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1. Introduction

The study of the phenomenon of hydro-magnetic flow of an electrically conduct-
ing fluid over a continuous stretching surface has received the attention of many
researchers due to its application in different fields of industrial manufacturing
and engineering. The boundary layer flow on a continuous moving surface in a
viscous medium was pioneered by Sakiadis [1]. Crane [2] was the first person
to investigate boundary layer flow over a continuous solid surface moving with
a constant speed.

Electrically conducting fluid in the presence of a magnetic field controls
the rate of cooling and consequently affects the desired properties of the end
product (Dessie and Kishan [3]), Choudhary et al. [4]. Rapid stretching for
example, causes sudden solidification which destroys the characteristics of the
final product Choudhary et al. [4], hence the need to control the cooling rate to
get the desired product. The analysis of the stretching problem with constant
surface temperature was carried out by Gupta and Gupta [5] as well as Vlegga
[6]. Elshdawody and Aldawody [7] studied heat transfer of unsteady stretching
surface with variable heat flux in the presence of heat source or sink. A vertical
uniformly stretched permeable surface with heat generation, absorption and
chemical reaction was studied by Chamka [8]. This study considered analytical
solutions. A mixed convection fluid flow over an unsteady stretching surface
in a porous medium was investigated by Imran et al. [9]. In this study the
shooting method together with the sixth-order Runge-Kutta method was used.

In the present work we investigate inclined magnetic field on unsteady MHD
and heat transfer over an inclined stretching surface in a porous medium in the
presence of heat sources. Raju et al. [10] studied the effects of radiation,
inclined magnetic field and cross diffusion on the flow over a stretching surface.
The effects of inclined magnetic field with dissipation in non-Darcy medium was
studied by Salawa and Dada [11]. Sandeep and Sugunamma [12] examined the
inclined magnetic field and radiation effects of unsteady MHD free convection
flow past a moving vertical plate in a porous medium. Hoyat et al. [13] studied
the effects of inclined magnetic field with variable thermal conductivity. Further
studies of the effects of inclined magnetic fields were considered by Dar and
Elangovan [14] and Ibrahim et al. [15].

The study of flow over an inclined plate was studied by a considerable
number of researchers which include among others Alam et al. [16], Alam et
al. [17], Uddin [18], Buzuzi et al. [19], Buzuzi and Buzuzi [20], Buzuzi et al.
[21]. Specifically the study of inclined stretching surfaces was also studied by
a number of authors. Sterobel and Chen [22] investigated buoyancy effects on
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heat and mass transfer in boundary layer adjacent to inclined continuous sheets.
Also Moutsoglou and Chen [23] studied buoyancy effects in boundary layer on
inclined, continuous, moving sheet. Ali et al. [24] investigated the similarity
solution of heat and mass transfer of flow over an inclined stretching sheet with
dissipation and constant heat flux in the presence of magnetic field. Maruf et
al. [25] analyzed the MHD free convection flow past an inclined stretching sheet
in the presence of viscous dissipation and radiation.

The problem of inclined magnetic field on unsteady MHD and heat transfer
over an inclined stretching surface in a porous medium in the presence of heat
sources has received little attention. In this study, a spectral based method
is used, this method has not been used in many studies, most of the studies
considered analytical and finite-difference based methods. The successive lin-
earization method is being used as an alternative to solving systems of equations
arising in fluid mechanics, hence motivation for the current study.

The rest of the paper is organized as follows. In Section 2 we present the
model formulation. Section 3 provides the method of solution. In Section 4 the
numerical results are presented and discussed. Finally, the conclusion is given
in Section 5.

2. Problem formulation

A two-dimensional unsteady flow of an incompressible fluid over a continuous
moving inclined stretching surface subjected to an inclined magnetic field in a
porous medium in the presence of heat source is considered. We assume that
the surface is stretching with velocity Uw = k1x/(1 − ct) along the x-axis. Let
the x-axis be directed along the continuous surface in the direction of motion
and the y-axis be normal to the direction of motion. The stretching surface
is inclined at an angle α to the horizontal and the magnetic field of uniform
strength Bo is applied at an angle ϑ to the flow direction. Therefore the MHD
unsteady convective boundary layer equations of continuity, momentum, energy
take the following form:

∂u

∂x
+
∂v

∂y
= 0, (1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
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2 sin2 ϑ
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K
u

+ gβ(T − T∞) sinα, (2)
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where u and v are the components of dimensional velocities along the x and y
directions respectively, ρ is the fluid density, and ν is the coefficient of kinematic
viscosity, β the coefficient of thermal expansion of fluid, K the permeability of
the porous medium, σ is the electrical conductivity of the fluid, κ is the thermal
diffusivity, Cp is the specific heat at constant pressure, Bo is the magnetic
induction, T is the temperature of the fluid in the boundary layer, Q0 < 0 is
the heat absorption coefficient, Q0 > 0 is the heat generation coefficient and g
is gravitational acceleration.

The corresponding boundary conditions for the velocity, temperature fields
are

u = Uw(x, t), v = Vw(x, t), T = Tw(x, t), at y = 0,

u→ 0, T = Tw(x, t), as y → ∞, (4)

where Uw and Vw are the surface stretching velocity and transpiration velocity
through the permeable surface respectively.

We choose a stream function ψ(x, y) such that u = ∂ψ/∂y, v = −∂ψ/∂x
which satisfies the continuity equation (1). In order to simplify the mathemat-
ical analysis of the problem we introduce the following dimensionless similarity
variables [4]:

ψ(x, y, t) =
√

νxUwf(η),

η =

√

Uw

νx
y, T = T∞ +

(

k2
k1

)

Uwθ(η), (5)

where f(η) is the dimensionless stream function, η is the similarity variable,
θ(η) is the dimensionless temperature and y is the coordinate measured along
the normal to the stretching surface. Using equations (5), equations (2) and
(3) can be written in dimensionless form as

f ′′′ + ff ′′ − χ
(η

2
f ′′ + f ′

)

− f ′2 + τ1θ sinα− ξf ′

−M sin2 ϑf ′ = 0, (6)

1

Pr
θ′′ + fθ′ − θf ′ − χ

(

θ +
η

2
θ′
)

+ Ec(f ′′)2 + λ1θ = 0. (7)
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The accompanying boundary conditions now become

f(0) = 0, f ′(0) = 1, θ(0) = 1 on η = 0,

f ′(∞) = 0, θ(∞) = 0 as η → ∞, (8)

where the prime (′) denotes differentiation with respect to η, γ = k1/(1 −
ct), χ = c/k1 is the unsteadiness parameter, τ1 = G/Re2x is the bouyancy
parameter, λ1 = δ/γ is the dimensionless heat source/sink parameter, δ =
Q0/ρCp, Pr = (µCp)/κ is the Prandtl number, M = (σB2

0νRex)/(ρU
2
w) is

the magnetic parameter, ξ = 1/(Da.Rex) is the permeability parameter, Ec =
U2
w/(Cp(Tw − T∞)) is the Eckert number and G,Q0,Da are the local Grashof

number, heat absorption coefficient and the local darcy number respectively.

It is of interest to engineers to consider the two flow characteristics, namely,
the skin friction Cf , and local Nusselt number Nux defined as

Cf =
2µ∂u

∂y
|y=0

ρu2w
=

2f ′′(0)√
Rex

,

Nux =
−x∂T

∂y
|y=0

Tw − T∞
= −θ′(0)

√

Rex,

where Re is the Reynolds number.

3. Method of solution

Equations (6)-(7) are solved using the successive linearization method (see [26]).
The velocity and temperature variables f and θ are expressed in the form

f(η) = fi(η) + Σi−1
N=0fN(η), (9)

θ(η) = θi(η) + Σi−1
N=0θN (η), (10)

where fi and θi (i = 1, 2, 3, . . .) are such that limi→∞ fi(η) = limi→∞ θi(η) =
0 and fN and θN are obtained by recursively solving the linear part of the
equations obtained by substituting (9-10) into (6) and (7). The non-linear part
of fi and θi are considered small and thus are neglected. The initial guesses
f0(η) and θ0(η) are taken to be

f0(η) = 1− exp(−η), θ0(η) = exp(−η). (11)
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The initial approximation are so chosen to satisfy the boundary conditions (8).
The subsequent solutions for fi and θi (i ≥ 1) are obtained by successively solv-
ing the linearized form of the equations. We seek the solution to the following
linearized equations

fi
′′′ + a1,i−1f

′′
i + a2,i−1f

′
i + a3,i−1fi + a4,i−1θi = r1,i−1, (12)

b1,i−1θ
′′
i + b2,i−1θ

′
i + b3,i−1θi + b4,i−1f

′′
i + b5,i−1f

′
i

+ b6,i−1fi = r2,i−1, (13)

subject to the corresponding boundary conditions

fi(0) = f ′i(0) = f ′i(∞) = 0, (14)

θ(0) = θ(∞) = 0,

where
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The solution for fi and θi (i ≥ 1) are obtained iteratively by solving equations
(12)-(13). The approximate solution for f(η) and θ(η) are obtained as

f(η) ≈ ΣM
m=0fm(η), (15)

θ(η) ≈ ΣM
N=0θm(η), (16)

where M is the order of SLM approximation. Equations (12)-(13) were solved
using the Chebyshev spectral collocation method. For more detailed analysis
of SLM (see [26]).
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Figure 1: Velocity profile for different values of ξ

4. Results and discussion

The problem of an inclined stretching surface in a porous medium with heat
source and variable magnetic field angle is studied. In order to analyze the
physical interpretation of the problem, computations have been carried out for
the various flow parameters associated with the flow such as the angle of the
magnetic field inclination (ϑ), the angle of channel inclination (α), the un-
steadiness parameter (χ), the permeability parameter (ξ), the Prandtl number
(Pr), magnetic field parameter M and heat source/sink parameter (λ1). The
numerical results are obtained and analyzed graphically as depicted in Figures
1-15.

Figure 1 shows the effect of varying the permeability parameter on velocity
profiles, increasing the permeability parameter has an effect of reducing the
velocity profiles. It is assumed that the value ξ = 0 refers to a non-porous
media, and ξ > 0 indicates porosity. The velocity profiles reduce with increasing
ξ because the number of pores reduce thereby reducing fluid movement. The
profiles are less enhanced due to the presence of the inclined plane which tend
to assist the fluid flow.

In Figure 2 shows the effect of changing the magnetic inclination parameter.
Increasing ϑ result in the decrease in velocity profiles. When the angle of
magnetic inclination is zero, it this tends to assist the flow and it will be parallel
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Figure 2: Velocity profile for different values of ϑ.

Figure 3: Temperature profile for different values of λ1

and in the same direction as the fluid flow. When the angle increases, this has
an effect of retarding the fluid flow. When ϑ = 90o, the magnetic field will be
perpendicular to the direction of the fluid flow causing the fluid velocity to be
small.
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Figure 4: Temperature profile for different values of ϑ

In Figure 3, it shown that increasing λ1 has a result of increasing the tem-
perature profile across the boundary layer. This is consistent with previous
results in the literature.

Figure 4 shows that effect of varying the magnetic field inclination. In this
case the angle of channel inclination is large, the increase in ϑ tend to assist the
flow resulting in the increase in velocity causing fluid temperature to increase.

Figure 5 shows the effect of varying the permeability parameter ξ on tem-
perature profiles. Increasing ξ has an effect of increasing temperature profiles,
this is caused by the interaction of fluid particles and pores that are randomly
situated in the flow regime. This interaction cause fluid particles to follow a
”chaotic path” causing viscous dissipation to occur.

Figure 6 depicts the effect of varying the permeability parameter on the
skin friction coefficient f ′′(0). Increasing ξ result in the decrease of skin friction
coefficient, as the fluid moves down the inclined plane the velocity is retarded
by the porous media causing skin friction to decrease. It is also noted that skin
friction coefficient decrease with increasing magnetic inclination parameter ϑ.
As ϑ increases, it has an effect of decreasing the fluid velocity thereby decreasing
the skin friction coefficient at the surface.

Figures 7-12 show the effect of varying parameters ϑ, Pr,M , Ec, χ, α on the
convergence and accuracy of the successive linearization method (SLM). The
successive linearization method has been shown to be accurate and converges
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Figure 5: Temperature profile for different values of ξ

Figure 6: Effect of varying ξ and ϑ on the skin friction

faster than many traditional finite-difference methods. This method has been
widely used in solving ordinary differential equations arising from fluid flow. In
this study we show how varying the parameters affect the accuracy of the SLM.
In Figure 7 the increase in ϑ tend to stabilize the convergence, the residual
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Figure 7: Convergence of SLM with varying ϑ

Figure 8: Convergence of SLM with varying Pr

error going as low as 10−12. In Figure 8, increasing the Prandtl number delays
the convergence up to eight iterations. In Figure 9, increasing the M has little
effect in the convergence as it is noticed just after four iterations. Also residual
errors are as low as 10−12. In Figures 10-12 shows the increase in Ec, χ, α result
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Figure 9: Convergence of SLM with varying M

Figure 10: Convergence of SLM with varying Ec

in stabilising the SLM, the residual errors gradually decrease as expected. The
increase in each of the parameters show a slight delay in the convergence of the
method. In general the method does not deteriorate with increasing iterations.
This method can be used as an alternative method in the solving of ordinary
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Figure 11: Convergence of SLM with varying χ

Figure 12: Convergence of SLM with varying α

differential equations.

In Figure 13, it is noticed that increasing the unsteadiness parameter χ
result in the decrease in the skin friction coefficient. When χ increase, the fluid
velocity decrease thereby decreasing the skin-friction coefficient. It is also noted
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Figure 13: Effect of χ and M on the skin friction

Figure 14: Effect of χ and M on the heat flow coefficient

that increasing the magnetic parameter M result in the decrease in the in the
skin friction coefficient. The magnetic field strength reduce the fluid velocity
thereby decreasing the skin friction coefficient.

Figure 14 shows the effect of varying the unsteadiness parameter χ on the
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Figure 15: Effect of ϑ and ξ on the heat transfer coefficient

heat transfer coefficient. Increasing the unsteadiness parameter result in the
increase of the heat transfer coefficient. Increasing χ result in the decrease in
fluid velocity, this then decreases heat transfer at the surface. The increase in
the magnetic parameter M has the same effect of decreasing the fluid velocity
thereby decreasing the heat transfer coefficient.

Figure 15 shows the effect of varying the permeability parameter ξ on the
heat transfer coefficient. Increasing ξ result in the decrease in heat transfer
coefficient, increasing ξ causes the fluid velocity to decrease enhancing heat
transfer. Increasing the magnetic inclination parameter result in the increase
in the heat transfer parameter. Increase ϑ has the same effect of decreasing the
fluid velocity thereby decreasing the heat transfer coefficient.

5. Concluding remarks

The present paper deals with the numerical analysis on unsteady MHD flows
and heat transfer over an inclined stretching channel in a porous medium with
heat sources in the presence of inclined magnetic field. The following conclu-
sions emerged from the present numerical study.

(i) Velocity decreases with increasing permeability parameter ξ and inclination
angle of the magnetic field ϑ.
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(ii) The temperature increases with increasing heat source parameter λ1, in-
clination angle of the magnetic field ϑ and the permeability parameter
ξ.

(iii) Increasing the permeability parameter ξ, inclination angle of the magnetic
field ϑ, unsteadiness parameter χ and the magnetic field parameter M
have the effect of decreasing the skin friction.

(iv) Increasing the unsteadiness parameter χ enhances the heat transfer coef-
ficient.

(v) Increasing the magnetic parameter M , the permeability parameter ξ and
the inclination angle of the magnetic field ϑ decreases the heat transfer
coefficient.

(vi) The inclination angle of the magnetic field ϑ, Eckert number Ec, unsteadi-
ness parameter χ and the channel inclination angle α have a stabilizing
effect on the successive linearization method (SLM) which was applied in
the current study.
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