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Abstract: In this paper, by using the partial ordering method we study
the existence and uniqueness of fixed points for operator equations. The con-
vergence of the iterative sequences to fixed points is satisfied. The presented
theorems improve and generalize some important results in the literature.
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1. Introduction

The well-known Banach contraction principle states that if (X, d) is a complete
metric space and f : (X,d) — (X,d) is a contraction i.e.,

d(f(x), f(y)) < ad(z,y),

for all z,y € X, where 0 < a < 1, then f has a unique fixed point. This result
has been extensively used in solving various problems in different research fields.
As well as, there are a lot of extensions of this famous fixed point theorem, for
instance, in [9], Krasnosel’skii and Zabreiko presented the following variant of
this result when one requires particular estimates only for the deferences of the
values of the operator on comparable elements.
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Theorem A. Let (E, P) be an ordered Banach space with a normal repro-
ducing cone P and let A : E — E be an operator. If there exists a positive
linear boundary operator L : E — E with spectral radius o(L) < 1 satisfying

—L(.Q;‘—y) SA(x)_A(y) SL(a:—y), x,yEE, 962%

then A has a unique fixed point x* in E and for any xg € E if v, = Ax,,—1(n =
1,2,3,....), then x, — xx as n — o0.

In the present paper we extend this important result. Moreover, we weaken
the hypothesis o(L) < 1 by suggesting new conditions: L have the property
of ug— boundedness above and satisfies the inequality Lug < Aug for some
A € [0,1). Furthermore, if the operator A leaves invariant the cone P we present
another result in the case where the cone P is not necessarily generating. The
proof will be based on the partial ordering method (see [5, 4]. Finally and in
order to demonstrate the importance of our abstract results application to the
existence of solutions to nonlinear boundary value problem is presented.

2. Main results

Let (E,||.||g) be a real Banach space and P be a nonempty closed convex set
in F.
P is called a cone if it satisfies the following two conditions:

(i) rx€e PAX>0= Az € P,
(i4) : x € P,—x € P = x = 0, where 6 denotes the zero element in E.

A cone P is said to be generating (or reproducing) if £ = P — P, i.e., every
element = € F can be represented in the form x = v — v where u,v € P.
The cone P defines a linear ordering in £ by

r<y iff y—xeP.
The cone P is said to be normal if there exists a constant N > 0 such that
0<z<y= |zl <Nlyl, zyeP

For every L : E — E a bounded linear operator, define (L), the spectral
radius of L by
1
o(L)= lim [[L"||~.

n—-+o0o
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The linear operator L is called positive if it transforms the cone P into
itself. It is not hard to see that it follows from x < y for arbitrary elements
z,y € F that Lz < Ly.

We denote by ug some fixed non-zero element of P. Following Krasnosel’skii
[10], we call the linear positive operator L, ug—bounded above if for every non-
zero element z € P a natural number m and a positive number 3 can be found
such that

L™x < ﬁuo.

After these preparations we are ready to prove this variant of the well-known
Weissinger’s Theorem (see [13]) for comparable element.

Theorem 1. Let (E, P) be an ordered Banach space with normal gener-
ating cone P and A : F — FE be an operator. Suppose that there exist positive
linear operators L, : E — E (n =1,2,...) such that

—Lp(z —y) <Az) - A"(y) < Lp(z—vy), xyeE, x>y (1)

If 3" o Ly (v) exists for all v € P, then A has a unique fixed point z* in E
and for any xy € E, if x,, = Azy,_1(n = 1,2,3,....), then =, — z* as n — oo.
Furthermore, for some element u € P dependent of xy we have the following
estimate of convergence rate

lzn — 2|l < (2K + 1) Y Li(w)l

i=n

where K is the normal constant of P.

Proof. Since P is generating then for an arbitrary x € E elements y,z € P
can be found such that x = y — 2z, which implies that

~y+z)<zr<y+e=

This means that for any element x € E there exists an element u € P satisfying
—u <z <u. Fix an zg € F and set x,, = A"xg, n = 1,2, ..., then there exists
an element u € P such that

—u <21 — 29 < u,

hence

x1 > =(x1+ 20 —u), x0>=(T1+ 20— U).

N | —
N =
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By using inequalities (1) we get for every n =1,2,...:

_LH(W) < it _An(L;“O—“> < Ln(%) 2)

and

(B e (R <0, (255,

By subtracting (3) for (2), then we have
—Lyu < xpy1 —xn < Lpu.

As a consequence of the last inequality we obtain for n > m > 1

n—1 n—1
—ZLiUSfcn—xm < ZLN,
=m i=m

from which it follows that

n—1 n—1
ngn—xm—i—ZLiuSQZLiu.

i=m i=m

Using the normality of the cone there is a K > 0 such that

n—1 n—1
|20 = 2m + > Liu| < 2K Y Liu].
i=m i=m

This implies that

n—1 n—1 n—1
2n = @mll < l@n — 2w+ Loull + 1Y Liv| < @K + 1| > Liull. - (4)
i=m i=m i=m

On the other hand, it is clear that > ., Lu (n = 1,2,...) is a Cauchy
sequence, and so (x,)5%, is a Cauchy sequence. Since E is a Banach space
the sequence converges, i.e., there exists a z* € FE such that z, — z* as
n — oo. In order that z* be a fixed point of A it suffices to prove that A
is continuous. Indeed, let z,y € FE, since P is generating, there exist (see [4,
Lemma 1.4.2]) 7 > 0 and element z,w € P such that z —y = z — w with
llzIl < 7l =yl |lw] < 7|z —y|. By using the same arguments as above, then
it follows from

—(z4w)<z—-—y<z+w
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that
—Li(z+w) < A(z) — A(y) < L1(z + w),

which in turn implies that
[A(z) — Al < (2K +1)||L1(z + w)].

By using the fact that a linear operator which maps a reproducing cone into a
normal cone must be continuous (see [9]) we get

[A(z) = A(y)l| < 2K + D[ Lafll|z + wl].

This yields
[A(z) — A@y)| < 2K + 1)27)[[La[|lz — vl

that is, the operator A is uniformly continuous.

From the above argument it follows that (A"(x))s2; converges to the
unique fixed point independently of the choice of xg € E. In fact, let yo € E,
and take an element v € P such that —v < yp —z* < v. By the same argument
used above we find

_Ln/U < Yn — z* < ana Yn = Any(h n= 17 27

By using the normality of the cone and the equality lim, o L,(v) = 0 we
derive that lim, o y, = =*.

Similarly, we can prove that x* is the unique fixed point of A. Indeed,
suppose that Z is another fixed point of A and consider the sequence z,, =
A"T = T, we obtain T = z*.

Finally, by letting n — oo in (4) we get

o0
l2* — zall < (2K + 1) Y Liull.
i=n
This completes the proof of the theorem. O
The following lemma will be used latter.
Lemma 2. Let (FE,P) be an ordered Banach space with normal cone

P and L : E — E be a ug-bounded above operator such that for some \ €
[0,1), Luo < Aug. Then I — L is invertible in the cone P and we have

ZL”— lim (I 4+ L+L>+ ...+ L").

n~>oo
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Proof. Choose an element x € P, then from the ug—boundedness above of
L a natural number m and a positive number § can be found such that

L™z < Buyg.

Hence
L™ < BLugy < BAug,

from which it follows that
L™ < BNy, n=0,1,2, ...

Since (301, BAug)nen is a Cauchy sequence, there is an N such that for all
p>q> N, BN lug + B 2ug 4 ... + BAPug]| < e. Therefore and by setting
Sp(x) =Y L'z, we obtain

0 < Sppm(x) — Sgm(2)
= LIt () 4 LT () L4 LPT(2)
< BAXIH g 4+ B2 + .. 4+ BAPug.

Using the normality of the cone there is a positive constant K such that
1Sp4m () = Sqrm(@)|| < K|IBAT ug + BAT Pug + ... + BAPug|| < Ke.

This implies that S, (x) (n = 0,1,2...) is a Cauchy sequence in E then it con-
verges and we can note that for all x € P, S(x) = limy, 00 Sn ().

We now need to show that S(I — L) = (I —L)S =1 in P.

Let x be an element of the cone P, we have

S(I —L)(x) =S(z) — SL(x)
= lim S,(z) — lim S,(Lx)

n—oo n—oo

= lim (S,(x) — S,(Lx))
n—oo

= lim (z — L""2)
n— o0

=xT.

Here we use the fact that lim, o, L™(z) = 0 which can be obtained from the
equality L™(z) = Sp(x) — Sp—1(z).

A similar argument shows that (I — L)S = I in P. This completes the proof of
the lemma. O
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As a consequence of Theorem 1 and Lemma 2 we present the following
statement.

Theorem 3. Let (E,P) be an ordered Banach space with normal gen-
erating cone P and A : F — E be an operator. Suppose that there exists an
ug-bounded above linear operator L : E — FE such that

—L(r—y) < Ax) - Aly) < L(x—vy), z,yek, z2>y. (5)

If Lug < Aug for some X\ € [0,1), then A has a unique fixed point x* in E
and for any xy € E, if x,, = Azp_1(n = 1,2,3,....), then =, — z* as n — co.
Furthermore, for some element u € P dependent of xy we have the following
estimate of convergence rate

e — 2|l < (2K + 1) Y L (w)])

=n

where K is the normal constant of P.

Proof. We are going to see that all conditions of Theorem 1 are verified. In
fact, Let xz,y € £, x >y, then we get

—L(z —y) < A(z) — A(y) < L(z —y),
Making the substitutions u = L(x —y) € P, X = A(x),Y = A(y), then
—u< X -Y <u.
Thus, by the same arguments used in the proof of Theorem 1 we get
—Lu < AX — AY < Lu.
This yields that
—L*(x —y) < A%z — A%y < L*(z —y).
Repeating this argument n — 1 time we obtain
—L"z —y) < A"z — A"y < L™z —y).

By virtue of Lemma 2, Y ~° | L"v exists for any v € P, hence the conclusion of
the theorem can be deduced from Theorem 1. O
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Remark 4. If we suppose in the last theorem that P is a solid cone and
that up belong to the interior of the cone P then it follows from [4, Theorem
1.4.1] that for any f € P*\ {0} (where P* is the dual cone of P) we have
f(up) > 0, that is, ug is a quasi-interior element of the cone in the sense of
Krasnosel’skii [14]. Further, fix an element = € P, then for a sufficiently large
B > 0 the element ug— %Lx will belongs to the cone, which implies that L is ug-
bounded above. Consequently, it follows from the existence of some A € [0, 1)
satisfying Lug < Aug that o(L) < 1 (see [14, Theorem 2]).

Remark 5. If A satisfies the conditions of anyone of the above theorems
then the equation x = Ax + y has a unique solution in F for each y € F.

Remark 6. Suppose that L : £ — FE is a positive linear boundary
operator L : E — E with spectral radius (L) < 1, then it is well known that
I — L is invertible with

[e.e]
(I-L)'=) L"= lim (I+L+L°+..+L".
0 n—oo
n—

This implies that we can get Theorem A by an application of Theorem 1.

Now, we are going to see that if the cone P is not necessarily generat-
ing, then similar results can be obtained in the case of the positiveness of the
operator A(A(P) C P).

Theorem 7. Let (E,P) be an ordered Banach space with normal cone
P and A: E — E be a positive continuous operator. Suppose that there exist
positive linear operators Ly, : E — FE (n =1,2,...) such that

—Ln(z —y) < A%(2) - Ay) < Loz —y), zyek, x>y

If 32, Li(v) exists for all v € P, then A has a unique fixed point z* in P
and for any xg € P, if x,, = Az,_1(n = 1,2,3,....), then x,, — x* as n — oo.
Furthermore, we have the following estimate of convergence rate

1A™(0) — 2*[| < (2K + )| Y Li(A(0)].

=n

Proof. By observing that A(0) > 0 and by setting z,, = A™(0) we have for
n=12..

_Ln(xl) < In4+1 — Tn < Ln(ajl)u T,y € Ea T > Y.
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Now the the proof can be completed by the same arguments used in Theorem
1. O

Similarly, we have the following statement.

Theorem 8. Let (E, P) be an ordered Banach space with normal cone P
and A : E — E be a positive continuous operator. Suppose that there exists
an ug-bounded above linear operator L : E — E such that

—Lzx—y) < A(zx) - Aly) < L(x—y), =xz,yekE, xz>y.

If Lug < Aug for some X\ € [0,1), then A has a unique fixed point x* in P
and for any xg € P, if x,, = Azy,_1(n = 1,2,3,....), then z,, — z* as n — oo.
Furthermore, we have the following estimate of convergence rate

1A™(0) — 2*[| < (2K + 1)|| Y L'(A(0)].

=n

It should be remarked above that Theorem A remains valid if we replace
condition (5) by the assumption that

_Ll(x_y) SA(JO_A(y) SL?(w_y)v 1‘,y€E, x>y,

where L1 and Lo are positive linear operators with o(L;+Ls) < 1. Here, observe
that even if A is a linear operator the latter condition cannot be replaced by
the inequalities o(L1) < 1 and o(L2) < 1. In the following statement we study
this problem by suggesting new conditions concerning every operators L and
Ls.

Theorem 9. Let (E, P) be an ordered Banach space with normal gener-
ating cone P and A : E — E be an operator. Suppose that there exist linear
operators L1, Lo : E — E such that

—Li(z—y) < Az) — A(y) < Lo(z —y), zyeE, z=>y. (6)
Assume that L1+ Lo is ug-bounded above, then if Liug < Aug and Loug < Agug
for some A1, Ay > 0 satisfying 0 < A1 + Ao < 1, then A has a unique fixed point
z* in F.
Proof. 1t follows from (6) that
—(L1+ Lo)(z —y) < A(z) —A(y) < (L1 + L2)(z —y), zy€EE, x>y

Then all conditions of Theorem 3 are satisfied. O
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3. Applications to nonlinear differential equations

Consider the nonlinear fractional boundary value problem given by

Dgix(t) + f(t,x(t) =0 0<t<1,
) — (1) — (7)
z(0) =2'(0) =2'(1) = 0.
where f(t,z) is continuously differentiable on 0 < ¢ < 1,z € R with derivative
fz(t,.) and f(t,x) > 0 for all (¢t,2) € [0,1] x RT 2 < a < 3 is a real number
and D{; is a standard Riemann-Liouville fractional derivative. Problems of
the form (7) arise in many applications in physics, mechanics, chemistry and
engineering, where usually the existence of non-negative solutions is of interest.
In this connection, we are interested in producing sufficient conditions for
the existence of non-negative solution to (7).
For our considerations, we shall consider the Banach space E = (C]0,1]
equipped with the standard norm

= t)|.
]l = max [z(t)

We define the normal cone P by P = {z € C[0,1] : z(¢) > 0}.
Let x € C[0,1], then it is well-known that (see [12]) the boundary value
problem (7) is equivalent to the following fractional integral equation:

1
z(t) :/0 G(t,s)f(s,z(s))ds, te€]0,1]

where
(17 )a—2ta—1
SFT’ 0<t<s<1
G(t, 8) == (173)0‘_251_1 (tfs)a_l 0 < <t < 1
M) T > US9S0S

Here I' denotes the Gamma function.
The following lemma (see [12], Lemma 2.8) will be used later.

Lemma 10. G(t,s) > t*1G(1,8) >0 for 0<s,t <1.

Now, consider the following operator

1
Fx(t):/o G(t,s)f(s,z(s))ds.
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Then equation (7) has a continuous, non-negative solution iff there exists z € P
such that z = Fz.

The following theorem gives sufficient condition so that (7) has a solution
in P.
Theorem 11. Suppose that:

(F1) : there exists a continuous non-negative function a : [0,1] — R such that

—a(t) < fo(t,z) <a(t), tel0,1],z€R.

Then if
'2a—-1)

t) < ——

o) < T

equation (7) has a unique non-negative solution x € C|0,1] and for any xy € P
the sequence defined by

, for all te0,1], (8)

1
zn(t) = / G(t,s)f(s,zn-1(s))ds, te€]0,1], n=1,2,...
0
converges to x with ||z, — x| = 0 as n — oo.

Proof. We are going to prove that all conditions of Theorem 8 are verified.
For this, let z,y € E such that z(t) > y(t), ¢t € [0,1]. Then by the mean value
theorem,

[ z@) — f(ty@) = fo(t, 2(8))(z(t) — y(1))
with
y(t) < 2(t) < =(t).

From which it follows that
—L(z —y)(t) < Fu(t) — Fy(t) < Lz — y)(t),
where L : E — F is the linear operator defined by
1
La(t) = / G(t, s)a(s)z(s)ds, € 0,1]
0

Let

wo(t) = /01 Gl 5)ds = ;OE:) (ail )
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then for every non-zero element x € P we evidently have
/Gt S)a(s)a(s)ds < alllalon(t), 0<t<1,

on the other hand it follows from the inequality

to‘_l( 1 t><t0‘_1< 1 )

Fa)\a—1 o/ ~ T(a)\a—1/’

that the operator L is uo—bounded above where ug(t) = t* 1.

A direct calculation shows that:

1 1 1 ta—l 9 1 t (t _ S)a—l 1
G(t,s)s*™ d5:/ 1—5)%%s%" ds—/isa ds.
J, e o T~ o T()

Then, by the substitution s = ot and the fundamental properties of the Beta
functions we find that

a—1 o 1 _ Ja—1.a-1
/ G t 8 a 1d8 t F(Oé ].)F(Oé) _/ t2a71 (]' S) S ds
0

T'(a) I(2a—1) T'(a)
a1 N —1) o @
=1 1F(2a—1)<1_t2a—1)
ta 1 F(a - 1)
(20— 1)

From this, by virtue of (8) and since the function a is continuous on [0, 1]
we obtain that the operator L satisfies the condition

Lug < Ny,
where ' < 1.
Now, the conclusion can be deduced from Theorem 8. This completes the
proof. O

Remark 12. We must observe that if we take a(a — 1)['(0) < a(t) = a <
I'(2a—1)

T(a=T) then it can be shown that

1
a
L|| = = > 1.
1] mﬁ/ Gl s = =) ~
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Here we use the fact that see ([6])

1
Bla,a—1)— ———>0, a>1, a—-1>1.
ala—1)
where B(x,y) denotes the Beta function B(z,y) = Fé(xgg)iéy))) x,y > 0.

1]

2]

o

Remark 13. Note also that ug(t) = t*~1 ¢ P.
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