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1. Introduction and definitions preliminaries

Looking through historically at statistical convergence of single sequences, we
shall recall that the notion of statistical convergence of sequences was first
studied by Fast [3]. The notion of statistical convergence of a sequence (z,) in
a locally convex Hausdorff topological linear space X was presented recently by
Maddox [8], where it was shown that the slow oscillation of (s,) was a Tauberian
condition for the statistical convergence of (s,). In [7], statistical convergence
to normed spaces was extended by Kolk. Further in [1] and [2], Cakalli extended
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this notation to topological Hausdorff groups. The study of triple sequence in
different fields of sequences spaces has grown in the last decade (see [4, 5, 6]).

By the convergence of a triple sequence, we mean the convergence in Pring-
sheim’s sense [9]. A triple sequence x = (4s4) is said to be convergent in the
Pringsheim’s sense if for every € > 0 there exists N € N such that |z,sq—9| < &
whenever a,s,d > N. 1 is called the Pringsheim limit of x. Furthermore, A
triple sequence (x = x44q) is said to be Cauchy sequence if for every € > 0 there
exists N € N such that |,y — 245 < € for allp > a > N,¢g > s > N and
[ >d> N. In a topological group E, the above definitions become as in the
following: a triple sequence z = (x45¢) in E is said to be convergent to ¢ in E
in the Pringsheim’s sense if for every neighbourhood V of 0 there exists N € N
such that x,.q — 1 € V whenever a,s,d > N. v is called the Pringsheim limit
of z. A triple sequence x = (x45q) is said to be a Cauchy sequence if for every
neighbourhood V' of 0 there exists N € N such that x,y — 245q € V for all
p>a>N,gq>s>Nandl>d>N.

By E, we will denote an Abelian topological Hausdorff group, written addi-
tively, which satisfies the first axiom of countability. For a subset B of E, s(B)
will denote the set of all sequences (x,) such that (z,) is in B for a = 1,2,3, ...
¢(E) will denote the set of all convergent sequences. On the other hand, a
sequence (z,) in FE is called statistically convergent to an element 1 of FE if

1
for each neighbourhood V' of 0, (see [2]) limgoo —|2 < a:xq —0 ¢ V}| =0,
a

and is called statistically Cauchy in E if for each neighbourhood V' of 0 there
exists a positive integer ao(V'), depending on the neighbourhood V', such that

limg o0 =|2 < @ ¥4 — Tqyv) € V}| = 0 where the vertical bars indicate the

number of elements in the enclosed set. The set of all statistically convergent
sequences in E is denoted by S(F) and the set of all statistically Cauchy se-
quences in F is denoted by SC(E). It is known that SC(E) = S(F) if F is
complete. Additionally, those notions and the notion A-statistical convergent
were extended for double sequences by Savas [11].

On the other hand, let A = (A\p,u = (N\g) and ¢ = (¢y) be three non-
decreasing sequences of positive real numbers, three of them of which tends to
oo as p,q and [ approach oo, respectively. Besides, let A,y < A\p + 1, = 1,
fg+1 < pg+1, 1 = 1 and ¢4 < ¢+1,¢1 = 1. The collection of such sequence
will be denoted by A. We write the generalized double de la Valée-Poussin mean
by

1
tpgi(x) = N b Z Zasd;
pHq®I a€ly,s€Jq,dEW;

where I, = [p— Ay + 1,pl,Jg = [Q — muy + 1,¢q] and W; = [l — ¢ + 1,1].
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Throughout this paper we shall denote Appq¢ by A\pg and (a € I,,s € Jg,d €
W/l) by ((Z,S,d) € Ipql'

The aim of this paper is to introduce the A-triple statistical convergence of
triple sequences in topological groups and to prove some useful theorems.

2. M\-Triple statistical convergence

Let J € N x N x N be a three-dimensional set of positive integers and let
J(q,w,e) be the numbers of (a,s,d) in J such that a < ¢,s < w and d <
e. Then, the three-dimensional analogue of natural density can be defined as
follows. The lower asymptotic density of a set J C N x N x N is defined as
J
d3(J) = lim infM,

- q,w,e que

In case that the sequence has a limit in Pringsheim’s sense,

J(gq,w,e)
( )
que
then we say that J has a triple natural density and is defined as

55(7) = lim L920).
gwe  que

Sahiner and Tripahy [10] called a real triple sequence z = (x45q) statistically
convergent to the number v if for each € > 0, the set {(a, s,d),a < ¢,s < w and
d < e:|xysq — Y| > e} has triple natural density zero. In this case, we write
S3-limg 5 g asqa = ¥ and we denote the set of all statistically convergent triple
sequences by S3. Now, we define statistical convergence of triple sequences

x = (Tasq) In a topological group in the following.

Definition 1. A triple sequence x = (z45q) is statistically convergent to a
point ¢ of E if for each neighbourhood V' of 0 the set

{(a,s,d),a<g,s<w and d<e:zeq—1 ¢V}

has a triple natural density zero. In this case, we write S3(E)-limg s q Zqsq = ¥
and we write the set of all statistically convergent triple sequences by S3(E).

Definition 2. A triple sequence z = (z44) is said to be S3-convergent to
1 of E (or A-triple statistically convergent to v of E) of for each neighbourhood
V of 0, the set

{((Z,S,d) S Ipql *Lasd — 1/} ¢ V}
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has triple natural density zero. In this case we write Si-limw,dﬁoo Tasd = P
or Zasa — Y(S3), and we write the set of all A-statistically convergent triple
sequences by S3(E).

Remark 3. A \-statistically convergent triple sequence has a unique limit,
i.e. if x is A-statistically convergent to elements v¢; and ¥y of E, then 1y = 1)s.

Theorem 4. A triple sequence x = (x45q) in E is A-triple statistically
convergent to v if and only if there exists a subset J C N x N x N such that
(5:;’\(J) =1 and limg s 400 Tasd = ¥ where limit is being taken over the set I,
ie. (a,s,d) € E.

Proof. Necessity: Let us suppose that x be A-triple statistically convergent
to 1, and (V;) be a base of nested closed neighbourhood of 0. Now, write
Jr ={(a,s,d) € Tpgr : Tasd — Y ¢ Vet and Q, = {(a,s,d) € Tpgr : Tasd — eV}
where 7 = 1,2,3, ... Then, §3(J,) =0 and

Q120Q2D...00Qs D Qut1 D ... (1)

and
53(Q.) =1,r=1,2,3,... (2)

Now, we have to show that for (a,s,d) € Q, (x4sq) is A-triple statistically
convergent to 1. Now, consider that (z,sq) is not A-triple statistically to ¢ so
that there is a neighbourhood V' of 0 such that x,5q—1 ¢ V for in finitely many
terms. Let V., C V where r = 1,2,3,... and Qv = {(a,s,d) : T4sq — 0 € V}.
Then, 63(Qv) = 0 and by (1), @, C Qv. Therefore, 63(Q,) = 0 which is a
contradiction to (2). Hence, (x4sq) is A-triple statistically convergent to ).

Sufficiency: Consider that there exists a subset J = {(a,s,d) C Nx N x N}
such that 63(J) = 1 and limg s g Tasa = ¥, i.e. there exists an ry € N such that
for each neighbourhood V' of 0, x4sq — % € V for every a,s,d > rg. Now,

JV - {(CL,S,d) Tasd — 1/} ¢ V}
- NxNxN-— {(aro+17 Sro+1, droJrl)u (aro+27 Sro+2, dro+2)7 }

Therefore, 03 (Jy) < 0. It follows that x is A-triple statistically convergent to
. O

Corollary 5. If a triple sequence (x4sq) is A-triple statistically convergent
to ¢. Then, there exists a triple sequence (Yqs4) such that lim, s 4 Yesa = ¥ and
(5?\{(a, $,d) : Tasd = Yasd} = 1, i.6. Tgsq = Yasq for almost all a, s, d.
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Definition 6. In a topological group, triple sequence x = (x45q) is called
A-triple statistically Cauchy if for each neighbourhood V' of 0 there exists G =
G(V),H = H(V) and Q@ = Q(V) such that for all a,q > G,s,w > H and
d,e > Q the set {(a,s,d) € Iyq : Tqsqa — Tqwe ¢ V'} has triple natural density
zero. In this case, we denote the set of all statistically Cauchy triple sequences
by S3C(E).

Theorem 7. Let E be complete. A triple sequence x = (245q) in E is
A-triple statistically convergent if and only if x is A-triple statistically Cauchy.

Proof. Let x = (x,5q) be M-triple statistically convergent to . Let V' be
any neighbourhood of 0. Then, we can choose a symmetric neighbourhood
W of 0 such that W + W C V. Then for this neighbourhood W of 0, the
set {(a,s,d) € Iqi : Tasq — ¥ € W} has triple natural A-density 0. For each
neighbourhood V' of 0, the set {(a,s,d) € Ipy : Tasq — ¢ ¢ V} has triple
natural \-density zero- Then, we can choose numbers G, H and @ such that
raaQ —v ¢ V. Now, we write Ty = {(a,5,d) € Lq : Tasd —Taug €V}, Lw =
{(a,s,d) S Ipql P Tasd — Y ¢ W} and Ky = {(N,M, J) S Ipql : .Z‘GHQ—Q/) ¢ W}
Then, Ty C Ly U Ky and hence &3 (Tv) < 05(Lw) + 63 (Kw) = 0. Therefore,
we obtain that = is A-triple statistically Cauchy. To prove the converse suppose
that there is a A-triple statistically Cauchy sequence z but it is not A-triple
statistically convergent. Then we can find natural numbers G, H and @ such
that the set Ty has triple natural A-density zero. It follows from this that the
set Zy = {(a,s,d) € Lyqi : Tqsq — X — GHQ € V'} has triple natural density 1.
Now, we can choose a neighbourhood W of 0 such that W+W C V. Now, take
any fixed non-zero element ¢ of F. Let x45¢ — XguQ = Tasa — ¥ + vV — Xaug-
It follows from this equality that x,sq — rqug € V if 245¢ — 1 € W. Since x is
not A-triple statistically convergent to 1, the set Ly has triple natural density
1, i.e. the set {(a,s,d)a < q,s < w,d < e : x45q — 1 ¢ W} has triple natural
density 0. Hence the set {(a,s,d)a < ¢,5s < w,d < e: 2459 — xgug € W} has
triple natural density 0, i.e. the set Ty has triple natural density 1 which is a
contradiction. O

Taking into account Theorems 4 and 7, we can state the following theorem
and the proof is following directly by the previous results.

Theorem 8. If E is complete, then the following conditions are equivalent:

1. x is A-triple statistically convergent to 1,
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2. x is A-triple statistically Cauchy,

3. there exists a subsequence y of x such that lim, s 4 Yasa = 1.
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