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Abstract: In this paper we numerically study the chaotic behaviors of the
fractional-order Lorenz system, considered as a highly simplified model for the
wether, comparing Euler’s method, Fourth Order Runge-Kutta method (RK4)
and Vectorial Fourth Order Runge-Kutta method with an semi-numerical method
named as Fractional Multi-step Differential Transformation method (FMDTM),
that exploits the power series representation of the solution. The system is
shown to display interesting chaotic behavior depending on the third parame-
ter ¢ = 13.93 (homoclinic orbit) and ¢ = 24.74 (formed strange attractor) for
same initial conditions and fractional order o = 0.998, which are analyzed by
comparing system phase portraits with each other and @ = 1. The fractional
derivatives are described in the Caputo sense. The results demonstrate relia-
bility and efficiency of the algorithm developed using Mathematica Package.

AMS Subject Classification: 34C28, 34A08, 74H15
Key Words: fractional-order Lorenz system, Euler’s method, RK4, FMDTM,
numerical results

1. Introduction

Not until 1884, when the theory of generalized operators achieved such a level
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in its development, had been extended to include D® operators, where o could
be rational or irrational, positive or negative, real or complex. At present, the
number of applications of fractional calculus rapidly grows. These mathemat-
ical phenomena allow us to describe and model a real object more accurately
than the classical “integer” methods [4, 5, 6]. The mathematical modeling and
simulation of systems, naturally leads to differential equation of fractional order
[7]. Exact solutions of the most of the fractional nonlinear differential equations
cannot be expressed in a closed form, thus analytical and numerical methods
are used almost without exceptions. In this paper we numerically study the
chaotic behaviors of the fractional-order Lorenz system, considered as a highly
simplified model for the wether, comparing Euler’s method, RK4 method and
Vectorial RK4 method [5] with an semi-numerical method named as FMDTM
[1, 2, 3], that exploits the power series representation of the solution.

Definition 1. A fractional integral of order o > 0 for a function f(t) is
usually defined (in Riemann-Liouville sense) as follows:

1

t
(0 = D = s / (t = 7)° " f(r)dr. (1)

Definition 2. The Riemann-Liouville (R-L) definition of a fractional
derivative of order a > 0 reads as follows:

DRI = g g [ (=T )

for (n —1 < @ < n), where a and ¢ are the limits of the operation Dy f(t).

For the case (0 < a < 1) and f(¢) being a causal function of ¢, that is
f(t) =0for t <0, the expression for the R-L fractional order derivative reduces
to:

1 d

Dif(t) = T —a)dt

t
/O (t— 1)~ f(r)dr. 3)

Definition 3. The so-called Caputo (C) definition of fractional derivative
of order a > 0 is:

R S AR S PR
e | =0 (W

with same integer n as in Definition 2.

Dy f(t) =
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When the Caputo fractional derivative (Definition 3) is chosen to be used,
because it allows initial and boundary conditions to be included in the for-
mulation of the problem [7] and in the Lorenz system of fractional-order, an
3-dimensional dynamical system that exhibits chaotic flow is known as “butter-
fly effect”. The flapping wing represents a small change in the initial conditions
of the system.

For the considered fractional dynamical system of order 0 < o < 1,

Dayi :f(y1¢y27y3) (Z: 1)273)7 (5)
y* = (y],v5,v35) is called an equilibrium point if f;(y*) =0, for i = 1,2,3. Let
yv* = (yi,y5,y3) be a equilibrium point of the system (5) and & = y; — yi*,
1 =1,2,3, be a small perturbation from a fixed point:
ofiy* ofiy”* ofiy" .
Do ~ L i=1,2,3. 6
&G=& an + & 902 + &3 oys (6)

System (6) is equivalent to [D%¢; DYy DY¢s] = J[&1 &2 &3], where J is
the Jacobian matrix evaluated at point y*. An equilibrium point p of the
system (5) is locally asymptotically stable if all the eigenvalues of the Jacobian
matrix evaluated at y* satisfy the following condition: |arg(eig(J))| > aF.
An equilibrium point y* is defined as a non-hyperbolic equilibrium point if
larg(eig(J))|# aF for every eigenvalue the Jacobian matrix J at y*, see [7]. An
equilibrium point y* is called a saddle point if the Jacobian matrix at y* has at
least one stable and one unstable eigenvalue, [4, 6, 7].

Definition 4. A Lorenz system is described as:

y(t) —bz(t), (7)

wheer x(0) = x0,y(0) = yo,2(0) = 20, a,b,c > 0, a = 10,b = 8/3 and with

varied c.

Lorenz observed that the system with o = 1 behaves chaotically whenever
¢ > 24.74. Tt has solutions that remain bounded but never converge to a fixed
point or a periodic orbit, [8]. We use numerical algorithms to see the behavior
of the system for order closer to 1. Generally, for different fractional orders
a1, g, a3, which in our case are taken equal, the chaos exists for the system
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order a; + ag + a3z < 3, [7]. Equilibrium points of the system according to
the Jacobian matrix are: Cy = (0,0,0), C; = (y/b(c — 1),1/b(c — 1),c— 1) and
02 = (_\/b(c - 1)7 _\/b(c - 1)7 ¢c— 1)

2. Numerical methods

The study of fractional chaotic systems has applications in secure communi-
cations, which can be made using the systems which are difficult to break.
Fractional-order derivative acts as additional parameter which works as a key.
In this section we present several numerical methods for fractional order sys-
tems, starting with Euler’s and Runge-Kutta methods [4, 5], adding some mod-
ifications like interpolation and vectorial form, results compared with FMDTM
[2], an semi-numerical method, that exploits the power series representation of
the solution.

2.1. Euler’s method

We introduce an generalized Fuler method to the case of differential equation
for fractional order 0 < o < 1, of the type:

Dy(t) = f(t,y(t), y(to) = yo- (8)

We assume that y(t), DY(t), D?**y(t) are continuous on [tg,a] and apply the
generalized Taylor’s formula:

« t2a

vit) = vlto) + D*(t0) 5oy + DY) e gy

t <t 9

to obtain the iterative Euler’s formula:

«

mf(toyy(to)%

y(t) = y(to) +

or expressed in the recurrent form for the Lorenz system, it is:

(e}

mf(tmyn)- (10)

Yn+1l = Yn +

2.2. Fourth order Runge-Kutta method

In the case of fourth order Runge-Kutta method, we start with the fractional
differential equation (8), where y € CP™1([to,top + T]). In the neighborhood of
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yo we suppose that DYE(0) = D?*E(0) = 0, E(h) = y(t + h) — t(t). The
approximate solution can be obtained from the expansion

(e}

— Ky 42Ky +2Ks+ K. 11
Yn+1 y”+6F(a+1)( 1+ 2Ks +2K3 + Ky), (11)
where
Kl = f(tnayn)7
he 1 he
Koy = f(t, + ——0u -
2 f(”+r(2a+1)’y”+2r(2a+1))’
1 he 1 he
Ky = flta+ 55—+ 5 =),
3=t St Y T 3T Ra s 1))
he he
Ky = v . 12
4 f(t”+r(2a+1)’y”+r(2a+1)) (12)

2.3. Fractional multi-step differential transform method (FMDTM)

The DTM is used to provide approximate solutions for a wide class of nonlinear
problems in terms of convergent series with easily computable components,
[1]. The method, however, has some drawbacks: the series solution always
converges in a very small region and it has slow convergent rate in the wider
region. To overcome this shortcoming, we present in this section the FMDTM
that was originally developed for the numerical solutions of ordinary differential
equations [2], [3]. For this purpose, we consider the following nonlinear initial
value problem (8).

Let [0,7] be the interval over which we want to find the solution of the
initial value problem (8). In actual applications of the DTM, the approximate
solution of the initial value problem (8) can be expressed by the finite series:
y(t) = Zgzo ant™, t € [0,7]. The multi-step approach introduces a new idea
for constructing the approximate solution. Assume that the interval [0,7] is
divided into M sub-intervals [t,,—1, %], m = 1,2, ..., M of equal step size h = %
by using the nodes t¢,,, = mh. The main idea of the FMDTM is in the following.
First, we apply the DTM to (8) over the interval [0,t;], we will obtain the
following approximate solution:

N
yi(t) =) _aiat”, te0,t], (13)
n=0

using the initial conditions ygk)(O) = ¢;. For m > 2 and at each sub-interval

[tm—1,tm] we will use the initial conditions y,gf) (tm—1) = ygfll(tm,l) and apply
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the DTM to (8) over the interval [t,,—1,ty], where tg in F(k) = %[d';{ét)]t:to is
replaced by t,,_1.

The process is repeated and generates a sequence of approximate solutions
Ym(t),m =1,2,..., M, for the solution y(t): y,,(t) = ZZ:O A (t — ty—1)™, T €
[tms tmt1], where N = KM. In fact the FMDTM assumes the following solu-
tion:

yi(t), tel0t]

y(t) _ :yg(t), t e [tl,tg] . (14)

ym(t), t€ [tar—1,tum]

The new algorithm, FMDTM, is simple for computational performance for
all values of h. It is easily observed that if the step size h = T, then the
FMDTM reduces to the classical DTM.

3. Numerical simulations

In this section we present simulation results of the Lorenz’s system (7) on three
dimensional plot, taking standard parameters a = 10, b = 8/3, and varied ¢, to
analyze its chaotic behaviour especially for ¢ = 13.93 and ¢ = 24.74. We aim to
show how Euler’s method, RK4 method and FMDTM will agree with each other
in the numerical approximation of the solutions of the system. Modification of
RK4 using interpolation and vectorial form, will be shown as special numerical
methods with intervention on standard above mention methods.

If we consider the standard form with the parameters (a, ¢, b) = (10, 28, 8/3),
the minimal order for which the Lorenz system is chaotic is o > 0.9941,
[6, 7, 8]. For ¢ = 13.93, eigenvalues of matrix J are (—12.8706, —0.398058 +
7.30653i, —0.398058 — 7.306531),
the |arg(A1)] = m > 0.9985 and |arg(Ag/3)| = 1.62522 > 0.9987, the equilib-
rium points Cy = (5.87,5.87,12.93) and
Cy = (—5.87,—5.87,12.93) are asymptotically stable, the system enters (7) a
state of transient chaos Figure 1.

For ¢ = 24.74, eigenvalues of matrix J are:

(—13.6789,0.00612186 + 9.66131¢,0.00612186 — 9.661311),

the |arg(A1))| = 7 > 0.9985 and |arg(Ag/3))| = 1.57016 > 0.9987, the equilib-
rium points

Cy1 =(7.99,7.99,23.74) and Cy = (—7.99,—-7.99,23.74)
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Figure 1: 3D phase portrait of system (7) with o = 0.998, initial
conditions (xo, Yo, z0) = (1,1,1), h = 0.01, t = 100s and ¢ = 13.93.
a) Euler method; b) RK4 with Interpolation; c¢) RK4; d) Vectorial
RK4; e) FMDTM.

are asymptotically stable. The trajectory is not periodic, remains on the at-
tractor forever, general form is independent of initial conditions and has fractal
structure shown on Figure 2. Instability measure is 0.342941, therefore the sys-
tem (7) satisfies the necessary condition for exhibiting a double scroll attractor.
In all simulations are taken the same initial conditions (zg,yo,20) = (1,1,1)
and fractional order closer to 1, a = 0.998. System shows to be chaotic for
¢ = 24.74 and stable for ¢ = 13.93. Time-series solution z(t) of the system
(7) using FMDTM, represent the same conclusions, shown on Figure 3, a) for
c=13.93 and ¢ = 24.74.

The system shows approximately the same behavior like the differential
Lorenz system Figure 4, dynamical system of order a@ = 1.
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e)

Figure 2: 3D phase portrait of system (7) with o = 0.998, initial
conditions (xo, Yo, 20) = (1,1,1), h = 0.01, t = 100s and ¢ = 24.74.
a) Euler method; b) RK4 with Interpolation; c¢) RK4; d) Vectorial
RK4; e) FMDTM.

4. Conclusions

This present analysis exhibits the applicability of the three numerical meth-
ods (Euler, RK4 and FMDTM) to show chaotic behaviour of the fractional
order Lorenz system (7). The work emphasizes our belief that the methods are
reliable techniques to handle nonlinear fractional differential systems. There
we use Euler’s method and RK4, two numerical methods and FMDTM, an
modification of DTM, which has two possible uses: as an analytic tool or as a
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Figure 3: Time-series of x(¢) numerical solution of system (7)
with o = 0.998, initial conditions (o, yo, 20) = (1,1,1), h = 0.01,
t =100s and a) ¢ = 19.93 and b) ¢ = 24.74 using FMDTM.

Figure 4: 3D phase portrait of system (7) with o = 1, initial
conditions (x(0),y(0),2(0)) = (1,1,1), h = 0.01, ¢t = 100s a) ¢ =
13.93 using RK4; b) ¢ = 24.74 using Vectorial RK4.

numerical tool, even that it has most often been used as an analytic tool, so
that some authors have even forgotten the initial aim and proposed to reinvent
the method.

The system is described using 3D phase portrait Figure 1 and Figure 2, the
numerical results are given for both non-chaotic ¢ = 13.93 and chaotic ¢ = 24.74
cases. It is found that numerical methods: Euler, RK4 and its modifications
agree with each other compared with FMDTM. The results agree with the
first order Lorenz dynamical system Figure 4, its behavior varying with third
parameter c¢. Numerical methods have different speed of computing, Euler’s
with 0.703125s, RK4 with 0.71875s, and FMDTM with 19.9531s, according to
their nature, primitive with modified multi-step computations. FMDTM shows
more approximated solutions to the exact ones, work in progress, with results
that will be studied in the future with their comparison with exact solutions of
related small number of fractional-order systems.

The fractional order o = 0.998 is taken according to the fact v > 0.9941,
mentioned in Section 3, some results are achieved for v < 0.9941 and standard
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parameters a = 10,b = 8/3 and ¢ = 28 compared with the varied ¢ = 13.93 and
¢ = 24.74 with unexpected behavior of the system according the methods, left
to be analyzed and presented in the future.
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