International Journal of Applied Mathematics

w(lmlrwe”lgu”{ No. 5 2021, 1013-1029

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-li ne version)
doi: http://dx.doi.org/10.12732/ijam.v34i5.9

ANALYSIS OF SPATIAL NONLINEAR
SYSTEMS OF DIFFUSION TYPE WITH DELAY

Andrii SafonykX, Ihor llkiv 2

INational University of Water
and Environmental Engineering
Rivne - 33018, UKRAINE

2 Rivne State University of Humanities
Rivne, 31 Plastova St., 33000, UKRAINE

Abstract: A spatial mathematical model of biological wastewater treament

depending on the system temperature is presented. The modehvestigates
the relationship between the characteristics of the proceses occurring at the
treatment plant and o ers an algorithm to solve the relevant f eature of the per-
turbation problem and describes the process itself. The gnahical relationships
and dependencies between the process parameters obtainedthe process of
work are e ective for further theoretical research aimed at gtimizing the pa-

rameters of the cleaning process, namely: loading time, ler size, etc. In the
process of ltration, the shape of the lIter plays a signi ca nt role because it
a ects the performance by increasing or decreasing the ltraion capacity. The

in uence of external factors on temperature calculations a the basis of heat
transfer equations and laws of thermodynamics is investiged. The e ect of

water temperature and oxygen concentration on the ability to absorb activated
sludge was studied. The results of the distribution of the cocentration of con-

taminants and the temperature eld during the puri cation o f the liquid are

presented. The dependence of bacterial activity on water teperature has been
studied, which allows to increase the accuracy of forecastg and to develop the
automation of the biological wastewater treatment process
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1. Introduction

The search for environmentally friendly and cost-e ective methods of industrial
and commercial wastewater treatment has been and remains &emely rele-
vant, especially important for large cities. Constantly growing population in
settlements, intensive work of food, pharmaceutical, and nitrobiological many
other industries, extensive infrastructure, daily lead to an increase in wastew-
ater contaminated with various organic and inorganic subsances. Given the
above, the need for water treatment and puri cation is growing. Today, the
design of wastewater treatment systems is based on common vidwide experi-
ence, which is adapted as local standards and policies goveng the quality of
wastewater in each country. Because wastewater can di er sig cantly in its
ability to feed and be suitable for bacterial growth, have sucient nutrients and
low toxicity, it is necessary to test the water's ability to g row bacteria in each
case. The forecast of water quality in reservoirs is carriedut with the use of
existing mathematical models (for generally accepted stadardized indicators),
which allow to determine the required degree of wastewaterreatment.

2. Problem Statement

Consider a process of wastewater treatment in a bio Iter in the form of a curvi-
linear parallelepiped G, = ABCDA B C D (Fig. 1), bounded by smooth
orthogonal to each other (along the edges) equipotential siacesABB A =

fz : f1(x;y;z) = 0g (in particular fi(x;y;z) = z z) CDC C = fz:

fao(x;y;z) =0g (with fo(x;y;z) =z z), as well as ow surfacesADD A =

fz : fa(x;y;z) = 0g, BCC B = fz : fu(x;y;z) = 0g, ABCD = fz :

fs(x;y;z) =0g,A B CD =fz:fg(x;y;z) =0g. According to the theoret-

ical and experimental data [4] distinguish the following canponents: bacteria
growth and death; production of activated sludge \young" bacteria; organic
contamination decompaosition by bacteria; the impurities transition to a biolog-

ically non-oxidizing substance; transfer of biologicallynon-oxidizing substance
with liquid taking into account its sorption, desorption an d di usion.
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Figure 1: Physical spatial region G, (bio lter) (a) and the corre-
sponding integrated capacity (b)

Itis assumed that: at the starting point, the bio Iter is cle an, its side \walls"
are impermeable; at the input to the Iter known (set) time di stributions of all.

Considering the above statement and similar to was done in [[L[16], we can
pose a problem that describes a complex change in the bactariconcentration,
pollution, oxygen and temperature in the environmentG = G, (0;1 ):
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Cijaee A =Ci(M;t); %jCDD c =0;
@iﬂJADD A[BcC B[ABCD[A B CcD =0;
Biaes A =B (M;t); %_FJCDD c =0;
@#ADD A [ BCC B[ABCCI;([ABCD =0; .
Kjaes oA = K (M;t); @F}CDD c =0;
@#ADD AlBcCc B [ABCD[A B CD =0;
Tiaee A =T (M;t); %#CDD c =0;
@HADD A[BcCc B [ABCD[ABCD =0;

Ci(M; 0)= C;(M; D); B(M; 0)= B (M; D)

K (M;0)= K (M;D; T(M;0)=T (M;0); £ o ®)
v = grad ;divvy =0 4)
"jaeB A ="' 'Jeoo =

%ﬂjADD A[BcC B[ABCD[A B CcD =0; ®)
where Cj, mg/l { concentration of the i-th pollution in water, T K { aeration
tank temperature, B, mg/l { concentration of activated sludge, Lg { absorp-
tion coe cient bacteria and oxygen, wg, mg=l hour { rate of activated sludge
accumulation according to the adequacy of the modelK , mg/l - oxygen con-
centration required to maintain the best bacteria absorption by pollution, Kk {
oxygen mass transfer coe cient, K g, mg/l - water saturation concentration oxy-
gen at a given temperature and pressureylL is the rate of absorption of the oxy-
gen substrateFt { heat transfer function, D¢ = "bC, Dg = "bK, Dk = "bK,
D+t = "bT {di usion coe cients, w{average ow velocity, C ; (M;t), B (M;t),
K M;t), T (M;t), G, M;t, B M, K M;t, T M;t {suciently

smooth functions, consistent with each other on the area edgs,G;M { an ar-
bitrary point of the corresponding surface;' ="' (x;y;z) { ltration potential

0<'+ ' '""<1, {medium coe cientof Itration, s {external normal
to the corresponding surface. Here, the equality of zero nonal derivatives of
the desired functions along the four ow surfaces are the traitional imperme-
ability conditions, and along the exit section CDD C { the \rapid diversion"

conditions (Verigin's conditions), " is a small parameter, is the delay time
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(> 0),fort= and t = 0 satisfy the smoothness conditions of this problem
solution at t = n (n=1;2;:).

3. Literature Review

In recent years, there have been a large scienti c researckenumber on the
biochemical wastewater treatment modeling [10] describesvastewater treat-
ment processes dynamic models that allow us to describe thedatment plants
behavior under the highly dynamic conditions as well as new @actor systems
for which partial di erential equation descriptions are necessary to account for
their distributed parameter nature (e.g. xed bed reactors, settlers). These
researches have signi cantly expanded the water treatmentand puri cation
understanding, heat-mass transfer, the variable parametes in uence required
for source information automatic control. In particular, [ 11] established a math-
ematical model for simulating a biological nutrient removal process for treating
wastewater. Using phylogenetic analysis, the microbial camunities in a cyclic
activated sludge were quantitatively characterized, and te incorporating ne-
cessity the microbial interaction mechanism in the model wa validated. Bio-
logical treatment has lower chemical and energy needs compad to chemical
treatment methods [12], making it the most environmentally and economically
friendly method for wastewater treatment. In particular, [ 14] shows that this
method is e ectively used as a second step in a two-process pulant removal
system from sanitary land Il leachate.

Thus, in some models, wastewater treatment is considered as technologi-
cal process with mechanical structure details without taking into consideration
the dynamics in the changes of the e ective and e cient operation of the I-
ter. In others models the activated sludge and impurities réationship without
taking into consideration the interacting parameters sysem which is clearly
expressed in experiments and play an important role [8]. Forexample, [9] de-
scribes a sludge reduction in the anaerobic side-stream retor experimental
researches number, but the mathematical determine solidsetention time does
not take into account a factors number such as the temperatue impact, oxy-
gen concentration, etc. New methodologies are being develed to overcome
the limitations in the practical use of wastewater treatment dynamic modelling
[15].

The above-mentioned works do not take into account the impatof ambient
temperature, which is one of the main factors in uencing the reactions. Also,
some wastewater treatment process important components ha been ignored.
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In particular, the longitudinal di usion phenomenon is neglected. There are
somewhat contradictory views on the expediency of taking tlis phenomenon
into account in the literature. Thus, in the adsorption laboratory of Moscow
University of Chemical Technology, it was found that at the asymptotic stage,
in a wide range of ow velocities, the longitudinal di usion erosion e ect is
very small compared to the mass transfer erosion e ect procees. On the other
hand, [13] has shown that during some substances longitudat di usion sorp-
tion makes certain changes in the dynamics of the process. Bad on the above,
it is necessary to take into account the e ect of appropriate @ncentrations on
the diusion coe cients. It is advisable to take into account the various in-
teractions of the process and the environment characterists by introducing
coe cients into the appropriate equations. By doing this, it is possible to an-
alyze the processes taking place in the bio Iter as a set of ierin uence and
interrelated process parameters.

The purpose of this work is to develop a mathematical model ofvastewater
treatment from nutrients, taking into account the bacteria interaction, organic
and biologically non-oxidizing substances in uenced by the temperature. This
will allow to more accurately predict the behavior and wastevater treatment
process performance, and further enables automated contr@f impurities de-
position in the biological lters depending on the initial d ata of the aquatic
environment.

4. Materials and Methods

Assume that the lItration problem stated in (4)-(5) on the sp atial conformal
mapping Gy 7! G; where

w=fw=(5; )" <'<' ;0< <Q ;0< <Q ¢

is the corresponding region of the complex potentialG,; = (x;y;z), =
(x;y;2) { ow functions are complexly conjugate with ' =" (x;y;z), namely,
such that: grad' = grad grad is solved by [1] in particular, a dynamic
grid and a velocity eld v are constructed, the Itration ow Q= Q Q is
calculated. Then, having replaced the variablesx = x(; ; ), y=vy(;; ),
z=2z(; )inthe system (1) and conditions (2)-(3) one can arrive at the
corresponding convective-di usion-mass transfer problemfor the G, = Gy
(0;1 ) domain, the solution of which is delayed by at time intervals [(n
1);n [, n =1;2:: let us replace by the successive solution of problems
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without delay:
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Tt )= T st )
bra (555t )=br TOIC ;s )
=br T )
TOCG S 0=T (¢ 0);

G (5 06;t)=0C (5Q ;5t)
=G (¢ =G (5;Q ;1)=0;
B (5 0:t)=B (5Q ;;t)
=B (;: o)=B(1;Q ;1)=0; Ko
K 05t)=K (Q ;;t)
=K G5 on=K(G:Q ;1)=0;
TGO )=T(0Q ;:t)
=TG5 G=T(¢;Q 1)=0:

The solution of equations (6)-(7) with O("?) accuracy in the strong consis-
tency assumption of initial and boundary conditions along the edges and at the
angular points of the G, region (see, for example, [1]) is sought in the following
asymptotic series form:

ez oy P jemy P
i i;0 i=1 ij i =0 iij
m "j " _[r_1]+ e wj=2~[nl Pl wj=2=[n]
i : .
j=0 J J:O ! J:O L)
el o [l el
+ nj=2n =
j=0 T j=0
gInl = B([)n]+ m wiglnl 4 m wjp ]
=1 ' j=o '
o~ n 1o 1 _
+ "j NJ[ ] + nij=2 N.J[n] + nj=2 N_J[n]
i=0 j=0 j=0
_ [n]

1 1
I'TP‘ ..J:2N!:n]+np- "J:ZNJ' +RT;

j:o J ]=0
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K [n] = K([)n]_}_ f ..jKj[n]+ M ..ij[n]

j=1 j=0
N m "jIQ/Ij[n]+ nl wiz2 pplnl e wj=2 pgn
j=0 i=0 ) j=0 :
_ [n]
Bl ] Rl -

+ "EZMG "IFZM; + Ry
j=0 j=0 (8)
Tl = iy P oapmy P

o T i o i
j=1 j=0
+ p‘ "j/l\:)j[n]+ ITP'l uj=2p-_[n]+ np-l nj=2 ﬁ[n]
j=0 j=0 : j=0 :
1 e[

+ "IEZPL 4+ "IF2P, + Ry;

) J : ! '
j=0 ]=0

where R[C”], R[E?], RE'], R[T”], residual members { = 1;2), C[ Bj[n], Kj[n], Tj[n],

!

j = 0; m, { members of the regular parts of the asymptote i[;rj']( y b))

Nj[”]( b, Mj[”]( b, Pj[”]( ., ,t), { functions of the boundary layer

type in the neighborhood' = ' , (corrections at the exit of the lter) (| =

0D, Gt ) NG st )M e ), RISt ) in the vicinity

' = ' (corrections at the entrance to the lter) (i = 0;1), and functions

Tio b Tt L T Tt Ty Gowt), Ty s 3t

N‘I Iv T!t 1 ~I Iv 1:1t 1Ni(lvv Tt)le Ivv zlt 1

MG TSt N Tt oM (hs st Mg 5 3t oandP Tt

Pi 5 Tt L Pi(y; st), Pi 5, F (i = 03)inthe rounds = 0,
= Q, =0, = Q (corrections on the lter sidewalls), respectively;
=, =, T=pn, o= S~ p, v S { \stretches" of

the corresponding variables.

The substitution of eq. (8) into eq. (6)-(7) and the performance of stan-
dard procedure of coe cients \equalization" at identical degrees, provide the
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following results Ci[;?] (x;1), Bj[”] (x;1), Kj[n] (x;1), Tj[”] (x;t), j=0m:
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5. Results

The following data were used for computational experiments Q = 7:2 m3=hour,
V =1000m3, ki = 10, wg = 0:0736,v; = 0:26 m=hour , vg = 0:092 m=hour,
Vk = 0:053 m=hour, vr = 0:53 m=hour, Dy = D¢, =1, Dg = Dk = 0:8,
1 =104 ,=108 3=1:2 1083 , =08 103 5 =1:1 104
6=16104% 7=11410°5 g=1:310°% 1,=1:510 4 ¢ =4:2J=kg K,
v = 1000 kg=m3, | =100 m, h=2 m,b=5 m, tyx =291 K, =0:025,
p=0:02 10°W=m K, teep =343 K, & =46:5W=m K ,t, = 0;0003
t2+0:2171 t+6:8993, =0:02,t,q=280 K,a=135W=m? K ," =0:01.

Experimental data presented by [8, 7] were used to con rm theproposed
mathematical model adequacy. The authors carried out 5 exp@ments where
ammoniacal and organic nitrogen concentrations were meased at the treat-
ment plant input and at the output after a given time (Table 1) . The cor-
responding nitrogen concentration at the structure output was calculated and
presented in table | along with the data on installation and input pollution
concentration.

As it can be observed from Table 1, the relative error of the olained re-
sults for all experiments does not exceed 3 %, which indicatethe adequacy
of the aerobic wastewater treatment process. The computeriswlation results
demonstrate the functions dynamics nature: a) over the timeat each point in
the lter length; b) along the lIter length at di erent time st epst =0, t =50,
t =100, t = 150, t = 200 days; c) over the time at di erent lter points x =0,
x =25, x =50, x =75, x =100 m. Fig. 2 { Fig. 6 show that the bacte-
ria absorb contamination most actively at the lter beginni ng and absorption
e ciency for each contamination concentration is di erent. The contaminants
concentration at the Iter output changes because of the waer temperature
augmentation. This indicates that the water in uences temperature the bacte-
rial contamination absorption e ciency.

Fig. 5 shows that the most active bacteria reproduce at the lter beginning.
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Table 1: Experimental data

Indicator Experiment #

1 2 3 4 5
Building N gen 5.76 | 11.66| 15.89| 30.73 | 41.23
Entrance N i 0.4 0.69 | 1.04 | 2.38 | 3.58
Concentration | Ny, | 1.86 | 3.85 | 4.98 | 10 12.67
Building N geh 4.66 | 9.46 | 13.09| 25.53| 34.63
Exit Nog 0.17 | 0.3 052 | 131 | 2.08

Concentration | Ngii. |01 |04 [062 [14 |18
(Experiment) Ngen 4.66 |9.46 | 13.09| 25.52| 34.63

Building time, h | 13.66| 13.36| 11.58 | 10.69| 9.5
Exit Norg 0.17 | 0.30 | 052 |13 2.07
Concentration | time, h | 24.35| 25.24| 22.27| 20.19| 18.71
(Modeling) Nnws | 0.09 | 038 | 061 |14 1.83

time, h | 24.05| 20.79| 20.49| 24.35| 20.49
Ngen 0.075| 0.034| 0.03 | 0.01 | 0.019
Norg 252 | 043 | 119 | 0.305| 0.22
NnH, |14 277 | 025 | 0.7 1.72

Relative Error,
%

A

uuuuuuuu

a) b)

Figure 2: Ngen concentration distribution: a) over the whole Iter
length with a time; b) along the length of the Iter at di erent points
in time
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Figure 3: Norg concentration distribution: a) over the entire length

of the Iter over time; b) along the length of the Iter at dier ent
points in a time
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Figure 4: Norg concentration distribution: a) over the entire length

of the Iter over time; b) along the length of the Iter at dier ent
points in a time
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Figure 5: Ny, concentration distribution: a) over the entire length
of the Iter over time; b) along the length of the Iter at dier ent
points in a time

Figure 6. Temperature eld distribution: a) over the entire length
of the Iter over time; b) along the length of the Iter at dier ent
points in a time
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The presence of permanent high concentration contaminatio, oxygen and a
permanent input water temperature provide the activated sludge development.
Nevertheless, there is a trend to a more delayed reproductioat the Iter exit.
Numerous factors a ect the water temperature change, but theheat supply by
the coolant increases the water temperature only by 6 degrex as illustrated
in Fig. 5 (b). This is due to the fact the heat transfer from the heated air
to the water is slow and the time during which the heated air passes from the
supply point to the reactor surface is very small, as well as hie small area of
interaction. The ambient temperature has a much greater e ed¢ on the heating
or cooling of the water since the areas of interaction on thewface and through
the sidewalls of the reactor are much larger than the area ofniteraction with
the coolant.

6. Conclusion

A biological wastewater treatment process mathematical moel was derived tak-
ing into account the bacteria interaction, organic and biologically non-oxidizing
substances under the di usion conditions and mass transfer prturbation and
the temperature regimes inuence. A method along with an algrithm for
solving the corresponding nonlinear perturbed convectiordi usion-heat-mass
transfer problem was developed. The derived mathematical guations solutions
were obtained using the Matlab software and his \pdepe" funtion. The cal-
culations results of the pollution concentration distribution and temperature
as a function of the uid puri cation time are presented. The results obtained
in this work make it possible to more accurately predict and aitomate the
technological biological wastewater treatment processes
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