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Abstract: In this paper, in domains consisting of parts of a sphere, the
Dirichlet-Neumann spectral problems are formulated for elliptic type equations
with two and three singular coefficients. The region of values of the parame-
ter where there are no eigenvalues of the problem and a countable number of
eigenvalues of the problem are found and eigenfunctions corresponding to the
found eigenvalues are constructed.
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1. Introduction. A general solution of the degenerate Heun equation

Linear ordinary differential equations of the second order of the Heun class are
generated by the Heun equation, a fux equation with four singular points. The
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Heun equation was first investigated by K. Heun [1]. Heun equations with four
regular singular points and has the form

T" (t) + (tf?’ao +%+ tcf’1>T/(t)+%T(t) —0, (1)

where ¢, aj, j = 0,5 are number parameters, and the parameters aj, j = 1,5
satisfy the Fuchs condition 14+aq4+a9 = ag+a4+as which ensures the regularity
of an infinitely distant singular point.

Equation (1) represents the most general linear differential equation of the
second order of Fuchs class with four singular points: any such equation with
four singular points can be reduced to Heun equation by appropriate transfor-
mation of the independent and dependent variables. A complete classification of
differential equations of Heun class is considered in [2], and studies of problems
on eigenvalues for such classes of equations are published in [3], [4].

From equation (1), passing to the limit at ag — 0 we get

t(1=t)T" (t) + [as + as — (a3 + ag + a5) t] T (t)

- (a1a2 - %) T (t) = 0. (2)

Equation (2) can be called a degenerate Goyne equation. Let us find its general
solution.

Due to the presence of an additional regular singular point, equation (2) is a
natural generalization of the hypergeometric Gauss equation. Taking this into
account and assuming as + a4 € Z, we look for a partial solution of equation
(2) in the form

ZAka ZAkF al,ag,a3+a4+k t) (3)
k=0

where Aj are yet unknown coefficients, and the hypergeometric Gaussian func-
tion F (a1, az;a3 + ag + k;t), satisfies the following equation

t(1—t) X} (t)

+ (a3 +as + k) — (1 + a1 + a2) t] X}, (t) — a1a2 X}, (t) = 0. (4)
Substituting (3) into equation (2) and considering equality (4), we obtain

ZAk —ktXj, (t) + ¢ Xy, (t)] = 0. (5)
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By virtue of the well-known equality [5]

zdF (b1, b2; b3; 2)

P = (b3 — 1) [F (b1,b2;b3 — 1;2) — F (b1, b; b3; 2)]

we verify the equality
EX (1) = (a3 + as + k — 1) [Xe_1 () — X5 (£)]. (6)

Taking into account (6), equation (5) can be written as
o0
D Ap[—k(as+as+k—1) Xy (2)
k=0

+(k(a3+a4—|—k:—1)+q)Xk(t):0. (7)
From (7) we uniquely find the expansion coefficients (3) in the form

k(ag+as+k—1)+q

Ao =1, A = (k+1) (a3 + as + k)

Ay, k=0,1,2,....

Now, find the second partial solution of equation (2). After substituting
T (t) = t1793794Y (¢) of equation (2), it turns into equation:

tA-t)Y" () +[2—a3—as— (2+as —ag —a3)t]Y'(t)

— a1a2+a5(1—a3—a4)—%]Y(t):0.

Using the above method, find the second partial solution of equation (2):

Y (t) = ttas—as (8)

o0
xZAkF(al —a3—ag+ 1,a2 —ag —ag+ 1;2 — az — aq + k; t).
k=0
Based on (3) and (8), the general solution of equation (10) can be represented
as

o
T(t)=b Z ARF (a1, a2;a3 + as + kit) + bot! 70370 (9)
k=0

(0.0]
XZAk;F(Gl —ag—a4+1,a2—ag—a4+1;2—a3—a4+k;t),
k=0
where by and by are arbitrary constants.
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Thus, we have constructed a series expansion of the solutions to equation
(2) by hypergeometric functions of the form
F (a1,a9;a3 + aq + k;t). There are several methods of decomposition of so-
lutions of Heun equation by hypergeometric functions. For example, in [6],
[7], for this purpose a function of the form F'(ai,as;as —k;t) and in the
works of Svartholm [8], [9], [10] and Schmidt [11], a function of the form
F (ay + k,a2 — k;aq4,t) . These decompositions differ also from the Jacobi poly-
nomial decompositions constructed by Kalnins and Miller, whose functions can
be expressed in terms of functions of the form F'(a; + k,as — k; aq + 2k;t) [12].
The above decompositions of solutions for equation (2) are not suitable. There-
fore in this paper we used decomposition of the form (3).

2. Main part. Investigation of the spectral problem

It is known that recently spectral problems for partial differential equations of
different types have been intensively studied. Research works carried out on
the spectral theory can be divided into two directions. The first is the proof
of theorems on the uniqueness of solutions of boundary value problems for
equations with spectral parameters and the second is the finding of eigenvalues
and eigenfunctions of boundary value problems under consideration. Research
on the second direction is currently being intensively continued and developed.
Many studies have been devoted to finding eigenvalues and eigenfunctions of
boundary value problems for various equations of elliptic and mixed types in
the plane, among which the works [13], [14], and others should be mentioned.
Problems of this type for three-dimensional elliptic and mixed equations are
also well studied, for example, in works [15], [16], [17], [18], [19], [20], [21].

This paper is a continuation of [15], where the spectral Dirichlet problem
for a three-dimensional elliptic equation with singular coefficients was studied.

In this paper we investigate problems on eigenvalues for elliptic equations
with singular coefficients in three-dimensional space. We identify the region of
values of the parameter where there are no eigenvalues of the problem, and we
find a countable number of eigenvalues of the problem and construct eigenfunc-
tions corresponding to the found eigenvalues.

Let € be a three-dimensional region bounded by part of the sphere

So:{(x,y,z) :x2+y2_’_z2:17y>07 Z>0}
and two semicircles,

S1={(z,y,2): 2*+2*<1,y=0, 2 >0},
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Sy ={(z,y,2): 2 +y*<1,y>0,2=0}.

In the domain €2 consider an elliptic equation of the form

2 2
Ugg + Uyy + Uszy + gﬁuy + guz +Au =0, (10)

where u = u (z,y, z) is the unknown function, A is the parameter, and 8, v € R
and 3,7 € (0,1/2).

Let us investigate the following problem for eigenvalues:

Problem DNf'Y. Find the values of the parameter and corresponding non-
trivial functions u (z,y,z) € C (Q) NC? (Q), satisfying the equation (10) in the
domain §2 and the boundary condition

U(l"y, Z) =0, (xayvz) € SOa (11)
lim yQﬂuy (137?]7 Z) = 07 (‘Tayuz) € Sla (12)
y—0
lirr%] 2P, (z,y,2) =0, (z,y,2) € Ss. (13)
z—

Theorem 1. If A <0, then the problem DNf'Y has only a trivial solution.
Proof. In the domain ) the identity
2 2
yQ/BZQ'Yu <U;va: + Uyy + Uzz + ?ﬁuy + guz + )\U)

= (y%z%uuw) + (y%z%uuy) + (y%z%’uuz)
x y

—yB 22 (u2 + “32/ +u? — Au?) = 0.

z

Let us integrate this identity over the domain Qf s C €2, bounded at z >
01, y > &2 by the part of the sphere

SOZ {(1’7972) : $2+y2+2’2 :(1_5)27 22517 9252}
and at z = 91, y = & circles

Sy = {(fﬁ,y,Z) 2?4 22 <(1—5)2,y:52,z251},

ng{(ﬂc,y,z):x2—|—y2<(1—6)2,y2(52,z:51},
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where ¢, 41 and J9 are sufficiently small positive numbers. As a result, we have

/// [(Z/%z%uw)x + (y2ﬁz2muy)y + (ywzmuuz) J dzdyd=

£
Q51452

= /// [y%z27 (ug + ug + u? — )\u2)] dxdydz.
QE

(51,(52

Applying the Gauss-Ostrogradsky formula [22] to the integral on the left side
of the last equality, we obtain

// y%z%ug—st - // (ﬁﬂzwu (2,02, 2) u, (z,09, z) dedz
S

So 1

_//yQﬁ(s%Vu (xvyu(sl)uz ($79751)d$dy

Sa
= /// [ywz%’ (uf + up + u? — )\u2)] drdydz, (14)
QE

81,09

where n is the external normal to the Sp.
Hence, we go to the limit at €, d1,d2 — 0. Then Q2§ 5 — € and considering
the boundary condition (11)-(13), and u, ug, u,, u, € C(£2) we obtain

/ / / (79257 (u2 + 02 + u? — M) | dudydz = 0.
Q

By virtue of A < 0 from this equality, it follows that u, = u, = u, =
0 in Q. Hence u(x,y,2z) = 0, (z,y,2) € Q. Sinse u (z,y,2) € C(Q) and
u(z,Y,2)|5,05,05, = 0, then u(z,y,2) = 0, (z,y,2) € Q. From this follows
the statement of the theorem. O

Now let us investigate the problem DNE“’ at A > 0. In the domain 2 we
introduce spherical coordinates (r,6, ), related to the Cartesian coordinates
(z,vy, z) according to the formulas x = rsinf cos p, y = rsinfsiny, z = rcosb,

. — .
where r = /22 + y2 + 22, 0 is the angle between vector OM and the axis z;

¢ is the angle between the vector OM’ and the axis x where O = 0 (0,0,0),
M =M (z,y,2), M' =M’ (z,y,0).
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In coordinates (r, 6, p) equation (10) takes the form

2(1 1
Uy + 20+5+7) +Tﬁ ) ur + —5 {ugo + [(1+28) ctgb — 27t90] ug
+ (1/sin” 0) ugy + (28ctgp/ sin 0) uy} + Au = 0. (15)

For equation (15), let us apply the method of separation of variables. First,
represent the unknown function as u (7,60, ) = R(r) Q (0, ¢) and substitute it
into equation (15). Then, introducing the separation constant y we obtain two
differential equations

PR (1) +2(1+B+7)rR (r)+ (M*—=x)R(r)=0, 0<r<1;

Qoo + [(1+28) ctgh — 2vtg0] Qo

1 2Bctgp
sin? § sin? 6

Now assuming Q (6,¢) =T (0) S (), we obtain from (16)

_l’_

sin?
TH? [T (0) + [(1 + 2B) ctgd — 24tgf) T’ (0)] + x sin §
8" () +2BctgpS’ (o)

S () '

Introducing another separation constant we obtain two ordinary differential
equations from (17):

(17)

S" (@) +2BctgpS’ (©) + S () =0, 0<p <,

sin® 0 { 7" (0) + [(1 + 2B) ctgh — 2vtgd] T’ (0)}
+(xsin?0 — )T (0) =0, 0 < 6 < 7/2.

Boundary conditions (11)-(13) lead to boundary conditions for the function :
R(r): R(1) =0and |R(0)|] < +o00. For fixed variables r and ¢ from conditions
(11)-(13) and u(z,y,2) € C(Q), we obtain the condition for the function
T(6) : |T(0)] < +o0, Gl_i>m/2 (cos0)*7 T () = 0. From conditions (11)-(13) for

the function S (¢) we obtain the following conditions lin% (sin)? S’ () = 0
p—>
lim (sin )** S () = 0.

p—m
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As aresult, the original three-dimensional problem is decomposed into three
one-dimensional eigenvalue problems:

R (r)+2 (14 B+7)rR (r)+ (M? = x) R(r) =0, (18)

[R(0)] <400, R(1)=0; (19)

T" (6) + [(1+28) ctg — 2ytg6] T' (6) + (x - Si:Q 9) T®)=0, (20
1T (0)] < 400, 6213/2 (cos 0)*7 T" (0) = 0; (21)

S" () +2BctgpS’ (@) (9) + 1S (p) =0, 0<p <, (22)

lim (sing)*” ' () = 0, lim (sin )’ ' () = 0. (23)

Let us first investigate problems {(22),(23)}. Let us find a general solution
to equation (22). To this end, by substituting ¢ = sin? (¢/2) in equation (22),
we obtain a hypergeometric equation

L =) 8" () + [(B+1/2) = (1 +28)8] 5 (t) + S () = 0,

where S (t) = S (2arcsin /1) .
Using the general solution of this equation [5], we find the general solution
of equation (22) in the form

S () =brF (B —w/2,8+w/2; 8+ 1/2;5in” (/2)) (24)

+bs (sin? (9/2)) 27 (1= w)/2, (1 +w)/2;3/2 — B;sin(0/2)),

where by and bg are arbitrary constants, w = 2v/p + 32, pp > —32.
Substituting (24) into the first condition (23), we obtain dg = 0. Hence, the
solution of equation (22) satisfying the first condition (23) is defined as

S(p) =brF (B —w/2,B+w/2 B+ 1/2;sin* (p/2)) . (25)

Substituting (25) into the second condition (23), we obtain

B2 —w?/4 l+w 1—w 3
2 F 2181
TB+1)2 5 3 gt

s, WA TEREATA24H)
a TBT12 TU+B-w/2T(1+B8+w/2)
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Multiplying the numerator and denominator of the resulting fraction by
'l — (14 5 —w/2)] # 0 and taking into account the formulas [5] I" (a) I' (1 — a) =
[7/sin (am)], from the last equality we obtain

B2 —w?/AT (3/2+B)T (1/2+ B)sin[r (1 + 8 — w/2)]
B+1/2 al(1+B8+w/2)T-1(w/2 - B)

We demand that b7 # 0, w # 28+ 2 —2n, w # —2n — 28, n € N. Solving
the equation sin [7 (1 + f — w/2)] = 0, we obtain

27 =0.

wp=2n+2B, ne N. (26)

Hence, the eigenvalues of the problem {(22),(23)} are p, = (w,/2)? — 52
where is defined by formula (26).

The eigenfunctions of the problem {(22),(23)}, corresponding to the eigen-
values i, has the form

1
Sn(p) = b F(—n,n +23; 8 + §;sin )=

where C) (z) are the Gegenbauer polynomials, [23].
Now we turn to the problem {(18),(19)}. By substituting

—(1/24+B+7) -
R(r) = (o/V) R(p).
we obtain the Bessel equation from (18) in the following form [5]:

PR (p) + pR' (p) + (p* —v*) R (p) =0, (28)

where p = Vr, v = \/(1/2—1—64—7)2—1—)(.

Taking into account the form of the general solution of equation (28) [5]
and the introduced notations, we obtain a general solution of equation (18) in
the form

= b3r v a 7 v ’
R (r) = bgr~(1/2+8+7) 1 (\/Xr> + by~ (1/248)y, (\/Xr> (29)

where r € (0,1), bs and by are arbitrary constants.
It follows from (29) that a solution of equation (18) satisfying the first
condition (19) exists at Rev > 1/2 + 8 + 7 and it is defined by equality

R (r) = byr— (/24547 1, (\/Xr) . (30)
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To find the value of the parameter A, it is necessary to determine the values
of the parameter v, i.e. the values of the parameter y, which is found from the
solution of the problem {(20),(21)}. Therefore, let us investigate this problem.

Turning to the new variable ¢ = sin? # we obtain from equation (20)

E1-6T"(€)

+ [(Hﬁ) - @ +6+7> 5] (&) + <§ - Z—§> T©=0, (31
where T (€) = T (arcsin /) .
The ordinary differential equation (31) is a degenerate Goyne equation (see
formula (2)).
Based on formulas (9), let us find a general solution of equation (31) and,
taking into account the introduced notations, we obtain a general solution of
equation (20) in the form

> 1 +B+wv 1 +8—-v
T(@):bg,ZA,€F<Z+7 g ’ZJF’Y g ;
k=0

1+ + k;sin® 0) + bg (sin 9)~2°

[e.e]
1 ~=—pf+v 1 ~v—0F-w . 9
gAF -4 - ——1 - ;
Xk_o k <4+ 5 ,4—1- 5 ; B+ k;sin® 0 |,

where bs, bg are arbitrary constants, and the coefficients A are defined as

follows:
k(B+k) = (pn/4)
(k+1)(1+B8+k)

The solution of equation (20) satisfying the first condition (21), at b5 = 1,
has the form

Ay =1, Aps1 = Ay, k=0,1,2,....

— (B+n/2), (—n/2);

T(0) =
|
2RI+ B,
1 1 -
><F<Z+5+;+V,Z+ﬁ+; V;1+5+k;sin20>' (32)

By Raabe’s criterium we can prove the convergence of a number series

_ N (BHn/2) (-n/2),
T = o K(1+8),
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and based on the expansion of the hypergeometric function, its sum equals

I'(1+p5)
F(B+n/2-n/214 1) =4 DHOEn2T0=0/) n=1,3,5,..,
0, n=2,4,6,... .

Consequently, function (32) satisfies the first condition (21).

Now let us show that function (32) satisfies the second condition (21). To
this end, consistently using the following formulas for the hypergeometric func-
tion [5]

F(abic;x)=(1—2) " F(c—a,c—bcz),

F(a,b,c;1) =T (¢)T'(c—a=0b)]/[I'(c—a)T(c—=b)],c—a—b>0,

2 2
Lo oayEBY v
4 2 4
i (B+n/2),(—n/2),  TE+B+ET(1/2+~—k)
o MO8 r(3+d+3+s)T(344+3-3%)
By multiplying the numerator and denominator of the resulting fraction by

I'[1—(5/4+p5/24+~/2—v/2)] #0 (since Rev > 1/2 + 3+ ) and considering
formulae I" (a) I' (1 — a) = [n/sin (a7)] we obtain from the last equation

: 1 20
lim (cos )7 77 () = 2 [(Z + #) _ UZ]

(B+n/2), (—n/2),
XZ K1+ B),

'2+p+kr (1/2+'y—k)sm[ (5/24+ B8+~ —v)/2]
54 8 -
T (§+8+3+5)r 11— (5+4+3-3%)]
This equality is fulfilled, for example, at sin[7(5/24 5+~ —v)/2] = 0. This
trigonometric equation has only real roots.
Using the formula that gives the solution of this equation, and the inequality

v > 1/2 4+ B + v and the relations 5/4 + /2 + v/2 + v/2 # 0,—1,-2,...,
—-1/4—-38/2—=~/24v/2#0,-1,-2,..., let us find

have

lim (cos 0)* T" (9) = 2
0—0

=0.

= 0.

v=u =2l+1/2+p+~, L€ N. (33)
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By the equality v = \/(1/2 +B84+7) 4 x, we get x; = v —(1/2+ B +7)%,
[ € N, where v;— are the numbers defined by equality (33). Hence, x; are the
eigenvalues of the problem {(20), (21)}.

Assuming in (32) v = v, [ € N, we obtain the eigenfunctions of the
problem {(20),(21)} corresponding to eigenvalues x; :

o0

(B+n/2), (—n/2
nl :z;) k'/1+IB) / )k (34)

xF(I+1/2+4 B+, —l;1+B+k;sin®0), 0 € [0,7/2], n,l € N.

For each value [, k and 6 € [0,7/2), the function F/(I4+1/2+8+~,—l; 1+ 8+
k;sin?0) is bounded. Hence, series (34) with 6 € [0,7/2) converges absolutely
and uniformly, the function T,; (f) at 8 — (7/2) is bounded. On the basis of
the above, we can conclude that series (34) converges absolutely and uniformly
in [0,7/2].

By virtue of formula (3), p. 378 of book [24], the function T, (f) can be
written in the form

Tu0) = F3(1/24+ B+~ +1,8+n/2,—1,—n/2,1 + B;sin*6, 1), (35)

where n,l € N; F3(a,a’,b,V;c;w,2), (|lw],|z| <1) is the hypergeometric Ap-
pel function.

Now taking into account that v;, [ € N— known numbers defined by equa-
tions (33), we find the values of the parameter A from (30). To this end,
substituting (30) into the second condition (19), we obtain

T, (\/X) —0, l€N. (36)

It is known that for p > —1 the Bessel function J, (z) has a countable
number of zeros, all of which are real and with pairwise opposite signs [5].
Since v; > 1/2 + 8 + v, the equation (36) has a countable number of real
roots. Denoting by is o,,,;— m the positive root of equation (36), we obtain the
values of the parameter A, at which nontrivial solutions of the problem exist
(i.e. eigenvalues of the problem DNfﬂ’) {(18),(19)} Ay =02, m,l € N.

Assuming in (30) A = 02, and b3 = by, where by, # 0— is a spontaneous
constant, m,l € N we obtain nontrivial solutions (eigenfunction) of the problem

{(18),(19)}:
Ry (r) = bmlT_(l/Q‘Fﬁ‘W)Jw (opur), m,l € N. (37)
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Hence, the DNE“’ problem has a countable number of eigenvalues and eigen-
functions. Its eigenvalues are numbers A = ngl, m,l € N, and the eigenfunc-
tions, by virtue of formulae (27), (35), and (37), are defined by the equations

Unlm (337 Y, Z) = bnmlri(1/2+ﬂ+7)<]vl (O'mlr)

1
xF <—n,n + 26,8+ i;sin2 g)

xF3(1/2+ B+~y+1,8+n/2,—1,—n/2,1+ B;sin®0,1)

where by,,,; # 0 are arbitrary constants.
This completes the study of the DNE“’.

The following problem is investigated in a similar way:

Problem DNf\‘ﬁ 7. Find the values of the parameter \ and their correspond-

ing nontrivial functions u (z,y,z) € C (Q) N C? (Q) , satisfying the equation

2cy 2 2
Ugg + Uyy + Uzy + — Ua + ?ﬁuy + guz + Au =0, (38)

in the region’s Q and regional conditions

2

U(ﬂf’y, Z) =0, (ﬂf’y’ Z) € 53, 111%.1‘ aua:(xayvz) =0, (xayvz) € 54)
z—

lim yQﬁuy (ﬂf’y, Z) = 0? (xayvz) € SS’
y—0

lim 2%, (z,y,2) =0, (z,7, 2) € Se,

z—0
where Q = Qﬂ{l‘>0}, S3 = Soﬁ{l‘>0}, Sy = Slﬂ{l‘>0}, Se =
Son{z >0}, Sy = {(x,y,z): 2422 < 1,x:0,y>0,z:0}, o = const €
(0,1/2).
By performing the same arguments as in the solution of the DN?\‘ﬁ 7 problem,

we can see that under A < 0 the problem DN?\‘ﬁ 7 has only trivial solution,
Le. in this interval the eigenvalues do not exist, and at A > 0 eigenvalues
Ami =62, (m,l € N) of the DNK"B 7 problem are defined as the roots of equations

Js (ﬁ) —0, le N, where iy = 20+ 1/2+a+ B8+, | € N, and the

corresponding eigenfunctions in the domain € are given by the formulas

ﬂnlm (137 Y, Z) = I;nmlr_(l/2+a+6+7)<]ﬁl (&mlr)
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xF(n—l—a—i—ﬁ,—n; 1/2—|—ﬁ;sin2<p)
xFy (1/24+a+B+v+1,8+n/2,—1,—n/2;1 + a+ B;sin®0,1),

where n,m,l € N, ¢,0 € [0,7/2], r € [0,1], by # 0 are arbitrary constants.

3. Conclusion

In this paper, Dirichlet-Neumann spectral problems have been formulated for
elliptic type equations with two and three singular coefficients in domains con-
sisting of parts of a sphere. The region of values of the parameter A where there
are no eigenvalues of the problem, and a countable number of eigenvalues of the
problem are found and eigenfunctions corresponding to the found eigenvalues
are constructed.

The set problems are mapped in spherical coordinates, and then three one-
dimensional problems on eigenvalues are obtained by the method of separation
of variables. Using substitution of variables, the one-dimensional equations are
reduced to Bessel equations, hypergeometric equations and degenerate Goyne
equations. Generated Goyne equations are a special case of the Goyne equation,
which appears by means of a limit transition of one of the parameters of the
equation. This type of equation has not yet been investigated. Therefore,
the introduction gives information about this equation and finds its general
solution.
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