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Abstract: The paper discusses about a three-species diffusive prey predator
system, in which the predator is a generalist that can thrive on two distinct prey
species. The occurrence of invasion waves in the model is investigated in this
paper. Schauder’s fixed point theorem proves the existence of travelling semi
fronts w > w*, where w is the minimal wave speed. Harnack’s inequality for
positive super solutions on R is established to solve the reducibility problem that
arises in the proofs. The boundedness is demonstrated and LaSalle’s invariance
principle proves that such waves connect coexistence equilibrium. The rescaling
method and limit arguments are used to determine the existence of a travelling
front with w = w*. The Laplace transform demonstrates the nonexistence of
moving fronts with speed 0 < w < wx.
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1. Introduction

In ecology, the predator-prey model has become a popular topic of study [1],
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[2], [3]. Lotka and Volterra developed the first order differential equations of
the predator-prey type in 1925 and 1926, respectively. An example of a simple
Lotka-Volterra model ordinary differential equation is shown below,

dm1

—— =cCc1my — ymin
di 1miyp —ymin,
dn 5

— =o0omin — pn,
o 1 P

where § = wyy. With a logistic (or Pearl-Verhulst) growth limitation on the
prey, Lotka-Volterra equations becomes,

dm1 o 1 miq
di = C1my K, yman,

dn
dt

= dmin — pn.

These are the most basic mathematical models of predator-prey interac-
tions. Because of their importance in science and engineering, systems of nonlin-
ear PDE’s have received a lot of interest in recent years. The reaction-diffusion
systems are among the most commonly confronted types of parabolic partial
differential equations.

Mathematicians have given importance to spatiotemporal patterns and their
interactions [4]. A simple diffusion-reaction model can be obtained by intro-
ducing a diffusive term and carrying capacity,

0 0?

% =Dy 837321 +cimy <1 — %) — amimso — ymin,

Omo 82m2 ma

T = Do 922 +eamo [ 1 — KTQ — Bmimeo — dman, (1)
on
i w1 ymin + wedmen — pn.

The description of parameters is given in Table 1. The focus of this re-
search is to prove that a travelling wave solution exists for a large class of
non-monotone reaction diffusion systems. Many researchers have investigated
the existence of travelling wave solutions in certain case studies of the prey-
predator model. Gardner [7] used a variation of the Conley index to prove the
existence of travelling wave solutions connecting stable spatially homogenous
solutions. Dunbar [5], [6] studied on whether a diffusive model may include
travelling wave solutions.
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Table 1: Description of Parameters

Parameter Description

mq (t) Prey 1 population

ma(t) Prey 2 population
n(t) Predator population

c1,C Intrinsic growth rate

Ky, Ko Carrying capacity of preys

D1, Dy Diffusion coefficients of two preys
D3 Diffusion coefficient of predator
a,f Competition rates between two preys
v, 0 The rate of predation on preys by predator

Wi, Wa Conversion efficiencies of preys

p Predator’s natural death rate

Now we will look at how to review for the existence of travelling wave
solutions. Liang and Zhao [8], Wu and Zou [9] provides the existence of travel-
ling wave solutions for monotonic systems. Dunbar [10] proposed the shooting
method, which is widely used to illustrate the presence of non-monotonic sys-
tems. Furthermore, Huang [11] is the developer of this method, which substan-
tially simplifies its implementation. The Schauder’s fixed-point theorem is used
to demonstrate the existence of travelling wave solutions [12], [13], [14], [15].
However, generating a pair of adequate upper—lower solutions for the applica-
tion of Schauder’s fixed-point theorem to non-monotonic models is difficult.

Model (1) has four equlibrium points,

Eo — (0,0,0),
= (K4,0,0),
(O KQ» )>

o c1Kieo + aKyKaoco 1Kyco — BK 1Koy 0
T\ ae—afKiKe T ocres — aBKKy

Let

YCc2 P
A) = — 12 (1=
(4) =1 1) ( w25K2>>0’

)
coy — oa <1 __P ) > 0, yw1 Ky + dws Ky > p.
o w1vKy

Then it implies that if and only if (A) holds, system (1) yields a unique
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positive equilibrium E* = (m}, mj,n*), where

i Ky (yeop + Kab (crwed — yeaws — ap))
! a7w1K1K25 + ﬁ’)/nglKg(s - ’)/QnglKl — 5261w2K2’
i = Ky (6c1p + Ky (cowry — derwy — Bp)) 2)

N a7w1K1K25 + ﬁ’)/nglKg(s - ’)/QnglKl — 526111)2]1{2’

ot o e (vw1 Ky + 0waKe — p) + K1 Ko (afp — arycowy — Bdeyws)
Oé’ylelKg(S + ﬂ’ngKlKg(S — 7202w1K1 — (5201w2K2 '

The paper is organized as follows: We verify the existence of travelling semi
fronts for w > w* in Section 3. The existence of a travelling front with wave
speed w = w* is determined in Section 4. The non-existence of moving fronts
is demonstrated in Section 5 using the Laplace Transform.

2. Main results

The solutions of (1) are of the form

ma (,t) = M1 (—i—wt) , 1o (,t) = M2 (—i—wt) s
n(,t) = N(+wt).

The wave speed parameter w is positive and the functions mq,ms, n are
functions of a single variable 7 = +wt. If M; (1), My (1), N (1) are defined for
all 7 € R and are referred to as a semi travelling wave solution connected to
the equilibrium FE, and is called travelling front if

lim (M (7),My(7),N (7)) = E*,

T—+00

lim (M (7),My(7),N (7)) = E,.

T——00

Define w* = 2\/D3 (w17Ky + we0Ksy — p).

Theorem 1. (i) System (1) has no travelling semi front for any w,
where 0 < w < w*.

(ii) System (1) has a travelling front with wave speed w if and only if w > w*.



TRAVELLING WAVE SOLUTIONS FOR A DIFFUSIVE... 665

3. Existence of travelling semi fronts when w > w*

In this section, we assume that w > w* and study the existence of traveling
semifronts with wave speed w.

We get the system for (M (1), Ms (1), N (7)) with 7 = 4wt as a result of
substituting into the system (1),

M
DlMﬂl _(,(,)]\4,1 +01M1 <1— IKT1> _OéMlMQ_’YMlN:O,
1
M
DyM"y — wM's + co My (1 — ]KTQ> — MMy — SMoN =0, 3)
2

D3N" —wN' 4+ wiyMiN + wedMyN — pN = 0.
The two roots of the following equation Z(A) are denoted by Ay, As,
Z (A) = D3A? — wA + (17K + wedKy — p) = 0. (4)
Then if 0 < £ < Ay — Ay, it follows from (A) and w > w* that 0 < A; < A and
Z (A1 + &) < 0. We constructed the following upper lower solutions [16], [17].

Let

Ml = Klu MQ = KQ) N = eAlTu Ml = max {Kl - plewlTuo}a

M, = max{Kg — pgewT,O} SN = max{ew” (1 — pgew”> ,0} ,

where p; and 9; (i=1, 2, 3) are positive constants that will be found later. In
the following lemma, we will demonstrate that these are upper lower solutions.

Lemma 1. We have
D3sN" — wN' 4+ wiyM{N + w6 My N — pN < 0 for any 7 € R.

Proof. According to the definition of Ay,

D3N" — wN' + wiyM{N + wodMyN — pN
= eAlT (D3A% —wAy + wiyYKy + wo0Ky — p)

Hence the lemma is proved. O
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Lemma 2. Suppose

0<1/)1<min{A1,Di1}, 0<¢2<min{A1,Dil},

L X L
p1 > max {KI’ Y1 (w — D1v1) } P2 {KQ’ Y2 (w — Do) } '

Then,

M _
DlM//l - WM/1 + 1 My ( - %) —aM My, —~yMyN

M _
DyM"y — wM'y + coM, < - %) — BM M, — 6M,N

Proof. The choice of p; and ps clearly indicates that 7 < 0, o < 0. We
will begin with M. It is obvious that the result is true for 7 > 7. Suppose
that 7 < 7, < 0 as a result we obtain, M, (1) = K; — p1e¥'™ > 0. Hence,

M _
DiM") —wM'y + e1 M, ( - ﬁ) —aM My —~yM N

e’d)lT
= e 19y (W — Digy) + ¢ (K1 - P16w17) <%>

—a <K1 - P1€w1T> <K2 - pzew”> - (K1 - plew”) e
> "7 p1iy (w — Dithr) — vKieM”

> e (o131 (w — Dipr) — 7Ky)
> 0.

For the second inequality, the facts 7 < 0 and Ay > 91 > 0 are used. Similarly,
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let M, (1) = Ko — pae¥2™ > 0.

M _
DyM"y — wM'y + coM, ( - ﬁ) — BM My — 6MyN
Ko
-« <K1 - P1€7’D1T> <K2 - P2€¢2T> -7 (K2 - Pzewﬂ) 2"
> €27 oty (w — Dat) — YKae 27

> €27 (patha (w — Datha) — 7Ko)
> 0.

erT
= €27 parhy (w — Datho) + ¢ (Kz - Pzewﬂ) <L>

Lemma 3. Let us use Lemma 2 to determine 1,79 and suppose that,

0 < 93 < min {41,12, Ay — A1},

_us _us
&) o1 (@) Y2 wyyp1 + wadpo

> max ,
& ( p1 P2 —2z (A + 13)

where Z (A) = D3A? — wA + (wiyKy + wedKs — p) = 0. Then,

D3N” — wN’ + ’wl’)/MlN + w25M2N - pN > 0,

for any T # In (1/p3) /13 = 3.

Proof. 1t is obvious that 73 < min{71,72} < 0 and Z (A1 +1¢3) < 0 as a
result of the choice of p3. The conclusion is correct for 7 > 73. We will assume
7 < 73 in the following. Then,

M1 (T) = Kl — plewlT,
My (1) = Kg — pae??,
N (1) = M7 (1 — pge%T) ,

implies that 0 < 1 — p3e?®” < 1. As a result of p3 and considering that
Z(A1) =0.
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We get
D3N" —wN' +wiyMiN + w6 MyN — pN
= eMTZ (Ay) — pzeM1t¥s)T 7 (A1 + 13)
+ wyypr e YT (p3ew37 - 1) + wydppe M T¥)T (p3ew37 - 1) (5)
> _pge(A1+w3)TZ (A1 + 1p3) — (wiyp1 + wadpa) e(Aits)T
> 0,

where the facts ¥3 < 1,13 < 9, 7 < 0 were utilised in the 2"? inequality. O

Remark 2. p; and ¢; (i = 1,2,3) can obviously be selected to satisfy
Lemmas 1 - 3.

3.1. A truncated problem

We present a truncated problem with a finite interval in order to use Schauder’s
fixed-point theorem. Using the limiting procedure and the solution of the trun-
cated problem, we may derive a solution (M7, Ma, N) of system (3) satisfying

(My, Ma, N) (—00) = B, = (CIKM—O‘KIK?C?, c1Kaca—fKiKyep o), which could be

c1co—afK1Keo cieo—afKi1Kg 7
a strong choice for travelling wave solutions of system (3). Assume [ > -min
71,79, T3 > 0. Consider the situation below:

M
DlM//l —wM/l + c1 My (1 — }KT1> —aM My —~vMN =0,7 € (—l,l),
1
M-
DQM”Q — leg + co Mo <1 — }KT2> — BM{ My — SMsN = 0,7 € (—l,l) , (
2

D3N" —wN'" +wiyMiN + w2 MaN — pN = 0,7 € (=1,1),

6)

My (T) :Ml (T)aMQ (T) :M2 (T)aN(T) :M(T)ﬂ— € (_lvl)
Set [; = [-1,1],B=C (Il,R3) for ease of use and then define

Q:{(MluMZaN) €B:M; <M <M,M,< M, < M,
M<N<th}

which is a closed convex set in the Banach space B with the norm ||(My, Mz, N)|| 5 =
Ml ey + 1Ml + 1N leg-
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My, My and N are non negative (i.e) My > 0,Ms > 0,N > 0 for any
(My, M3, N). The mapping G :  — B is then defined as follows. For all
(20, Y0, 20) € Q, G (x0,Y0,20) = (x,y, z) where (z,y, z) is the classic solution of
the following boundary value problem:

Di2" — w2’ + c1xg — (% + 720> r—azyo = 0,7 € (=1,1),
1
Doy — wy' + coyo — <% t 5'20) y — Broy = 0,7 € (=1,1), (7)

D32" — w2 + wiyrgzo + wadyozo — pzo = 0,7 € (=1,1),
J}(T) :Ml (T) ,y(T) :M2 (T) )Z(T) :M(T) T € (_lal) :
As a result of G’s specification, any fixed point of G is a solution to the

problem (6). The existence and uniqueness of solutions can then be determined
using [[18], Chap. 12 Theorem 3.1].

Lemma 4. G (Q2) C Q.

Proof. Assume that the solution of the system (7) with (zo,yo, z0) € € is

(z,y,2).
From the equation one of (7), we get

C1Z0

K4

Dz’ —wx' — < + ’yZ()) x—axyy = —cixg <0, 7€ (=11).

Since | > —min{7, 7,73} > 0, then z(l) = 0 and z (=) = M, (=) >
0. As aresult, for any 7 € (—[,1), the maximum principle returns z (7) > 0.
Similarily, for any 7 € (—1,1) we get y (1) > 0, z (1) > 0.

Let 01 = Ky — x1, then we get

D101// — w01/ — (Cﬂlgio —I—’yZ()) o1 —aoryy = —e1Kizg < 0,7 € (—l,l) and
o1 (£l) > 0. Then as a result, the maximal principle yields oy > 0 for all 7 € I,
it implies that x < M, for all 7 € I;. We may deduce that y < My for all 7 € 1.

As a result of third equation of (7),

D32" — w2 + wiyxozo + wadyozo — pzo > 0,7 € (—1,1) .

If 09 = N — z, then o9 (£l) > 0 which follows from Lemma 3 that D3oo” —
woy' — po < 0,7 € (—1,1). As a result, the maximal principle returns oy >
0V 7€ I, implying that z > N forall 7 € I. If 03 = 2 — My, 03(—1) = 0 and
o3 (m1) =z (11) > 0. As a result of Lemma 2, it follows that,

Dios” — wog' — (% + 'yzo) o3 —aoy < c¢1 (1 — xo) (1 — KLl)
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+e11 (20 — N) <0,V7 € (=1, 7). (8)

As a result, the maximum principle implies 03 > 0V 7 € [, 71]. Given
that M, =0V 7 > 1, it follows that z > M; for all 7 € I;. It is simple to
derive that a y > M,,z > N V 7 € I; using comparable reasoning and Lemmas
2 and 3. The proof is now complete. ]

3.2. A few supplementary lemmas

Here we construct some estimations for solutions to the nonhomogeneous linear
equation

o" (1) = Po' (1) + h(r)o (1) = f (7). (9)
The following lemma is required for this.
Lemma 5. Assume that &; and @, are the unique solutions to the 2"*-order

linear equation,
L[t] :==u" — Pu' +h(r)u=0,

where P and h are positive constant and continuous function on [c,d] respec-
tively, with

p1(c) =0,¢'1 (c) =1, (10)
and
p2(d) = 0,95 (d) = —1. (11)
As a result, we have
o1 (7)] + |¢/1 (7)] < eFrrPADE=e), (12)
and
2 ()| + | @' (7)] < eFrHFPENE=e), (13)

where X1 = [|h||¢|. 4 for every T € (c,d). If h < 0, the Wronskian of ¢; and
2, denoted by W (¢1, ¢2) , may be derived for all T € (¢,d) by

1 P(d—c)
W > — — ) 14
W (61,62) (7)] = 7 (e 1) >0 (14)
Proof. To verify (11) and (12), rephrase L [u] = 0 as a first order system

U'=R(1)U, (15)
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where

U= [ ;‘, ] and R (1) = [ _hO(T) 113} (16)

Let 7 € (¢,d). Tt is clear that every U of (14) solution fulfils the integral
equation

T

U =U©+ [ROUE)ds a7)
C
and hence .
1T (O < IU ()] (X1 + P+ 1)/||U(€)||d€a
c
where ||-|| is the absolute norm, and we have used the idea that ||R(-)| =

max {|h(-)|,P+1} < X; + P+ 1. As a result, it is simple to deduce that
1T (D) < U (e X1+, (18)
We also get it by replacing ¢ by d in (15) and by similar arguments we get,
1T (@) < U (d)] Pl (19)
If we choose U = [ o1 P ]T, we get ||U| = |é1 (1) + |<1§1’(7')‘ and
U (¢)|| = 1. As a result, (11) follows directly after (16). By selecting U =

[ @2 o ]T in (17) in the same way, we get (12).
Now we have to prove (13). We derive

W (p1,02) (1) = — 1 (d) "7, (20)

by using Abel’s formula and noticing that W (@1, p2) (d) = — o1 (d).
We use the function to estimate ¢ (),

1
o(r) = B (eP(T_C) — 1) .
This is the unique solution to ¢” — P’ = 0 on [¢, d] with
0(a) =0,¢ (a) =1.
Noting that 0 > 0 h < 0, we can see that the function w := 1 — p satisfies

@' — P’ +hw=-hp>0 and w(c) == (d).



672 N.B. Sharmila, C. Gunasundari

As a result of [20, Theorem 13, Chapter 1], @ > 0 and so ¢; > p on [c, d].
In general,

p1(d) >o(d) = (ep(d—c) - 1) > 0. (21)

el

We ultimately get,

1
W (01, 02) (7)] = 1 (d) "7 > = (P4 —1) >0,

by combining (18) and (19). As aresult, the proof of this lemma is complete. [

For a priori estimates, we have the following two lemmas.

Lemma 6. Let P be a positive constant and let h and f be continuous func-
tions on [c,d]. Suppose that Y € C ([e,d]) N C?((c,d)) satisfies the differential
equation (9) in (¢,d) and Y (a) =Y (b) = 0. If

—X1 <h<0 and |f|< X3 onled],

for some constants X1, Xo, then there exists a positive constant X3, depending
only on P, X1 and the length of the interval [c,d], such that

lolle(e,qy < X2X3. (22)
Proof. To begin, we should note that both o' (c+) := li)er o' (1) and
o—C
o (d—) = lirlril o' (1) exists. Let 7 € (¢, d) be fixed to see this. We derive
o—ad— T

U’(T)=0'(f)—P(U(T)—U(f))—/h(<)0(<)d<+f(C)dc,

p
for any 7 € (¢,d) by integrating equation (8) from 7 to 7 and recombining the
resulting equation.

As o, h and f are right-continuous at point ¢, the right-hand limit of the
above equation exists at d. As a result ¢’ (c+) exists. Using the same argument
as before, we can conclude that ¢ (d—) exists. Let ¢1 and 9 be the same as
in Lemma 5. Let us consider any point such that 7 € (¢,d). By multiplying (8)
by ¢1, integrating the resulting inequality from c to 7, and then using part by
part integration, we get

T

p1(1)0' (1) = (¢ (1) = Por (7)) o (1) + 0 (c) = /901 (©) fs)ds, — (23)

[
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where we used (9), and the fact that L [p1] = 0 and o’ (c+) exists. Similarly,
we can deduce that

d

—@2 (1) 0’ (1) = (¢ (T) = P2 (T))U(T)+0(d)=/s02 (©) f(s)ds,  (24)

T

by multiplying (8) by 2, integrating the resulting inequality from 7 to d, and
then using integration by parts, where (10) has been used and the fact that
L [p2] =0 and o’ (d—) exists.

It is important to note that o (a) = o (b) = 0. We finally get,

T d

W (01, 02) ()0 (1) = 2 (T)/sm () f(s)ds + 1 (T)/soz (s) f (s)ds,

c T

multiplying (21) and (22) by ¢9 and ¢q, respectively, and then summing, we

get
T d

©2 (1) [ 1 (s) f(S)ds + @1 (7) [ w2 (<) f(s)ds

C T
W (1, 2) ()
This, in accordance with the assumption that |f| < Xa, implies that

o(r)=

d d
lo2 (7)] [ 11 ()lds + o1 ()] [ |2 (5)Ids
o (7)] < X < <

N (W (1, @2) (7)]

Eventually, using (11), (12), and (13), one can easily deduce that (20) holds
from the above inequality. O

Lemma 7. Let P,h and f be the same as in Lemma 6. Assume that o €
C ([e,d]) N C? ((c,d)) satisfy (8) in (c,d). For some constant Xy, if lollc(eda) <
Xy, there exists a positive constant X, that depends only on P, Xy, X1, X9 and
the length of the interval [c,d)], such that,

"l ey < Xa- (25)

Proof. Let ¢; and @3 be the same as in Lemma 5. Let us consider 7 € (¢, d).
We can deduce

W (@1, 92) (1) (¢ (1) + Po (7)) + sod’z (r)o(c) + ¢y (7)o (d)
= @5 (1) [ 01 () f(s)ds + &'y (T) [@2(s) f (<) ds
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which results in

T

d
@'5(7) {f e1(s) f (<) de! —U(C)] +¢'1 () [f w2 (s) (<) dg—a(d)]

W (1, ¢2) (7)

This, along with the assumptions that |f| < X5 and |o| < X, leads to the
conclusion that

d d
|a(7)] [Xzf\wl (©)lds+Xo| +[e1 (1) [X2f|902 (©)lds+Xo

(W (1, 02) (7)]

The above inequality (23) can be easily deduced by using (11), (12), and (13).
By using the logic of [16, Lemmas 2.6 and 2.7], it is obvious that F' is continuous
and precompact. ]

|0’ (T)] < X,

Lemma 8. A solution (My, My, N) € Q on I; is admitted by system (6).

Lemma 9. If w > w*, (1.1) admits a solution (My, My, N) satisfying 0 <
M (1) < Ky,0 < My (1) <Ko, N (1) >0V 7 € R. Furthermore, as 7 — —o0,
N (1) =0 (eM7) and My’ (—o00) = My (—00) = N’ (—00) = 0.

Proof. Let {l,},cxn be anon decreasing sequence such that
ly > —min {1, 79,73} >0

and [, — 400. The solution of system (6) with [ = [, found in Lemma 8 is
denoted as {(Mi,,, M, , Ny,)},~>n- It is obvious that in [y, In], {(M1,,M>,,
Ny)}n>n are uniformly bounded.

From elliptic estimates, it follows that [{(M’1,,M's,,N',)},,~y are uni-
formly bounded in [y, lx]. As a result of the equations in (6), [{(M"1,, M"5,,
N",)}n>n are uniformly bounded in [—iy,Inx] . By differentiating (6), we can
see that [{(M",,M"5,,N" )}, >y are uniformly bounded in [—Iy,In]. As a

result of Arzela—theorem, Ascoli’s a subsequence {(Mlnj , Mgnj , Nnj)} exists
such that

(Mlnj,Mgnj,Nnj> — (My, M, N) in C2(R) as n; — oo.

Then it is clear that (My, M2, N) is a non-negative solution of system (3) and
that M| < My < My, My < M, < My, N < N < N over R is satisfied. As per
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the definitions of upper and lower solutions we get

ClKlCQ + aKlKQCQ ClchQ - ﬁKlKgcl 0
C1Cy — aﬁKlKg ’ C1Cy — aﬂKlKg ’

(My, My, N) (—00) = E, = <

and as 7 — —o0, N (1) = O (eM7).

Now we show that 0 < Mi(7) < Ky V 7 € R. We assert that M; (1) <
K; V 7 € R. Assume that there is an 77 € R such that M; (7f) = K; by
contradiction. Thus, M’ (75) = 0 and M;"” (rf) < 0. Hence, M;" (7f) = 0
and N (17) = 0 follow from the first equation of system (3), which entails
N (7) = 0 when Harnack’s inequality is applied to the third equation of (3),
contradicting N (7) > N (1) for 7 < 73. Assume, that there is contradiction
75 € R for which M; (75) = 0, resulting in M’y (3) = M"1(75) = 0. By
the uniqueness of solutions, we get M; (1) = 0 V 7 € R, which contradicts
My () > M;(t) >0 V7 < 7. We can similarly derive 0 < M (1) < Ka,
N(r)>0VrTeR

Fix M; (1) = K; — Mj (1) > 0. Then,

01M1

Dy M{ — wM] — M +~yM;N — aMiMy =0, 7€R.

1

Noting that M; (—oc) = 0 , it implies that M| (—oc) = 0 ([17], Lemma
3.7), resulting in M’y (—o0) = 0. By similar argument, we get M’y (—o0) = 0
and N’ (—o0) = 0. O

4. Existence of travelling fronts when w > w*

Here we demonstrate the existence of travelling fronts in (1) with w > w*. As
a result, we must demonstrate the existence of travelling semi-fronts connect-
ing F*. Note that Lemma 9 establishes the existence of travelling semi-fronts
connecting F, with wave speed w > w*. We provide prior estimations for these
travelling semi-waves to ensure that they also connect E*.

Lemma 10. For all w > w*, denote the travelling semi-front of (1) obtained
in Lemma 9 with wave speed w by (My, My, N) (7). N (1) is then bounded in
R.

Proof. Assume the contrary that N (7) is unbounded in R.  Then
lim sup N (1) = +oo arrives from (M, My, N)(—o00) = E,. To begin, we
T—+00
prove that the following statements are true:
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Claim 1:
If there is a sequence 7, — o0 such that N (7,) — +oo, then M;,_ (1) —
0, Ms, (1) — 0, is uniform in any compact interval R as k — +oo, where

Mlm(T):Ml(T,{-FT),MQN(T):MQ(T,{-FT).

Note that 0 < M; (1) < K; (¢ = 1,2). Then, using Harnack’s inequality [21],
Theorem 2.1, to the 37 of (3), there exists a constant Kz, > 0 such that

N (1) < sup N (1) <Ky, inf N (1),
TGA;@ ’TGAK,

where A, = [, — L, 7, — L], exists for any L > 0. As a result

in/{ N (1) = 400, as k — +o0. (26)
TENE

Take J\Zfl () € C?([-L, L]) such that J\Zfl (+L) =K; and

~

inf M (7) > 0. From (26), as a result, for any k& > 1,
T€[—-L,L]

DlM//l(T)—lel(T)-i-Ml(T) Cc1 —

<0, Vr € [-L, L],

which means that for all M, (7) < J\}l (1) V7€ [-L,L] and k > 1. By the
subjectivity of Mj it is evident that

M, (1) — 0, uniformly in [—£, 2] as k — 400,

up to a subsequence if necessary. We get a similar result for My, (7) based on
similar arguments. As a result, we can make this claim.

Claim 2: N (7) is non decreasing for 7> 1

Suppose that N (1) is decreasing for 7 > 1. Since lim sup N (7) = +o0,

T—400
there exists a sequence 7,, — 400 that has N’ (7,) = 0 and N” (7,) = 0 and

has N (7,) — +oo. From Claim 1, we get

M, (1) =M (1. +7) = 0,Ms, (1) = My (1. +7) =0
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as k — +oo uniformly in any compact interval of R. For large x we have,

p p
—, My (1) = M- .

M1 (T,{) = Ml,{ (0) <

As a result of the third equation in (3),
0= D3N" (1) — wN' (1) + (wyy M (1) + wad My (1) — p) N (1) < 0,

which results in contradiction. As a result, Claim 2 is true.

According to Claim 2, 7" € R exists such that N (7) increases in [7/, +00].
For any non decreasing sequence 7, — +oo satisfying 7, > 7/ + k V &, it implies
from lim sup N (7) = 400 that N (7,) — +o00.

T—+00

Let ]\7,€ (1) = %,T € R. Then it satisfies

DsN", (1) —w N, (1) + (wiyMy (1 + 7) + wedMs (1, + 7) — p)

x]\ka(T)ZO, T eR.

Also Harnack’s inequality states that for any L > 0, there exists a constant
K > 0 such that

~ ~

sup Np(1) <K inf N, (r) <KN,(0)=K.
r€[-L,L) T€[-L,L]

Claim 1 is based on elliptic estimates, it follows that

~

Ny (7) = Noo (7) in €. (R),

where Ny, (7) is a non-negative solution of

D3 N"oo (7) = w N'og (7) = pNao (1) = 0, 7 € R,
if necessary, up to a subsequence. As a result, ]\?oo (1) = E1eM7 4 E9e™27, where
A% < 0 < A} are the roots of the equation D3A? —wA —p =0. As N, (0) =1,
we have Ny, (0) = E1+Es = 1. Ey > 0, E5 > 0 derives from the non-negativity
of Ny (1), 7 € R. We know N, (7) is increasing on R because Ny, (7) is non

decreasing for large 7 € R, yielding £y = 0 and hence N, (1) = e®27. Thus,

. N,(Tli) _ ,7 _ *
KILHSO N N’ (0) = A3.
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The arbitrariness of {7,} therefore leads to the conclusion that

/
lim inf{ inf N (Tn)} > A5,

K—>00 [r'+r,400) N (Ti)

Since A5 > Ay > 0, for k > 1, we have

/ *
inf N (T,.g) > A —|—A2‘
[T'4+kK,+00) N (TR) 2
This results in ]]\\7,,((::)) > % for > 7/ + k. Thus, for 7 > 7/ + K, we have

N (1) > N' (1) .
Since (A1 + A3) /2 > Ay, 3 7 > 71 + K such that
N (1) > M7 vr > 7/,
which contradicts N (7) < e*7,¥7 € R. Hence the proof follows. O

Lemma 11. For every w > wx, system (1) has a traveling front (My, Mo,
N)(4wt).

Proof. We only need to prove that (M, Ms, N) (+00) = E*, using Lemma
9, where (M7, Ma, N) is the solution derived in Lemma 9. Lemma 1 demon-
strates that N () is bounded on 7 € R. Then [[19], Lemma 3.7] shows that
there exist Mj(w) > 0, Ms(w) > 0 and M3(w) > 0 such that

M’l (7’)
Ml(T)

< M (w), ]\]\44'22((:))

< M (w),

< M; (w),Vw € R.

Let ¢y = M'1,q2 = M'5,q3 = N', system (3) can be written in the following

form: )

M’y = qu,

Diq'y = wqr — 1 (My, Ma, N),

M’y = qo, (27)
Do’y = wqy — ro (My, Ma, N),

N' = gs,

D3q's = wqz — r3 (M1, Ma, N),

where
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ri (My, My, N) = ex My (1= 32 ) = yMiN — aM; My,
ro (M1, My, N) = cgMs (1 — 2 ) = 6MyN — BM, Mo,
r3 (Ml,MQ,N) = wm/MlN + ’lUQ(sMQN - pN

Define
* My
D 1
Y1 = oJMl — qul + lqlml — wm’{ / —dq,
My q
mj
Dagymt e
1
Yo =wMs — Dogs + 2921 _ wms / —dq,
My q
m3
D * p:
1
Ys :wN—ngg—i—M —wn*/—dq.
N q
n*
It is obvious that
ry (My, My, N o Dymig?
Y/l‘(3.2) = —1( L Mo, N) (My —mj) — S 21§l1
My M;
1 Dlm*q2 (28)
*\ 2 * *
= —M(Ml —mi)" +y(n* = N) (M —mj) - ﬁ
By similar arguments, we get
T 2 * o Damias
Y,2‘(3.2) = _E(M2 —m3)” +v(n* = N)(My —m3) — Tg’
Y'3](3.2) = w1y (My —mj) (n* — N) + wad (My —m3) (n”* = N)—  (29)
Dgn*q§
N2

Let L = w1 L1 + wolo + L3. Along the traveling wave solution, the derivative
of IL satisfies

crwy w2 Cowo w2 wiDimiqg?
V|59 = — 2L (M — m?)? — Z22 (01, - my)? - L2
|(3.2) K, (My —mj) Ky (M2 —m3) M2 (30)
_ weDymigs  Dsn’q3
M2 NT

It is obvious that Y”|(4) = 0 if and only if
(M17Q17M27QQ7N7 Q3) = (m1*707m2*707 N7O)
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and the maximal invariant set of
{(M17Q17M27q27N7 Q3) : L, = O]

includes only the equilibrium. Y is obviously continuous and bounded below. As
a result, the proof is completed by La Salle’s invariance principle [20], Theorem
6.4. O

5. Existence of travelling fronts when w = w*

We prove the presence of a travelling front with wave speed w = wx in this
section.

Lemma 12. A travelling front (M, My, N) (+w*t) is present in system (1).

Proof. Let w, = w* + 1/n, n € Ni. System (1) has a travelling front
(My, , M, , Ny,) (+wpt) such that My, (1) < Ky, My, (1) < Ky and N, (1) is
bounded in 7 € R for any n, as shown by Lemmas 9, 10, and 11. Furthermore,
Mlln (—OO) = Mlgn (—OO) = N/n (—OO) = 0.

N,, is uniformly bounded with regard to n on 7 € R, as we prove now.
Assume that there exists a sequence {7,} such that N, {r,} — 400 as n —
+00 up to a subsequence if necessary, by contradiction. As (M;,,, Ms, , Ny,) (7)
satisfies (2), {7} can be chosen so that

N, (1n) = sup N, (1) = max N, (1), implies N,,” {7,} < 0 for large n. Let

TE
us define N, )
~ Tn + T
N _ D\ 7T R,
We can affirm that, up to and including a subsequence if necessary, using

arguments similar to those in Lemma 1, N,, (1) — Noo (7) in C? . (R), where,

loc

Noo (1) = E1e™ 7 4+ Epe® ™ By > 0,E, > 0,Fy + By = 1.

~ 1!

As N,, (0) <0, we have

~ "

0> N o (0) = E{AY + EoAL > 0.

This is a contradiction. As a result, on 7 € R, {(Mj,,M>,,Ny,)} is uni-
formly bounded with respect to n.
As (M, My, , N;,) (—o0) = (K;,Kg,0), we may conclude that
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Kl —TSMln (7’) SKl,Kg—TSMQn (T) SKQ,Nn(T) S&,VT SO,

holds for any 0 < ¢ < 1/2min{K; — m], Ky —m3,n*} and one of the fol-
lowing holds: M;, (0) =Ky —¢e, My, (0) =Ks — e, N, (0) = &.

Since {(M;,,, M>, , N,)} is uniformly bounded, [4, Lemma 3.7] implies that
{(M"y,, M5, ,N',)} is similarly uniformly bounded. It is evident that {(M"4,,
M",,,N",)} is uniformly bounded, and that {(M"'y,,M"5, ,N",)} is uni-
formly bounded as well.

As aresult of the Arzela—Ascoli theorem, there exists a subsequence { (M- Ln, >

My, Nn, )} in which

(M1, Ma, s Ny ) = (My, My, N) in CF

e (R) as n; — +oo,

where (M, My, N) is a non-negative solution of (3) with w = w* and 0 < M; <
K;y,0 < My <Ky, N (1) is a bounded solution. Furthermore, we have

Ky —7<M (1) <K, Ky —7 < My (1) <Ko, N (1) <e,Vr <0,
and at least one of the following is true:
M1 (O) :Kl —E,MQ(O) :KQ—E,N(O) = E.

It is simple to demonstrate that (Ky,0,K2,0,0,0) is a hyperbolic system equi-
librium (4). Hartman-Grobman theorem states that (M, Ma, N) (—o0) = E,
if the setting € is small enough.

We now prove that (My, My, N) is positive. Since additional cases can be
examined identically, we only consider the case M; (0) = K; —e. First, we show
that N (7) > 0 for all 7 € R. Assume, on the other hand, that there is an 7/
such that N (7{) =0. N (1) =0V 7 € R when Harnack’s inequality is applied
to the third equation of (3). As a result, M (7) satisfies,

DMy — wMj + c1 My (1 — %) ,T ER,
1
and M; (0) = Ky —e,0 < M; < K;. Simple phase-plane analysis yields
M (+00) = —o0 , a contradiction, since M; (—oo) = Ky. As a result, N (1) >
0V 7 e R. It is important to note that N (7) is bounded. Similarly, M; (1) >0
and My (1) > 0 for every 7 € R derived from (M, My, N) (—o0) = E, (K1, Ky, 0)
using reasons similar to those in Lemma 2. The proof is now complete. O

Lemma 13. There is no travelling semi-front with wave speed w for any
0 < w < w* system (1).
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Remark 3. Theorem 1 can now be proved by combining Lemmas 11, 12,

and 13.

6. Discussion

Many researchers have been interested in the existence of travelling wave solu-
tion in mathematical models. The presence of travelling waves with minimal
wave speed w for a diffusive prey predator model was investigated in this study.
By constructing a set of upper—lower solutions, we demonstrated the existence
of travelling wave solutions. The existence of a travelling semi front with wave
speed w has been demonstrated using the auxiliary truncated problem. For the
case w > w”*, LaSalle invariance principle is used to connect two equilibria. We
have shown the nonexistence of travelling semi fronts for the case w < w*. Our
method describes the existence of travelling waves for a spatio temporal model.
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