function of the eigenvalues. For various choices of the
monotonic function we are able to obtain bounds for the extremal eigenvalues
in terms of the traces of the matrix and its powers. Our bounds are a function
of two parameters achieved by using Jensen’s inequality. These bounds are
relatively simple to compute.
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1. Introduction

The maximal eigenvalues of an Hermitian matrix A play an important part
in communication analysis, solution of linear systems, spectral analysis and
approximation. Of particular importance are the condition number, spectral
radius ρ(A) and spectral bounds. In such cases approximation to these suffice
as for a large dense matrix it is inefficient to determine the eigenvalues exactly or
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numerically. Some methods of locating the spectrum are based on Gerschgorin
disks, ovals of Cassini [2], Brauer bounds [3], interlacing property for Hermitian
matrices and Rayleigh’s quotient [7]. For positive definite Toeplitz matrices
Dembo [5] provided useful bounds for the extremal eigenvalues. Wolkowicz
and Styan [10] provided classical bounds using traces. Recently an interval
containing the eigenvalues of real symmetric matrices was provided by Huang
and Xu [8] using the trace(A) and trace(A2). Here we improve the bounds
previously found by Sharma et al. [9]

2. Theory

Definition 1. Let λ = (λi) ∈ Rn be the vector of eigenvalues of a positive
definite matrix A ∈ Rn×n and f : (0, ∞) −→ (0, ∞) be an increasing function.
Order the eigenvalues such that

λ1 ≥ λ2 ≥ · · · ≥ λn.

Define f(λ) = [f(λ1), f(λ2), · · · , f(λn)]
t and

m =
〈f(λ), e〉

n

=
trace(f(A))

n
,

the average value of f(λ), where e = [1 1, · · · , 1]t.

Lemma 2. The following inequality is satisfied by f(λ)

n
∑

i=1

〈f(λ)−me, ei〉
2r ≥

1 + (n− 1)2r−1

(n− 1)2r−1
〈f(λ)−me, ej〉

2r, (1)

where ei is the unit vector in Rn, with unity in the ith position and zeroes

elsewhere, r ∈ N the natural numbers and 〈., .〉 is the usual innerproduct.

Proof.

n
∑

i=1

(f(λi)−m)2r = (f(λj)−m)2r +

n
∑

i=1
i 6=j

(f(λi)−m)2r. (2)
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To obtain a lower bound on the second term in (2) we use Jensen’s inequality
[6]:







n
∑

i=1
i 6=j

(f(λi)−m)2







r

= (n− 1)r







n
∑

i=1
i 6=j

1

n− 1
(f(λi)−m)2







r

≤ (n− 1)r−1
n
∑

i=1
i 6=j

(f(λi)−m)2r. (3)

Hence

n
∑

i=1
i 6=j

(f(λi)−m)2r ≥
1

(n− 1)r−1







n
∑

i=1
i 6=j

(f(λi)−m)2







r

. (4)

From the definition of m we have

0 = 〈f(λ), e〉 −mn

=

n
∑

i=1

(f(λi)−m)

= (f(λj)−m) +

n
∑

i=1
i 6=j

(f(λi)−m). (5)

Hence

|f(λj)−m| ≤
n
∑

i=1
i 6=j

|f(λi)−m|. (6)

Squaring (6) and applying Jensen’s inequality [6] once again we obtain

(f(λj)−m)2 ≤







n
∑

i=1
i 6=j

|f(λi)−m|







2

= (n − 1)2







n
∑

i=1
i 6=j

1

n− 1
|f(λi)−m|







2
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≤ (n − 1)

n
∑

i=1
i 6=j

(f(λi)−m)2.

Hence






n
∑

i=1
i 6=j

(f(λi)−m)2







r

≥
1

(n− 1)r
(f(λj)−m)2r. (7)

Substitute (4) and (7) into (2) to finally get

n
∑

i=1

(f(λi)−m)2r ≥
1 + (n− 1)2r−1

(n− 1)2r−1
(f(λj)−m)2r (8)

which is equivalent to (1).

Theorem 3. Define B = f(A)−mI, then the extremal eigenvalue satisfies

the bounds

f(λ1) ≤ m+

[

(n− 1)2r−1

1 + (n− 1)2r−1
trace (B2r)

]
1

2r

, (9)

f(λn) ≥ m−

[

(n− 1)2r−1

1 + (n− 1)2r−1
trace (B2r)

]
1

2r

. (10)

Proof. Substitute j = 1 and j = m in (8) from Lemma 2 and use the fact
that

n
∑

i=1

(f(λi)−m)2r = trace(B2r).

Theorem 4. The lower and upper bounds for f(λ1) and f(λn) are given

by

f(λ1) ≥ m+
trace (B2)

n

[

1 + (n− 1)2r−1

(n− 1)2r−1 trace (B2r)

]
1

2r

, (11)

f(λn) ≤ m−
trace (B2)

n

[

1 + (n− 1)2r−1

(n− 1)2r−1 trace (B2r)

]
1

2r

. (12)
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Proof. We use the fact that for real numbers f(λi), i = 1, 2, ..., n the vari-
ance satisfies the inequality ([1])

1

n

n
∑

i=1

(f(λi)−m)2 ≤ (f(λ1)−m)(m− f(λn)),

or
1

n
trace (B2) ≤ (f(λ1)−m)(m− f(λn)). (13)

We prove only (12) as (11) is proved similarly. From (9) and (13) we have

m− f(λn ≥
trace (B2)

n(f(λ1)−m)

≥
trace (B2)

n

[

1 + (n− 1)2r−1

(n− 1)2r−1 trace (B2r)

]
1

2r

from which the result follows.

3. Results

Example 5. Consider the test matrix [10]

A =









4 0 2 3
0 5 0 1
2 0 6 0
3 1 0 7









with spectrum σ(A) = {1.4257, 4.7754, 6.423, 9.3759} and choose f(x) = xk, k ∈
N. We summarize results for k, r = 1, 2, 3 in Table 1. For k = 1, we obtain the
bounds of [9]. If equation (10) gives a negative value for f(λn) we do not take
the kth root but rather bound λn below by zero.

Example 6. Consider the positive definite difference matrix

A =









2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2









with spectrum σ(A) = {0.3820, 1.3820, 2.6180, 3.6180} We choose f(x) as in
example 5. Results are summarized for k = 1, 2, 3 and r = 1, 2, 3, 4 in Table 2.
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Table 1: Bounds Example 5

k r λ1 λn

1 1 [7.1583, 10.4749] [0.5251, 3.8417]

2 [7.2586, 10.1912] [0.8088, 3.7414]

3 [7.3473, 9.9659] [1.0341, 3.6527]

2 1 [7.5375, 9.6666] (0, 4.4928]

2 [7.5975, 9.5315] (0, 4.3907]

3 [7.6403, 9.4409] (0, 4.3157]

3 1 [7.8461, 9.4672] (0, 4.8978]

2 [7.8718, 9.4151] (0, 4.8305]

3 [7.8865, 9.3862] (0, 4.7913]

For both examples it is clear that the bounds for λ1 get better as k and r

increases. Also for λn the bounds are much better for k = 1 and larger values of
r. However it may not be prudent to use large k and large r as the computation
of powers of A may be too expensive. However for sparse matrices this is not
an impediment. Also the usage of non polynomial functions is prohibited due
to the complexity of evaluating f(A).

4. Conclusion

We have provided useful bounds for the extremal eigenvalues of positive definite
matrices based on two parameters. These bounds are a useful addition to the
arsenal of tools already available to locate the spectrum.
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