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Abstract: The paper discusses about a three-species diffusive prey predator
system, in which the predator is a generalist that can thrive on two distinct prey
species. The occurrence of invasion waves in the model is investigated in this
paper. Schauder’s fixed point theorem proves the existence of travelling semi
fronts ω > ω∗, where ω is the minimal wave speed. Harnack’s inequality for
positive super solutions on R is established to solve the reducibility problem that
arises in the proofs. The boundedness is demonstrated and LaSalle’s invariance
principle proves that such waves connect coexistence equilibrium. The rescaling
method and limit arguments are used to determine the existence of a travelling
front with ω = ω∗. The Laplace transform demonstrates the nonexistence of
moving fronts with speed 0 < ω < ω∗.
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1. Introduction

In ecology, the predator-prey model has become a popular topic of study [1],
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[2], [3]. Lotka and Volterra developed the first order differential equations of
the predator-prey type in 1925 and 1926, respectively. An example of a simple
Lotka-Volterra model ordinary differential equation is shown below,

dm1

dt
= c1m1 − γm1n,

dn

dt
= δm1n− ρn,

where δ = w1γ. With a logistic (or Pearl-Verhulst) growth limitation on the
prey, Lotka-Volterra equations becomes,

dm1

dt
= c1m1

(

1−
m1

K1

)

− γm1n,

dn

dt
= δm1n− ρn.

These are the most basic mathematical models of predator-prey interac-
tions. Because of their importance in science and engineering, systems of nonlin-
ear PDE’s have received a lot of interest in recent years. The reaction-diffusion
systems are among the most commonly confronted types of parabolic partial
differential equations.

Mathematicians have given importance to spatiotemporal patterns and their
interactions [4]. A simple diffusion-reaction model can be obtained by intro-
ducing a diffusive term and carrying capacity,

∂m1

∂t
= D1

∂2m1

∂x2
+ c1m1

(

1−
m1

K1

)

− αm1m2 − γm1n,

∂m2

∂t
= D2

∂2m2

∂x2
+ c2m2

(

1−
m2

K2

)

− βm1m2 − δm2n,

∂n

∂t
= w1γm1n+ w2δm2n− ρn.

(1)

The description of parameters is given in Table 1. The focus of this re-
search is to prove that a travelling wave solution exists for a large class of
non-monotone reaction diffusion systems. Many researchers have investigated
the existence of travelling wave solutions in certain case studies of the prey-
predator model. Gardner [7] used a variation of the Conley index to prove the
existence of travelling wave solutions connecting stable spatially homogenous
solutions. Dunbar [5], [6] studied on whether a diffusive model may include
travelling wave solutions.
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Table 1: Description of Parameters

Parameter Description

m1(t) Prey 1 population
m2(t) Prey 2 population
n(t) Predator population
c1, c2 Intrinsic growth rate
K1,K2 Carrying capacity of preys
D1,D2 Diffusion coefficients of two preys
D3 Diffusion coefficient of predator
α,β Competition rates between two preys
γ, δ The rate of predation on preys by predator
w1, w2 Conversion efficiencies of preys
ρ Predator’s natural death rate

Now we will look at how to review for the existence of travelling wave
solutions. Liang and Zhao [8], Wu and Zou [9] provides the existence of travel-
ling wave solutions for monotonic systems. Dunbar [10] proposed the shooting
method, which is widely used to illustrate the presence of non-monotonic sys-
tems. Furthermore, Huang [11] is the developer of this method, which substan-
tially simplifies its implementation. The Schauder’s fixed-point theorem is used
to demonstrate the existence of travelling wave solutions [12], [13], [14], [15].
However, generating a pair of adequate upper–lower solutions for the applica-
tion of Schauder’s fixed-point theorem to non-monotonic models is difficult.

Model (1) has four equlibrium points,

E0 = (0, 0, 0),

E1 = (K1, 0, 0),

E2 = (0,K2, 0) ,

E∗ =

(

c1K1c2 + αK1K2c2
c1c2 − αβK1K2

,
c1K1c2 − βK1K2c1
c1c2 − αβK1K2

, 0

)

.

Let

(A) =c1 −
γc2
δ

(

1−
ρ

w2δK2

)

> 0,

c2 −
δc1
γ

(

1−
ρ

w1γK1

)

> 0, γw1K1 + δw2K2 > ρ.

Then it implies that if and only if (A) holds, system (1) yields a unique
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positive equilibrium E∗ = (m∗
1,m

∗
2, n

∗), where

m∗
1 =

K1 (γc2ρ+K2δ (c1w2δ − γc2w2 − αρ))

αγw1K1K2δ + βγw2K1K2δ − γ2c2w1K1 − δ2c1w2K2
,

m∗
2 =

K2 (δc1ρ+K1γ (c2w1γ − δc1w1 − βρ))

αγw1K1K2δ + βγw2K1K2δ − γ2c2w1K1 − δ2c1w2K2
,

n∗ =
c1c2 (γw1K1 + δw2K2 − ρ) +K1K2 (αβρ− αγc2w1 − βδc1w2)

αγw1K1K2δ + βγw2K1K2δ − γ2c2w1K1 − δ2c1w2K2
.

(2)

The paper is organized as follows: We verify the existence of travelling semi
fronts for ω > ω∗ in Section 3. The existence of a travelling front with wave
speed ω = ω∗ is determined in Section 4. The non-existence of moving fronts
is demonstrated in Section 5 using the Laplace Transform.

2. Main results

The solutions of (1) are of the form

m1 (, t) = M1 (+ωt) ,m2 (, t) =M2 (+ωt) ,

n (, t) = N (+ωt) .

The wave speed parameter ω is positive and the functions m1,m2, n are
functions of a single variable τ = +ωt. If M1 (τ) ,M2 (τ) , N (τ) are defined for
all τ ∈ R and are referred to as a semi travelling wave solution connected to
the equilibrium E∗ and is called travelling front if

lim
τ→+∞

(M1 (τ) ,M2 (τ) , N (τ)) = E∗,

lim
τ→−∞

(M1 (τ) ,M2 (τ) , N (τ)) = E∗.

Define ω∗ = 2
√

D3 (w1γK1 + w2δK2 − ρ).

Theorem 1. (i) System (1) has no travelling semi front for any ω,
where 0 < ω < ω∗.

(ii) System (1) has a travelling front with wave speed ω if and only if ω ≥ ω∗.
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3. Existence of travelling semi fronts when ω ≥ ω∗

In this section, we assume that ω > ω∗ and study the existence of traveling
semifronts with wave speed ω.

We get the system for (M1 (τ) ,M2 (τ) , N (τ)) with τ = +ωt as a result of
substituting into the system (1),

D1M
′′
1 − ωM ′

1 + c1M1

(

1−
M1

K1

)

− αM1M2 − γM1N = 0,

D2M
′′
2 − ωM ′

2 + c2M2

(

1−
M2

K2

)

− βM1M2 − δM2N = 0,

D3N
′′ − ωN ′ + w1γM1N + w2δM2N − ρN = 0.

(3)

The two roots of the following equation Z(Λ) are denoted by Λ1, Λ2,

Z (Λ) = D3Λ
2 − ωΛ+ (w1γK1 + w2δK2 − ρ) = 0. (4)

Then if 0 < ξ < Λ2 −Λ1, it follows from (A) and ω > ω∗ that 0 < Λ1 < Λ2 and
Z (Λ1 + ξ) < 0. We constructed the following upper lower solutions [16], [17].

Let

M̄1 = K1, M̄2 = K2, N̄ = eΛ1τ , M 1 = max
{

K1 − ρ1e
ψ1τ , 0

}

,

M2 = max
{

K2 − ρ2e
ψ2τ , 0

}

, N = max
{

eψ1τ
(

1− ρ3e
ψ1τ

)

, 0
}

,

where ρi and ψi (i=1, 2, 3) are positive constants that will be found later. In
the following lemma, we will demonstrate that these are upper lower solutions.

Lemma 1. We have
D3N̄

′′ − ωN̄ ′ + w1γM̄1N̄ + w2δM̄2N̄ − ρN̄ ≤ 0 for any τ ∈ R.

Proof. According to the definition of Λ1,

D3N̄
′′ − ωN̄ ′ + w1γM̄1N̄ + w2δM̄2N̄ − ρN̄

= eΛ1τ
(

D3Λ
2
1 − ωΛ1 +w1γK1 + w2δK2 − ρ

)

= 0.

Hence the lemma is proved.
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Lemma 2. Suppose

0 < ψ1 < min

{

Λ1,
ω

D1

}

, 0 < ψ2 < min

{

Λ1,
ω

D1

}

,

ρ1 > max

{

K1,
γK1

ψ1 (ω −D1ψ1)

}

, ρ2 > max

{

K2,
δK2

ψ2 (ω −D2ψ2)

}

.

Then,

D1M
′′
1 − ωM ′

1 + c1M1

(

1−
M1

K1

)

− αM 1M 2 − γM1N̄

≥ 0, ∀τ 6=
1

ψ1
ln

K1

ρ1
= τ1,

D2M
′′
2 − ωM ′

2 + c2M2

(

1−
M 2

K2

)

− βM1M2 − δM 2N̄

≥ 0, ∀τ 6=
1

ψ2
ln

K2

ρ2
= τ2.

Proof. The choice of ρ1 and ρ2 clearly indicates that τ1 < 0, τ2 < 0. We
will begin with M1. It is obvious that the result is true for τ > τ1. Suppose
that τ < τ1 < 0 as a result we obtain, M1 (τ) = K1 − ρ1e

ψ1τ > 0. Hence,

D1M
′′
1 − ωM ′

1 + c1M1

(

1−
M1

K1

)

− αM1M2 − γM1N̄

= eψ1τρ1ψ1 (ω −D1ψ1) + c1

(

K1 − ρ1e
ψ1τ

)

(

ρ1e
ψ1τ

K1

)

− α
(

K1 − ρ1e
ψ1τ

)(

K2 − ρ2e
ψ2τ

)

− γ
(

K1 − ρ1e
ψ1τ

)

eΛ1τ

≥ eψ1τρ1ψ1 (ω −D1ψ1)− γK1e
Λ1τ

≥ eψ1τ (ρ1ψ1 (ω −D1ψ1)− γK1)

≥ 0.

For the second inequality, the facts τ < 0 and Λ1 > ψ1 > 0 are used. Similarly,
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let M2 (τ) = K2 − ρ2e
ψ2τ > 0.

D2M
′′
2 − ωM ′

2 + c2M2

(

1−
M2

K2

)

− βM1M2 − δM 2N̄

= eψ2τρ2ψ2 (ω −D2ψ2) + c2

(

K2 − ρ2e
ψ2τ

)

(

ρ2e
ψ2τ

K2

)

− α
(

K1 − ρ1e
ψ1τ

)(

K2 − ρ2e
ψ2τ

)

− γ
(

K2 − ρ2e
ψ2τ

)

eΛ2τ

≥ eψ2τρ2ψ2 (ω −D2ψ2)− γK2e
Λ2τ

≥ eψ2τ (ρ2ψ2 (ω −D2ψ2)− γK2)

≥ 0.

Lemma 3. Let us use Lemma 2 to determine τ1, τ2 and suppose that,

0 < ψ3 < min {ψ1, ψ2, Λ2 − Λ1} ,

ρ3 > max







(

K1

ρ1

)−
ψ3
ψ1

,

(

K2

ρ2

)−
ψ3
ψ2

,
w1γρ1 + w2δρ2
−z (Λ1 + ψ3)







.

where Z (Λ) = D3Λ
2 − ωΛ+ (w1γK1 + w2δK2 − ρ) = 0. Then,

D3N
′′ − ωN ′ + w1γM1N +w2δM2N − ρN ≥ 0,

for any τ 6= ln (1/ρ3)/ψ3 = τ3.

Proof. It is obvious that τ3 < min {τ1, τ2} < 0 and Z (λ1 + ψ3) < 0 as a
result of the choice of ρ3. The conclusion is correct for τ > τ3. We will assume
τ < τ3 in the following. Then,

M1 (τ) = K1 − ρ1e
ψ1τ ,

M2 (τ) = K2 − ρ2e
ψ2τ ,

N (τ) = eΛ1τ
(

1− ρ3e
ψ3τ

)

,

implies that 0 < 1 − ρ3e
ψ3τ < 1. As a result of ρ3 and considering that

Z(Λ1) = 0.
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We get

D3N
′′ − ωN ′ + w1γM1N + w2δM2N − ρN

= eΛ1τZ (Λ1)− ρ3e
(Λ1+ψ3)τZ (Λ1 + ψ3)

+ w1γρ1e
(Λ1+ψ1)τ

(

ρ3e
ψ3τ − 1

)

+ w2δρ2e
(Λ1+ψ2)τ

(

ρ3e
ψ3τ − 1

)

≥ −ρ3e
(Λ1+ψ3)τZ (Λ1 + ψ3)− (w1γρ1 + w2δρ2) e

(Λ1+ψ3)τ

≥ 0,

(5)

where the facts ψ3 < ψ1, ψ3 < ψ2, τ < 0 were utilised in the 2nd inequality.

Remark 2. ρi and ψi (i = 1, 2, 3) can obviously be selected to satisfy
Lemmas 1 - 3.

3.1. A truncated problem

We present a truncated problem with a finite interval in order to use Schauder’s
fixed-point theorem. Using the limiting procedure and the solution of the trun-
cated problem, we may derive a solution (M1,M2, N) of system (3) satisfying

(M1,M2, N) (−∞) = E∗ =
(

c1K1c2−αK1K2c2
c1c2−αβK1K2

, c1K2c2−βK1K2c1
c1c2−αβK1K2

, 0
)

, which could be

a strong choice for travelling wave solutions of system (3). Assume l > -min
τ1, τ2, τ3 > 0. Consider the situation below:

D1M
′′
1 − ωM ′

1 + c1M1

(

1−
M1

K1

)

− αM1M2 − γM1N = 0, τ ∈ (−l, l) ,

D2M
′′
2 − ωM ′

2 + c2M2

(

1−
M2

K2

)

− βM1M2 − δM2N = 0, τ ∈ (−l, l) ,

D3N
′′ − ωN ′ + w1γM1N + w2δM2N − ρN = 0, τ ∈ (−l, l) ,

(6)

M1 (τ) =M1 (τ) ,M2 (τ) =M2 (τ) , N (τ) = N (τ) , τ ∈ (−l, l) .

Set Il = [−l, l], B = C
(

Il,R
3
)

for ease of use and then define

Ω =

{

(M1,M2, N) ∈ B :M1 ≤M1 ≤ M̄1,M 2 ≤M2 ≤ M̄2,

N ≤ N ≤ N̄ in Il

}

,

which is a closed convex set in the Banach space B with the norm ‖(M1,M2, N )‖B =
‖M1‖C(Il) + ‖M2‖C(I2) + ‖N‖

C(Il)
.
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M1, M2 and N are non negative (i.e)M1 ≥ 0,M2 ≥ 0, N ≥ 0 for any
(M1,M2, N). The mapping G : Ω → B is then defined as follows. For all
(x0, y0, z0) ∈ Ω, G (x0, y0, z0) = (x, y, z) where (x, y, z) is the classic solution of
the following boundary value problem:

D1x
′′ − ωx′ + c1x0 −

(

c1x0
K1

+ γz0

)

x− αxy0 = 0, τ ∈ (−l, l) ,

D2y
′′ − ωy′ + c2y0 −

(

c2y0
K2

+ δz0

)

y − βx0y = 0, τ ∈ (−l, l) ,

D3z
′′ − ωz′ + w1γx0z0 + w2δy0z0 − ρz0 = 0, τ ∈ (−l, l) ,

x (τ) =M1 (τ) , y (τ) =M2 (τ) , z (τ) = N (τ) , τ ∈ (−l, l) .

(7)

As a result of G’s specification, any fixed point of G is a solution to the
problem (6). The existence and uniqueness of solutions can then be determined
using [[18], Chap. 12 Theorem 3.1].

Lemma 4. G (Ω) ⊂ Ω.

Proof. Assume that the solution of the system (7) with (x0, y0, z0) ∈ Ω is
(x, y, z).

From the equation one of (7), we get

D1x
′′ − ωx′ −

(

c1x0
K1

+ γz0

)

x− αxy0 = −c1x0 ≤ 0, τ ∈ (−l, l) .

Since l > −min {τ1, τ2, τ3} > 0, then x(l) = 0 and x (−l) = M1 (−l) >
0. As a result, for any τ ∈ (−l, l), the maximum principle returns x (τ) > 0.
Similarily, for any τ ∈ (−l, l) we get y (τ) > 0, z (τ) > 0.

Let σ1 = K1 − x1, then we get

D1σ1
′′ − ωσ1

′ −
(

c1x0
K1

+ γz0

)

σ1 − ασ1y0 = −e1K1z0 ≤ 0, τ ∈ (−l, l) and

σ1 (±l) > 0. Then as a result, the maximal principle yields σ1 ≥ 0 for all τ ∈ Il,
it implies that x ≤ M̄1 for all τ ∈ Il. We may deduce that y ≤ M̄2 for all τ ∈ Il.

As a result of third equation of (7),

D3z
′′ − ωz′ + w1γx0z0 + w2δy0z0 − ρz0 ≥ 0, τ ∈ (−l, l) .

If σ2 = N̄ − z, then σ2 (±l) > 0 which follows from Lemma 3 that D3σ2
′′ −

ωσ2
′ − ρσ ≤ 0, τ ∈ (−l, l). As a result, the maximal principle returns σ2 ≥

0 ∀ τ ∈ Il, implying that z ≥ N̄ for all τ ∈ Il. If σ3 = z −M1, σ3 (−l) = 0 and
σ3 (τ1) = x (τ1) > 0. As a result of Lemma 2, it follows that,

D1σ3
′′ − ωσ3

′ −
(

c1x0
K1

+ γz0

)

σ3 − ασ1y0 ≤ c1 (1 − x0)
(

1− 1

K1

)
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+e11
(

z0 − N̄
)

≤ 0,∀τ ∈ (−l, τ1) . (8)

As a result, the maximum principle implies σ3 ≥ 0 ∀ τ ∈ [−l, τ1]. Given
that M1 = 0 ∀ τ > τ1, it follows that z ≥ M1 for all τ ∈ Il. It is simple to
derive that a y ≥M2, z ≥ N ∀ τ ∈ Il using comparable reasoning and Lemmas
2 and 3. The proof is now complete.

3.2. A few supplementary lemmas

Here we construct some estimations for solutions to the nonhomogeneous linear
equation

σ′′ (τ)− Pσ′ (τ) + h (τ) σ (τ) = f (τ) . (9)

The following lemma is required for this.

Lemma 5. Assume that Φ1 and Φ2 are the unique solutions to the 2nd-order
linear equation,

L [t] := u′′ − Pu′ + h (τ)u = 0,

where P and h are positive constant and continuous function on [c, d] respec-
tively, with

ϕ1 (c) = 0, ϕ′
1 (c) = 1, (10)

and
ϕ2 (d) = 0, ϕ′

2 (d) = −1. (11)

As a result, we have

|ϕ1 (τ)|+
∣

∣ϕ′
1 (τ)

∣

∣ ≤ e(X1+P+1)(d−c), (12)

and

|ϕ2 (τ)|+
∣

∣ϕ′
2 (τ)

∣

∣ ≤ e(X1+P+1)(d−c). (13)

where X1 = ‖h‖
C[c,d] for every τ ∈ (c, d). If h ≤ 0, the Wronskian of ϕ1 and

ϕ2, denoted by W (φ1, φ2) , may be derived for all τ ∈ (c, d) by

|W (φ1, φ2) (τ)| ≥
1

P

(

eP (d−c) − 1
)

> 0. (14)

Proof. To verify (11) and (12), rephrase L [u] = 0 as a first order system

U ′ = R (τ)U, (15)
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where

U =

[

u
u′

]

and R (τ) =

[

0 1
−h (τ) P

]

. (16)

Let τ ∈ (c, d). It is clear that every U of (14) solution fulfils the integral
equation

U (τ) = U (c) +

τ
∫

c

R (ς)U (ς) dς, (17)

and hence

‖U (τ)‖ ≤ ‖U (c)‖ (X1 + P + 1)

τ
∫

c

‖U (ς)‖dς,

where ‖·‖ is the absolute norm, and we have used the idea that ‖R (·)‖ =
max {|h (·)| , P + 1} ≤ X1 + P + 1. As a result, it is simple to deduce that

‖U (τ)‖ ≤ ‖U (c)‖ e(X1+P+1)(τ−c). (18)

We also get it by replacing c by d in (15) and by similar arguments we get,

‖U (τ)‖ ≤ ‖U (d)‖ e(X1+P+1)(d−τ). (19)

If we choose U =
[

φ1 φ′1
]T

, we get ‖U‖ = |φ1 (τ)| +
∣

∣φ1
′ (τ)

∣

∣ and
‖U (c)‖ = 1. As a result, (11) follows directly after (16). By selecting U =
[

φ2 φ′2
]T

in (17) in the same way, we get (12).
Now we have to prove (13). We derive

W (ϕ1, ϕ2) (τ) = − ϕ1 (d) e
P (d−τ ), (20)

by using Abel’s formula and noticing that W (ϕ1, ϕ2) (d) = − ϕ1 (d).
We use the function to estimate ϕ1 (b),

̺ (τ) =
1

P

(

eP (τ−c) − 1
)

.

This is the unique solution to ̺′′ − P̺′ = 0 on [c, d] with

̺ (a) = 0, ̺′ (a) = 1.

Noting that ̺ ≥ 0 h ≤ 0, we can see that the function ̟ := ϕ1 − ̺ satisfies

̟′′ − P̟′ + h̟ = −h̺ ≥ 0 and ̟ (c) = ̟′ (d) .
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As a result of [20, Theorem 13, Chapter 1], ̟ ≥ 0 and so ϕ1 ≥ ̺ on [c, d].
In general,

ϕ1 (d) ≥ ̺ (d) =
1

P

(

eP (d−c) − 1
)

> 0. (21)

We ultimately get,

|W (ϕ1, ϕ2) (τ)| = ϕ1 (d) e
P (d−τ) ≥

1

P

(

eP (d−c) − 1
)

> 0,

by combining (18) and (19). As a result, the proof of this lemma is complete.

For a priori estimates, we have the following two lemmas.

Lemma 6. Let P be a positive constant and let h and f be continuous func-
tions on [c, d]. Suppose that Υ ∈ C ([c, d]) ∩ C

2 ((c,d)) satisfies the differential
equation (9) in (c, d) and Υ(a) = Υ (b) = 0. If

−X1 ≤ h ≤ 0 and |f | ≤ X2 on [c, d] ,

for some constants X1, X2, then there exists a positive constant X3, depending
only on P, X1 and the length of the interval [c, d], such that

‖σ‖
C([c,d]) ≤ X2X3. (22)

Proof. To begin, we should note that both σ′ (c+) := lim
σ→c+

σ′ (τ) and

σ′ (d−) := lim
σ→d−

σ′ (τ) exists. Let τ̄ ∈ (c, d) be fixed to see this. We derive

σ′ (τ) = σ′ (τ̄ )− P (σ (τ)− σ (τ̄))−

τ
∫

τ̄

h (ς) σ (ς) dς + f (ς) dς,

for any τ ∈ (c, d) by integrating equation (8) from τ̄ to τ and recombining the
resulting equation.

As σ, h and f are right-continuous at point c, the right-hand limit of the
above equation exists at d. As a result σ′ (c+) exists. Using the same argument
as before, we can conclude that σ′ (d−) exists. Let ϕ1 and ϕ2 be the same as
in Lemma 5. Let us consider any point such that τ ∈ (c, d). By multiplying (8)
by ϕ1, integrating the resulting inequality from c to τ , and then using part by
part integration, we get

ϕ1 (τ)σ
′ (τ)−

(

ϕ′ (τ)− Pϕ1 (τ)
)

σ (τ) + σ (c) =

τ
∫

c

ϕ1 (ς) f (ς) dς, (23)
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where we used (9), and the fact that L [ϕ1] = 0 and σ′ (c+) exists. Similarly,
we can deduce that

−ϕ2 (τ) σ
′ (τ)−

(

ϕ′ (τ)− Pϕ2 (τ)
)

σ (τ) + σ (d) =

d
∫

τ

ϕ2 (ς) f (ς) dς, (24)

by multiplying (8) by ϕ2, integrating the resulting inequality from τ to d, and
then using integration by parts, where (10) has been used and the fact that
L [ϕ2] = 0 and σ′ (d−) exists.

It is important to note that σ (a) = σ (b) = 0. We finally get,

W (ϕ1, ϕ2) (τ)σ (τ) = ϕ2 (τ)

τ
∫

c

ϕ1 (ς) f (ς) dς + ϕ1 (τ)

d
∫

τ

ϕ2 (ς) f (ς) dς,

multiplying (21) and (22) by ϕ2 and ϕ1, respectively, and then summing, we
get

σ (τ) =

ϕ2 (τ)
τ
∫

c

ϕ1 (ς) f (ς) dς + ϕ1 (τ)
d
∫

τ

ϕ2 (ς) f (ς) dς

W (ϕ1, ϕ2) (τ)
.

This, in accordance with the assumption that |f | ≤ X2, implies that

|σ (τ)| ≤ X2

|ϕ2 (τ)|
d
∫

c

|ϕ1 (ς)|dς + |ϕ1 (τ)|
d
∫

c

|ϕ2 (ς)|dς

|W (ϕ1, ϕ2) (τ)|
.

Eventually, using (11), (12), and (13), one can easily deduce that (20) holds
from the above inequality.

Lemma 7. Let P, h and f be the same as in Lemma 6. Assume that σ ∈
C ([c, d])∩C

2 ((c, d)) satisfy (8) in (c, d). For some constant X0, if ‖σ‖C([c,d]) ≤
X0, there exists a positive constant X4 that depends only on P,X0,X1,X2 and
the length of the interval [c, d], such that,

∥

∥σ′
∥

∥

C([c,d])
≤ X4. (25)

Proof. Let ϕ1 and ϕ2 be the same as in Lemma 5. Let us consider τ ∈ (c,d).
We can deduce

W (ϕ1, ϕ2) (τ) (σ
′ (τ) + Pσ (τ)) + ϕ′

2 (τ) σ (c) + ϕ′
1 (τ)σ (d)

= ϕ′
2 (τ)

τ
∫

c

ϕ1 (ς) f (ς) dς + ϕ′
1 (τ)

d
∫

τ

ϕ2 (ς) f (ς) dς
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which results in

σ′ (τ)=

ϕ′
2(τ)

[

τ
∫

c

ϕ1 (ς) f (ς) dς!−σ (c)

]

+ϕ′
1(τ)

[

d
∫

τ

ϕ2 (ς) f (ς) dς−σ (d)

]

W (ϕ1, ϕ2) (τ)
.

This, along with the assumptions that |f | ≤ X2 and |σ| ≤ X0, leads to the
conclusion that

∣

∣σ′ (τ)
∣

∣≤X2

|ϕ′
2(τ)|

[

X2

d
∫

c

|ϕ1 (ς)|dς+X0

]

+|ϕ1 (τ)|

[

X2

d
∫

c

|ϕ2 (ς)|dς+X0

]

|W (ϕ1, ϕ2) (τ)|
.

The above inequality (23) can be easily deduced by using (11), (12), and (13).
By using the logic of [16, Lemmas 2.6 and 2.7], it is obvious that F is continuous
and precompact.

Lemma 8. A solution (M1,M2, N) ∈ Ω on Il is admitted by system (6).

Lemma 9. If ω > ω∗, (1.1) admits a solution (M1,M2, N) satisfying 0 <
M1 (τ) < K1, 0 < M2 (τ) < K2, N (τ) > 0 ∀ τ ∈ R. Furthermore, as τ → −∞,
N (τ) = O

(

eΛ1τ
)

and M1
′ (−∞) =M2

′ (−∞) = N ′ (−∞) = 0.

Proof. Let {ln}n∈N be a non decreasing sequence such that

l1 > −min {τ1, τ2, τ3} > 0

and ln → +∞. The solution of system (6) with l = ln found in Lemma 8 is
denoted as {(M1n ,M2n , Nn)}n≥N

. It is obvious that in [−lN , lN ], {(M1n ,M2n ,
Nn)}n≥N are uniformly bounded.

From elliptic estimates, it follows that [{(M ′
1n ,M

′
2n , N

′
n)}n≥N

are uni-
formly bounded in [−lN , lN ]. As a result of the equations in (6), [{(M ′′

1n ,M
′′
2n ,

N ′′
n)}n≥N are uniformly bounded in [−lN , lN ] . By differentiating (6), we can

see that [{(M ′′′
1n ,M

′′′
2n , N

′′′
n)}n≥N

are uniformly bounded in [−lN , lN ]. As a

result of Arzela–theorem, Ascoli’s a subsequence
{(

M1nj
,M2nj

, Nnj

)}

exists

such that
(

M1nj
,M2nj

, Nnj

)

→ (M1,M2, N) in C
2 (R) as nj → ∞.

Then it is clear that (M1,M2, N) is a non-negative solution of system (3) and
that M1 ≤ M1 ≤ M̄1,M2 ≤ M2 ≤ M̄2, N ≤ N ≤ N̄ over R is satisfied. As per
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the definitions of upper and lower solutions we get

(M1,M2, N) (−∞) = E∗ =

(

c1K1c2 + αK1K2c2
c1c2 − αβK1K2

,
c1K1c2 − βK1K2c1
c1c2 − αβK1K2

, 0

)

and as τ → −∞, N (τ) = O
(

eΛ1τ
)

.
Now we show that 0 < M1(τ) < K1 ∀ τ ∈ R. We assert that M1 (τ) <

K1 ∀ τ ∈ R. Assume that there is an τ∗1 ∈ R such that M1 (τ
∗
1 ) = K1 by

contradiction. Thus, M1
′ (τ∗1 ) = 0 and M1

′′ (τ∗1 ) ≤ 0. Hence, M1
′′ (τ∗1 ) = 0

and N (τ∗1 ) = 0 follow from the first equation of system (3), which entails
N (τ) ≡ 0 when Harnack’s inequality is applied to the third equation of (3),
contradicting N (τ) ≥ N (τ) for τ < τ3. Assume, that there is contradiction
τ∗2 ∈ R for which M1 (τ

∗
2 ) = 0, resulting in M ′

1 (τ
∗
2 ) = M ′′

1 (τ
∗
2 ) = 0. By

the uniqueness of solutions, we get M1 (τ) ≡ 0 ∀ τ ∈ R, which contradicts
M1 (τ) ≥ M1 (τ) > 0 ∀ τ < τ1. We can similarly derive 0 < M2 (τ) < K2,
N (τ) > 0 ∀ τ ∈ R.

Fix M̃1 (τ) = K1 −M1 (τ) > 0. Then,

D1M̃
′′
1 − ωM̃ ′

1 −
c1M1

K1
M̃1 + γM1N − αM1M2 = 0, τ ∈ R.

Noting that M̃1 (−∞) = 0 , it implies that M̃ ′
1 (−∞) = 0 ([17], Lemma

3.7), resulting in M ′
1 (−∞) = 0. By similar argument, we get M ′

2 (−∞) = 0
and N ′ (−∞) = 0.

4. Existence of travelling fronts when ω > ω∗

Here we demonstrate the existence of travelling fronts in (1) with w > w∗. As
a result, we must demonstrate the existence of travelling semi-fronts connect-
ing E∗. Note that Lemma 9 establishes the existence of travelling semi-fronts
connecting E∗ with wave speed w > w∗. We provide prior estimations for these
travelling semi-waves to ensure that they also connect E∗.

Lemma 10. For all w > w∗, denote the travelling semi-front of (1) obtained
in Lemma 9 with wave speed ω by (M1,M2, N ) (τ). N (τ) is then bounded in
R.

Proof. Assume the contrary that N (τ) is unbounded in R. Then
lim sup

τ→+∞
N (τ) = +∞ arrives from (M1,M2, N) (−∞) = E∗. To begin, we

prove that the following statements are true:



676 N.B. Sharmila, C. Gunasundari

Claim 1:
If there is a sequence τκ → +∞ such that N (τκ) → +∞, then M1κ (τ) →
0,M2κ (τ) → 0, is uniform in any compact interval R as κ→ +∞, where

M1κ (τ) =M1 (τκ + τ) ,M2κ (τ) =M2 (τκ + τ) .

Note that 0 < Mi (τ) < Ki (i = 1, 2). Then, using Harnack’s inequality [21],
Theorem 2.1, to the 3rd of (3), there exists a constant KL > 0 such that

N (τκ) ≤ sup
τ∈Λκ

N (τ) ≤ KL inf
τ∈Λκ

N (τ) ,

where Λκ = [τκ − L, τκ − L], exists for any L > 0. As a result

inf
τ∈Λk

N (τ) → +∞, as k → +∞. (26)

Take
∼

M1 (·) ∈ C
2 ([−L,L]) such that

∼

M1 (±L) = K1 and

inf
τ∈[−L,L]

∼

M1 (τ) > 0. From (26), as a result, for any k ≫ 1,

D1

∼

M ′′
1 (τ)− ω

∼

M ′
1 (τ) +

∼

M1 (τ)



c1 −
c1

∼

M1 (τ)

K1
− γN (τκ + τ)





≤ 0, ∀τ ∈ [−L,L],

which means that for all M1κ (τ) ≤
∼

M1 (τ) ∀ τ ∈ [−L,L] and κ ≫ 1. By the

subjectivity of
∼

M1 it is evident that

M1κ (τ) → 0, uniformly in
[

−L
2 ,

L
2

]

as κ→ +∞ ,

up to a subsequence if necessary. We get a similar result for M2κ (τ) based on
similar arguments. As a result, we can make this claim.

Claim 2: N (τ) is non decreasing for τ ≫ 1

Suppose that N (τ) is decreasing for τ ≫ 1. Since lim sup
τ→+∞

N (τ) = +∞,

there exists a sequence τκ → +∞ that has N ′ (τκ) = 0 and N ′′ (τκ) = 0 and
has N (τκ) → +∞. From Claim 1, we get

M1κ (τ) =M1 (τκ + τ) → 0,M2κ (τ) =M2 (τκ + τ) → 0
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as κ→ +∞ uniformly in any compact interval of R. For large κ we have,

M1 (τκ) =M1κ (0) <
ρ

4w1γ
,M2 (τκ) =M2κ (0) <

ρ

4w2δ
.

As a result of the third equation in (3),

0 = D3N
′′ (τκ)− ωN ′ (τκ) + (w1γM1 (τκ) +w2δM2 (τκ)− ρ)N (τκ) < 0,

which results in contradiction. As a result, Claim 2 is true.
According to Claim 2, τ ′ ∈ R exists such that N (τ) increases in [τ ′,+∞].

For any non decreasing sequence τκ → +∞ satisfying τκ > τ ′+κ ∀ κ, it implies
from lim sup

τ→+∞
N (τ) = +∞ that N (τκ) → +∞.

Let
∼

Nκ (τ) =
N(τκ+τ)
N(τκ)

, τ ∈ R. Then it satisfies

D3

∼

N ′′
κ (τ)− ω

∼

N ′
κ (τ) + (w1γM1 (τκ + τ) + w2δM2 (τκ + τ)− ρ)

×
∼

Nk (τ) = 0, τ ∈ R.

Also Harnack’s inequality states that for any L > 0, there exists a constant
K > 0 such that

sup
τ∈[−L,L]

∼

Nκ (τ) ≤ K inf
τ∈[−L,L]

∼

Nκ (τ) ≤ K
∼

Nκ (0) = K.

Claim 1 is based on elliptic estimates, it follows that

∼

Nκ (τ) →
∼

N∞ (τ) in C
2
loc (R) ,

where
∼

N∞ (τ) is a non-negative solution of

D3

∼

N ′′
∞ (τ)− ω

∼

N ′
∞ (τ)− ρ

∼

N∞ (τ) = 0, τ ∈ R,

if necessary, up to a subsequence. As a result,
∼

N∞ (τ) = E1e
Λ∗

1
τ+E2e

Λ∗

2
τ , where

Λ∗
1 < 0 < Λ∗

2 are the roots of the equation D3Λ
2 − ωΛ− ρ = 0. As

∼

Nκ (0) = 1,

we have
∼

N∞ (0) = E1+E2 = 1. E1 ≥ 0, E2 ≥ 0 derives from the non-negativity

of
∼

N∞ (τ), τ ∈ R. We know Ñκ (τ) is increasing on R because
∼

Nk (τ) is non

decreasing for large τ ∈ R, yielding E1 = 0 and hence
∼

N∞ (τ) = eΛ
∗

2
τ . Thus,

lim
κ→∞

N ′ (τκ)

N (τκ)
=

∼

N ′
∞ (0) = Λ∗

2.
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The arbitrariness of {τκ} therefore leads to the conclusion that

lim
κ→∞

inf

{

inf
[τ ′+κ,+∞)

N ′ (τκ)

N (τκ)

}

≥ Λ∗
2.

Since Λ∗
2 > Λ1 > 0, for κ≫ 1, we have

inf
[τ ′+κ,+∞)

N ′ (τκ)

N (τκ)
≥

Λ1 + Λ∗
2

2
.

This results in N ′(τκ)
N(τκ)

≥
Λ1+Λ∗

2

2 for τ ≥ τ ′ + κ. Thus, for τ ≥ τ ′ + κ, we have

N (τκ) ≥ N ′ (τκ) .

Since (Λ1 + Λ∗
2) /2 > Λ1,∃ τ

∗
1 > τ ′1 + κ such that

N (τ) > eΛ1τ ,∀τ ≥ τ ′,

which contradicts N (τ) ≤ eΛ1τ ,∀τ ∈ R. Hence the proof follows.

Lemma 11. For every w > w∗, system (1) has a traveling front (M1,M2,
N)(+ωt).

Proof. We only need to prove that (M1,M2, N ) (+∞) = E∗, using Lemma
9, where (M1,M2, N) is the solution derived in Lemma 9. Lemma 1 demon-
strates that N (τ) is bounded on τ ∈ R. Then [[19], Lemma 3.7] shows that
there exist M1(ω) > 0, M2(ω) > 0 and M3(ω) > 0 such that

∣

∣

∣

∣

M ′
1 (τ)

M1 (τ)

∣

∣

∣

∣

≤M1 (ω) ,

∣

∣

∣

∣

M ′
2 (τ)

M2 (τ)

∣

∣

∣

∣

≤M2 (ω) ,

∣

∣

∣

∣

N ′ (τ)

N (τ)

∣

∣

∣

∣

≤M3 (ω) ,∀ω ∈ R.

Let q1 =M ′
1, q2 =M ′

2, q3 = N ′, system (3) can be written in the following
form:











































M ′
1 = q1,

D1q
′
1 = ωq1 − r1 (M1,M2, N) ,

M ′
2 = q2,

D2q
′
2 = ωq2 − r2 (M1,M2, N) ,

N ′ = q3,

D3q
′
3 = ωq3 − r3 (M1,M2, N) ,

(27)

where
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r1 (M1,M2, N) = c1M1

(

1− M1

K1

)

− γM1N − αM1M2,

r2 (M1,M2, N) = c2M2

(

1− M2

K2

)

− δM1N − βM1M2,

r3 (M1,M2, N) = w1γM1N + w2δM2N − ρN.

Define

Y1 = ωM1 −D1q1 +
D1q1m

∗
1

M1
− ωm∗

1

M1
∫

m∗

1

1

q
dq,

Y2 = ωM2 −D2q2 +
D2q2m

∗
2

M2
− ωm∗

2

M2
∫

m∗

2

1

q
dq,

Y3 = ωN −D3q3 +
D3q3m

∗
3

N
− ωn∗

N
∫

n∗

1

q
dq.

It is obvious that

Y ′
1|(3.2) =

r1 (M1,M2, N)

M1
(M1 −m∗

1)−
D1m

∗
1q

2
1

M2
1

= −
r1
M1

(M1 −m∗
1)

2 + γ (n∗ −N) (M1 −m∗
1)−

D1m
∗
1q

2
1

M2
1

.

(28)

By similar arguments, we get

Y ′
2|(3.2) = −

r2
M2

(M2 −m∗
2)

2 + γ (n∗ −N) (M2 −m∗
2)−

D2m
∗
2q

2
2

M2
2

,

Y ′
3|(3.2) = w1γ (M1 −m∗

1) (n
∗ −N) + w2δ (M2 −m∗

2) (n
∗ −N)−

D3n
∗q23

N2
.

(29)

Let L = w1L1 + w2L2 + L3. Along the traveling wave solution, the derivative
of L satisfies

Y ′|(3.2) = −
c1w1

K1
(M1 −m∗

1)
2 −

c2w2

K2
(M2 −m∗

2)
2 −

w1D1m
∗
1q

2
1

M2
1

−
w2D2m

∗
2q

2
2

M2
2

−
D3n

∗q23
N2

.

(30)

It is obvious that Y ′|(4) = 0 if and only if

(M1, q1,M2, q2, N, q3) = (m1
∗, 0,m2

∗, 0, N, 0)
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and the maximal invariant set of

{(M1, q1,M2, q2, N, q3) : L
′ = 0]

includes only the equilibrium. Y is obviously continuous and bounded below. As
a result, the proof is completed by La Salle’s invariance principle [20], Theorem
6.4.

5. Existence of travelling fronts when ω = ω∗

We prove the presence of a travelling front with wave speed ω = ω∗ in this
section.

Lemma 12. A travelling front (M1,M2, N ) (+ω∗t) is present in system (1).

Proof. Let ωn = ω∗ + 1/n, n ∈ N+. System (1) has a travelling front
(M1n ,M2n , Nn) (+ωnt) such that M1n (τ) < K1,M2n (τ) < K2 and Nn (τ) is
bounded in τ ∈ R for any n, as shown by Lemmas 9, 10, and 11. Furthermore,
M ′

1n (−∞) =M ′
2n (−∞) = N ′

n (−∞) = 0.
Nn is uniformly bounded with regard to n on τ ∈ R, as we prove now.

Assume that there exists a sequence {τn} such that Nn {τn} → +∞ as n →
+∞ up to a subsequence if necessary, by contradiction. As (M1n ,M2n , Nn) (τ)
satisfies (2), {τn} can be chosen so that

Nn (τn) = sup
τ∈R

Nn (τ) = max
τ∈R

Nn (τ), implies Nn
′′ {τn} ≤ 0 for large n. Let

us define
⌢

Nn (τn) =
Nn (τn + τ)

Nn (τn)
, τ ∈ R.

We can affirm that, up to and including a subsequence if necessary, using

arguments similar to those in Lemma 1,
⌢

Nn (τ) →
⌢

N∞ (τ) in C
2
loc (R), where,

⌢

N∞ (τ) = E1e
Λ1

∗τ + E2e
Λ2

∗τ , E1 ≥ 0, E2 ≥ 0, E1 + E2 = 1.

As
⌢

N
′′

n (0) ≤ 0, we have

0 ≥
⌢

N
′′

∞ (0) = E1Λ
∗2

1 + E2Λ
∗2

2 > 0.

This is a contradiction. As a result, on τ ∈ R, {(M1n ,M2n , Nn)} is uni-
formly bounded with respect to n.

As (M1n ,M2n , Nn) (−∞) = (K1,K2, 0), we may conclude that
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K1 − τ ≤M1n (τ) ≤ K1,K2 − τ ≤M2n (τ) ≤ K2, Nn (τ) ≤ ε,∀τ ≤ 0,
holds for any 0 < ε < 1/2min {K1 −m∗

1,K2 −m∗
2, n

∗} and one of the fol-
lowing holds: M1n (0) = K1 − ε,M2n (0) = K2 − ε,Nn (0) = ε.

Since {(M1n ,M2n , Nn)} is uniformly bounded, [4, Lemma 3.7] implies that
{(M ′

1n ,M
′
2n , N

′
n)} is similarly uniformly bounded. It is evident that {(M ′′

1n ,
M ′′

2n , N
′′
n)} is uniformly bounded, and that {(M ′′′

1n ,M
′′′
2n , N

′′′
n)} is uni-

formly bounded as well.
As a result of the Arzela–Ascoli theorem, there exists a subsequence {(M1nj

,

M2nj
, Nnj )} in which

(

M1nj
,M2nj

, Nnj

)

→ (M1,M2, N) in C
2
loc (R) as nj → +∞,

where (M1,M2, N) is a non-negative solution of (3) with ω = ω∗ and 0 ≤M1 ≤
K1, 0 ≤M2 ≤ K2, N (τ) is a bounded solution. Furthermore, we have

K1 − τ ≤M1 (τ) ≤ K1,K2 − τ ≤M2 (τ) ≤ K2, N (τ) ≤ e,∀τ ≤ 0,

and at least one of the following is true:

M1 (0) = K1 − ε,M2 (0) = K2 − ε,N (0) = ε.

It is simple to demonstrate that (K1, 0,K2, 0, 0, 0) is a hyperbolic system equi-
librium (4). Hartman–Grobman theorem states that (M1,M2, N ) (−∞) = E∗

if the setting ε is small enough.
We now prove that (M1,M2, N) is positive. Since additional cases can be

examined identically, we only consider the caseM1 (0) = K1−ε. First, we show
that N (τ) ≥ 0 for all τ ∈ R. Assume, on the other hand, that there is an τ∗1
such that N (τ∗1 ) = 0. N (τ) ≡ 0 ∀ τ ∈ R when Harnack’s inequality is applied
to the third equation of (3). As a result, M1 (τ) satisfies,

D1M
′′
1 − ωM ′

1 + c1M1

(

1−
M1

K1

)

, τ ∈ R,

and M1 (0) = K1 − e, 0 ≤ M1 ≤ K1. Simple phase-plane analysis yields
M1 (+∞) = −∞ , a contradiction, since M1 (−∞) = K1. As a result, N (τ) >
0 ∀ τ ∈ R. It is important to note that N (τ) is bounded. Similarly, M1 (τ) > 0
andM2 (τ) > 0 for every τ ∈ R derived from (M1,M2, N ) (−∞) = E∗ (K1,K2, 0)
using reasons similar to those in Lemma 2. The proof is now complete.

Lemma 13. There is no travelling semi-front with wave speed ω for any
0 < ω < ω∗ system (1).
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Remark 3. Theorem 1 can now be proved by combining Lemmas 11, 12,
and 13.

6. Discussion

Many researchers have been interested in the existence of travelling wave solu-
tion in mathematical models. The presence of travelling waves with minimal
wave speed ω for a diffusive prey predator model was investigated in this study.
By constructing a set of upper–lower solutions, we demonstrated the existence
of travelling wave solutions. The existence of a travelling semi front with wave
speed w has been demonstrated using the auxiliary truncated problem. For the
case ω > ω∗, LaSalle invariance principle is used to connect two equilibria. We
have shown the nonexistence of travelling semi fronts for the case ω < ω∗. Our
method describes the existence of travelling waves for a spatio temporal model.
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