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1. Introduction

The paper is an extension of previous work [1]. There it was introduced a
concept of L-index boundedness in direction for slice holomorphic functions in
the unit ball. Also there was deduced some criterion of L-index boundedness
in direction describing a local behavior of functions from this class. Here we
continue these investigations and apply this criterion to deduce more useful cri-
teria of L-index boundedness in direction. Among them, there is an logarithmic
criterion, an estimate of minimum modulus and an estimate of maximum mod-
ulus on a circle obtained by a slice in the unit ball. It should be note that the
logarithmic criteria in the case of slice entire functions [2] have applications in
analytic theory of differential equations. In general, the concept of bounded
index has different applications in value distribution theory [17], summability
methods theory [13] and analytic theory of system of differential equations [14].

Let us introduce some notations from [1]. Let Ry = (0, +o00), R* = [0, +00),
0=1(0,...,0), b= (by,...,b,) € C"\ {0} be a given direciton, B" = {z € C" :
|zl <1}, D={z€ C:|2|] <1}, L: B" — R4 be a continuous function such
that, for all z € B"

Blbl

L(Z) > 1_7|Z‘, ﬁ = const > 1. (].)

For a given z € B", we denote S, = {t € C: z +tb € B"}. Clearly, D = B

Let F': B® — C be an analytic function. The slice functions on S, for a
fixed z° € B" we will denote as g,0(t) = F(2° + tb) and l,0(t) = L(2° + tb) for
tesS,.

Let ﬁb (B™) be the class of functions which are holomorphic on every slices
{2%+tb :t € S0} for each 2° € B" and let Hp(B") be the class of functions
from Hy,(B™) which are joint continuous.

The notation O F(z) stands for the derivative of the function g,(t) at the
point 0, i.e. for every p € N HF(z) = ggp)(O), where ¢.(t) = F(z + tb)
is an analytic function of complex variable t € S, for a given z € C". In
this research, we will often call this derivative as directional derivative because
if F'is an analytic function in B"™ then the derivatives of the function g,(t)
matches with directional derivatives of the function F. Together the hypothesis
on joint continuity and the hypothesis on holomorphy in one direction do not
imply holomorphy in whole n-dimensional unit ball. There were presented some
examples to demonstrate it [1] and [3].

A function F' € Hp is said [1] to be of bounded L-index in the direction b,
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if there exists mg € Z4 such that for all m € Z, and each z € C" inequality

05 F(2)]| OhF(2)
b= VW~ b= \7/1
mIL™(2) = o2kdmo KILF(z)

(2)

is true. The least such integer number myg, obeying (2), is called the L-index
in the direction b of the function F' and is denoted by Ny (F,L,B™). If such
mg does not exist then we put N (F, L) = oo, and the function F' is called of
unbounded L-index in the direction b in this case. If L(z) = 1 then the function
F is said to be of bounded index in the direction b and Ny (F) = Np(F,1) is
called the index in the direction b. Let [ : D — R be a continuous function
such that I(z) > 1—L2| Forn=1,b=1, L(z) =1(2) (z € D) the inequality (2)
defines an analytic tlunction in the unit disc of bounded Il-index with the [-index
N(F,l) = Ni(F,1) (see [16]). Let Ny(F,L,2°) stands for the L-index in the
direction b of the function F at the point 2°, i.e., it is the least integer mq, for
which inequality (2) is satisfied at the point z = 2. By analogy, the notation
N(f,1,2°) is defined if n = 1, i.e. in the case of functions of one variable.

Note that the positivity and continuity of the function L are weak restric-
tions to deduce constructive results. Thus, we assume additional restrictions
by the function L.

Let us denote

Ab(n) =

M . ‘tl _ t2| < n
L(z +tsb) ~min{L(z+t;b), L(z+t2b)} |

=sup sup {
ZEB™ t1,t2€S>
By Qp(B"), we denote a class of positive continuous functions L : B" — R,
satisfying the condition

Vn € [0; 5] 1 Ap(n) < +oo. (3)

For a positive continuous function I(t), t € D, and n > 0 we define \(n) =
AP(n) in the cases when b =1, n =1, L = 1. Let Q = Q} be a class of positive
continuous functions I(t), t € D, obeying the condition 0 < A(n) < +oo for all
n € [0; B].

We need the following statements from [1].

Proposition 1 ([1]). Let L € Qp(B"), % < 6 <0y < oo, 1L(2) <
L*(2) < 65L(z). A function F € Hyp(B") is of bounded L*-index in the direction

b if and only if F' is of bounded L-index in the direction b.
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Proposition 2. Let L € Qp(B"), m € C\ {0}. A function F € Hyp(B") is
of a bounded L-index in the direction b € C" if and only if F'(z) is of a bounded
L-index in the direction mb.

Theorem 3 ([1]). Let L € Qu(B"). A function F € Hy,(B") is of bounded
L-index in the direction b if and only if for each n € (0; ], there exist ng =
no(n) € Z4 and Py = Pi(n) > 1 such that, for every z € B", there exists
ko = k‘o(z) S Z+, 0 < ko < ng, and

max{(a,’;OF(sz) Lt < ﬁ} <P ‘8]];0F(z)‘. (4)

2. Estimate of maximum modulus
by minimum modulus

Using Theorem 3, we will prove the next criterion of L-index boundedness in
direction. Similar results was firstly deduced by Fricke [11] for entire functions
bounded index. Further it was generalized for various classes of holomorphic
functions [15, 6].

Theorem 4. Let L € Qu(B"). A function F € Hy(B") has bounded
L-index in a direction b € C" \ {0} if and only if for any r1 and any ro with
0 <7 < ry < B, there exists number P; = Py(r1,r2) > 1 such that for each
20 e B

max {|F(2° +tb)| : [t|=ro/L(2°)}
< Pymax {|F(z°+tb)| : [t|=r1/L(20)}.

Proof. Our proof is based on the proof of appropriate theorem for slice
entire functions of bounded L-index in direction [4] and for analytic functions
in the unit ball [7].

Necessity. Let Ny (F, L,B™) < +00. On the contrary, we assume that there
exist numbers r1 and 73, 0 < ry < ro < 3, such that for every P, > 1 there
exist z* = z*(P,) € B", for which the following inequality is valid

max {|F(z" +tb)| : [t| = ra/L(z")}
> Pomax {|F(z* + tb)| : [t| =r1/L(%)}. (5)
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By Theorem 3 there exist ng = ng(re) € Zy and Py = Py(r2) > 1 such that
for every z* € B™ and some ko = ko(z*) € Z4, 0 < ko < ng, one has

max{(a,’;OF(z* n tb)‘ |t = rg/L(z*)} < Ry|ofoF(z)]. (6)

We remark that for kg = 0 the proof of necessity is obvious because (6) yields
max {|F(z*+tb)|: [t| =ro/L(z*)} < Py|F(2*)| < Pymax {|F(z*+tb)|: [t| =
Tl/L(Z*)}.

Suppose that kg > 0. Put

ro\ 0 r
P, = ng! (—2> <P0 +—t ) +1. (7
1 ro — T

Let ty € S,» be such that |to] = % and

~—

|F'(2* + tob)| = max {\F(z* +tb)| : |t| = Lg*)} > 0,
and to; € Sy« |toj| = ra2/L(z*), be such that |8%F(z* +tojb)| = max{\@{_;F(z* +tb)| :
|t|=1r2/L(2*)}, j € Z4. In the case |F(z*+tob)| = 0 by the uniqueness theorem
for all t € S, we obtain F(z*4+tb) = 0. However, it contradicts inequality (5).
By Cauchy’s inequality we have

0L F (2")]

s (L(Z*)>] [F(=" +tob)l, j € Z+, (8)

™

OLF (=" + tojb) — O F (")

toj .
/JG{)“F(z*—Hb)dt‘
0

From (8) and (9) we have
L(z*)

O F G +togyb)| 2 = {0 F (" +tosb) — | F (")

L(z*+t*b) | ., LT (%)
> 0E TV D) i (o t»b‘—i.F* tob)],
= o b (Z + 07 ) ?”2(?”1)3 | (Z +to )‘
where j € Z4. Hence, for kg > 1 we get
* L(z" . *
O F (" + torgb)| = ZE ol 1 + b, 1yD)

2
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(ko—1)!Lko(2*) LFo(2*)
g VE G b 22 SR F (S b))
B 0! 1! (ko—1)! Ko/ e
<(7“2)k0+(7“2)k017“1 +'“+7“2(r1)k0 )L () [F (=" +1ob))|
_ R [F(" +toob)| K= (72}
— (Tz)ko ‘F(Z —l—tob)‘ ‘F(Z*—I—tob)‘ ]Zoj!(n) . (10)

In view of (5) we have |F(z* + toob)|/|F(z* + tob)| > Ps. Besides, this inequal-
ity holds

ko—1 J ko no
Z 4! 2) < ko! (r2/r)™ —1 < ng! " 2\
=0 T 7“2/7“1 -1 Tro — T T

Applying (7), we obtain

ko—1

F( toob)] ' ! no no
(=" +toob)| E j—= 2 >P _ T <T—2> =ng! (T—2> Py + 1.
r

|Fz +tob)| ro — 11 \T

It follows from (10), (6) and (8) that

L¥o(z¥) ri 2\ r \"
O F (" +tor,b)| > =—+ ( P. — no! " L(z)
‘ b (Z + 0ko )‘ (7"2)k0 < o ro—1T1 <’I”1> ) <L(Z*)>
k * n " ; -
EFE, ()" (g ()Y B )

ko! 79 To—T1 \I' n(]!PO

mn
Hence, P, < ng! (:—f) ’ (Po + ) which contradicts (7).

ro—7r1

Suﬂiciency We choose any two numbers 71 € (0,1) and r9 € (1,3). For a
given 20 € B" we expand the function g,o(t) = F(z" + tb) in a power series in
the disc {¢ : |t| < B/L(2%)} C S.0 F(2"+tb)=Y"r"_ by (2°)t™, where by, (2°) =

O F (2%)/ml. For r < % we denote
My(r,2°, F) = max{|F(z° + tb)| : |t| = r},
pp(r, 2%, F) = max{|by, (2°) 7™ : m > 0},

vp(r, 2, F) = max{|b, (2°)|r™ : by (2°)|r™ = pp(r, 2°, F)}.
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By Cauchy’s inequality up(r, 2°, F) < My(r,2°, F). But for r = 1/L(z") we
have

0 - 0 I pn(r, 2°, F)
Mb(TlT,Z 7F)§ z:o|bm(z )‘TmTTSHb(ﬂZ 7F) z:orr{nzl_irl
m= m=

Since vy (r, 2°, F) is monotone in r, we deduce

rar l/b(t> ZO» F)
t

In gy (o7, 2°, F) — In gy (1, 2°, F) = / dt

T
> (1, 2%, F) Inry.

Hence,
0 1 0 0
vp(r,z, F) < ] (In pp(ror, 27, F) — Inuy(r, 27, F))
1179

1

< l—{ln My (o7, 2°, F) — In((1 — 1) My (ry7, 2°, F))}
n7ro

In(1 — 1

U= L g (e 20, F) — I My, 20, F)). (1)

Inry Inry

Let Np(F, L, 2°) be the L-index in the direction b of the function F at the
point z°. It is obvious that

Nb(F,L,ZO) < Z/b(l/L(ZO),ZO,F) = Vb(ra ZovF)'

However, inequality (4) can be written in the following form

My | ——— F| <P My | ——— F.
b(L(ZO)’Z ) ) > 1(7“1,’]”2) b <L(2’0)’z ) >

Thus, from (11) we obtain Ny (2%, L, F) < Qo) PG for overy 20 €

Inre Inre

C™, ie. Np(F,L) < _Inlzry) y WPLre) heorem 4 s proved. O

Inre Inre

In view of proof of sufficiency in Theorem 4 the following lemma is valid.

Lemma 5. Let L € Qp(B"), F € Hyp(B"). If there exist numbers r, and
r9, 0 <11 <1 <1y <, and P, > 1 such that for every 2" € B" inequality (4)
holds then the function F' is of bounded L-index in the direction b.

We can relax sufficient conditions of Lemma 5, replacing the condition 0 <
r<l<ro<fBby0<r <ry<-4oo.
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Theorem 6. Let L € Qu(B") and F € Hy,(B"). If there exist vy and ry,
0 <7y <79 <, and P; > 1 such that for all z2° € B" inequality (4) is satisfied
then the function F' is of bounded L-index in the direction b.

Proof. Our proof is based on idea of Kuzyk and Sheremeta [12]. They
proposed this method to investigate the [-index boundedness of entire solutions
of linear differential equations. Later their idea was applied for entire functions
of bounded L-index in the direction [8].

Inequality (4) for 0 < r; < ro <  implies

ma {|F(zo +tb)[: |t] = Tffm ;H;;;}
<p max{|F(z0 +b)|: |t = %%} .
Putting L*(z) = %, we obtain
ma {|F(z0 )]sl = Z)QL*(ZO) }
< Py max {|F(zo )] = Z;L*(ZO)} , (12)

2r1 219 283 * _ 2L(z2) 281b|
where 0 < S <1 < =2- < == Clearly, L (z) = el e R EE

i.e., L* satisfies (1) and belongs to the class Qp(B") with Tffm instead of the
B. From the validity of inequality (12) we get that by Lemma 5 the function F’
has bounded L*-index in the direction b. And by Proposition 1 the function £

has bounded L-index in the direction b. O

The following theorem gives an estimate of maximum modulus by minimum
modulus. It was firstly obtained by Fricke [11] for entire functions of bounded
index.

Theorem 7. Let L € Qp(B"). If a function F € Hyp(B") is of bounded
L-index in the direction b then for each R, 0 < R < f3, there exist Po(R) > 1
and n(R) € (0, R) such that for every 2° € C" and some r = r(2°) € [n(R), R]
the inequality holds

max{|F(z°+tb)| : [t|=7/L(z°)} < Pomin{|F(z°+tb)| : |t|=r/L(z°)}.  (13)
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Proof. Our proof is based on the proof of appropriate theorem for analytic
functions in the unit ball [7].
Let Ny, (F,L) = N < 400 and R > 0. We put

R R,
R'— Jj— N
S(R+1) 7T aN T

Ry=1,10 = éRj (j=1,2,...,N).

Let 2Y € B", and Ny = Ny (2%, L, F) be the L-index in the direction b of the
function F' at the point 2%, i.e. Ny,(2°, L, F) be the least number my, for which
inequality (2) holds with z = 2. The maximum in the right part of (2) is
attained at mg. Obviously, 0 < Ny < N. For 2" € B" we develop F (zo +tb) in
series by powers t

O F(2°)
m!

F(2°4+tb)= Zb O™ by, (20) =

We put (Im(ZO) = ‘ETSL((ZZ(:))J = L(?LILI;.((ZO))‘
am(2) = Roam(2°) holds. There exists the least number ng € {0,1,..., No}
such that for all m € Z an,(2°) > am(2°) Rny—ne-

Thus, an,(2°) > an, (2°) Rng—ne and a;(2") < an, (2°)Rn,—; for j < ng, be-
cause if aj, (2°) > an, (2°) Ry j, for some jo < ng, then ajy (2%) > am (2°) Rny—jo
for all m € Z; and it contradicts the choice of ng. In view of a;(z%) <
any(Z°)Rnog—; (5 < mo) and an(2Y) < an,(2°) (m > ng) for t € S,0 and
t] = 72 700y "No—no We have

For any m € Z the inequality ay, (") >

|F(20 +tb)] = [by (22)™ + > b ()™
m;éno
> b (ZO)[[E" = > 1o ()] 1E™
m#no
= g ()R s — > am (2O
m##0
= ano(zo)rxf(:rno — Z aj(zo)rgvofno— Z am(zo)r?\}ofno
7j<ng m>ng
ZaNo(ZO)RNO*noTRf(())—no Z aNo(ZO)T?Vlofno
m>ng

1
any (°)re

0 n 0
2 an, (Z )RNO*nOT]\/'OO—nO — NoAN, (Z )RNO*nO‘Fl - 1—rn
0—"0
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o 1o N n T"No—ng
= any( )(RNO 0" No—no ~ 17y TNo=m0"No—no ~"No—na m)
1 1
0
> an, (Z ) <RN0—710T?\/%—710 - ZRNo—norJ\/% no ZRN()—TZOT]%—M)
1 0 no
= 5‘11\70(2' )RNO*nOTNO—nO' (14)
For t € 5.0 we also have
[o¢]
IF (20 + tb)| < Z b O™ =D am(20)rR g
m=0
aNo(Z ) aNo(zO) 8 0
< = < = - . 15
aNO Z TNO —no 1 _ TNO—TLO — 1 _ 1/8 7@]\[0(2 ) ( )

From (14) and (15) we obtain
8

max{\F(zO +tb)| : |t| = rNy—no/L(z } < 7aNO( O)
16 1 _ 0 T'No—n
< 7RNO - TN(?OHO mln{|F(z +tb)|: |t| = LEZO)O}
16 1
< 76R—'r min {|F (2 +tb)| : [t| = rng—no/L(z°)},
i.e. (13) holds with Py(R) _ 16 (R)=r and r =7 O
. w = = = = —ng-
2 7RN7']J\\;’ n N 8RN No—ng

Below we will prove the sufficient conditions which are partially symmetric
to necessary conditions from Theorem 7.

Theorem 8. Let L € Qu(B"), F € Hy(B"). If there exists R € (0,3/2)
(or if there exists R € [$/2,5) and (Vz € B"™) : L(z) > 26|b|) and there exist
P, > 1, n € (0,R) such that for all 2° € B™ and some r = r(2°) € [n, R]
inequality (13) holds, then the function F' has bounded L-index in the direction
b.

Proof. Our proof is based on the proof of appropriate proposition for ana-
lytic functions of bounded L-index in direction [5]. In view of Theorem 6 we
need to show existence P; such that for all z0 € B"

max {|[F(z° + tb)| : [t| = (8 — R)/L(°)}
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< Prmax {|F(z° +tb)| : [t| = R/L(z")} . (16)

Assume that there exist R € (0,3/2), P» > 1 and n € (0, R) such that for every
2V € B" and some r = r(2°) € [, R] we have

max {|F(2° +tb)| : |t| = r/L(z")}
< Pymin {|F(z" + tb)| : |t| = 7/L(z")}.

Denote L* = max {L(zo—i—tb) st SB/L(ZO)}, po = R/L(Z°), pr = po +

kn/L*, k € Zy. We obtain 7& < L—R* < L(Ijo) = L(ﬁzo) - 5(_201% Therefore, there

exists n* € N, independent of z° and such that Pp—1 < % < pp < %, for
some p = p(zY) < n*. It is possible because L € Q1,(B"). Ar first, one has

(2 )/ (1) = 0
ﬁ—RmaX{L(zo—i—tb) B }<5—R

T I E

— <
<
Therefore, n* = [% )\b(ﬁ)] , where [a] is an entire part of number a € R. Let

|F(2° + t3*b)| = max{|F(2° + tb)| : t € ¢}, cxp = {t € C : |t| = py}, and ¢

be the intersection point of the segment [0, ¢;*] with the circle ¢;_;. Hence, for
*

every r > n and for each k < n* we get the inequality [t;*—t;| = 7& < m.
k

Thus, for some r = r(z° + t;b) € [n, R] we deduce
|F(2° +t"b)| < max {|F(2° +tb)| : [t — t}| = r/L(z" + t;b)}
< Pymin {|F(z" +tb)| : [t — t§| = r/L(z° + t;b)}
< Pymin {|F(2° + tb)| : [t — t§| = r/L(2° + t;b), |t — to| < pr_1}
¢ < Pymax{|F(z° +tb)| : t € c;_1}.

Hence,

max {|F(2° +tb)| : |t| = (3 — R)/L(z")}
< max{|F(z° +tb)| : t € ¢,} < Pymax{|F(z* +tb)|: t € c,_1}
<. < (P)Pmax{|F(z° +tb)| : t € co}
< (Po)"™ max {|F(z° + tb)| : |t| = R/L(z°)} .

We get (16) with P, = (P2)" . Thus, for R € (0,3/2) Theorem 8 is proved.
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Now, suppose that R € [3/2,5) and (Vz € B") : L(z) > fﬂlj‘. Then in-

equality (13) can be rewritten as

max{|F(zO + % -2b)| : |t/2] = LQQ%)}

< Pymin {\F(zo + 5 2b)]:[1/2] = LQ/Z%) } .

Denoting ¢’ = t/2, one has

max{|F(z0 +t2b)]: || = L’“(/j)}

- 0 S /2
< PQHllIl{|F(Z +t'-2b)|: ] = L(zo)}'
Since r < R € [3/2,3), we have r/2 < R € [3/4,/2) C (0, 3/2). Therefore, as
shown above the function F' has bounded L-index in the direction 2b, but by
Lemma 2 the function is also of bounded L-index in the direction b. O

3. Estimate of directional logarithmic derivative

In this section we deduce an analog of logarithmic criterion for function from
the class ﬁb(B"). The one-dimensional analog of the criterion is efficient to
investigate boundedness of [-index of infinite products [9, 19, 18]. As necessary
conditions the criterion was obtained by Fricke [11, 10] for entire functions of
bounded index.

Below we prove the criterion of L-index boundedness in direction, which
describes behavior of directional logarithmic derivative and distribution of zeros.
We need the additional denotations.

Denote

G (F)=GP(F):= |J {z+tb:[t] <r/L(2)}. (17)
z: F(2)=0

By n(r, 29, 1/F) = ZW%\ST 1 we denote a counting function of zeros ag,

where a are zeros of the function F(z° + tb) for a given 20 € B™.

Theorem 9. Let F € Hy,(B"), L € Qp(B"). If the function F has
bounded L-index in the direction b then
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1) for every r € (0, 3] there exists P = P(r) > 0 that for each z € B"\GP(F)

‘ OpF(2)
F(2)

< PL(2); (18)

2) for every r € (0, 8] there exists n(r) € Z,. such that for each 2° € B" with
F(z" +tb) £ 0,
n(r/L(z°),2°,1/F) < n(r). (19)

Proof. Our proof is based on the proof of appropriate proposition for ana-
lytic functions of bounded L-index in direction [7].

First, we prove that if the function F'(z) is of bounded L-index in the
direction b, then for every 20 € B"\GP(F) (r € (0,0]) and for every a* =
20+ a%b the following inequality holds

r[bl
2L(Z0)A3 (20,7)

0

|27 —ax| > (20)

On the contrary, we assume that there exist 20 € B"\GP(F) and @* = 20+ a)b

such that \zo —ag| < r[bl r|b| (bl
~ 2L(Z0)AD (20,r) T 2L(20)  L(29)

But for A the following estimate holds L(a*) < A% (2, r) L(2°) and |2" —a¥| =

. Hence, |a?| < ﬁ

bl -|a| < %, ie. |ad] < ﬁ. It contradicts 20 € C"\GP(F). In fact, in
(20) instead of AB (2%, r) we can take AB (r).
We choose in Theorem 7 R = 2/\+(). Then there exists P, > 1 and
2 (r

n € (0,R) such that for every z° € B" and some r* € [n, R] inequality (13)
holds with r* instead of r. Therefore, by Cauchy’s inequality

ZO ¥
o () < 2 {2 4 0b) s o=}
ZO 7“*
< pt %mmﬂ£+mwuwaﬁ. (21)

In view of (20) the set {zo +tb:|t| < W} does not contain zeros of

the function F(z° + tb) for every 20 € B"\GP(F). Therefore, applying the
maximum modulus principle to 1/F, as a function of ¢, we have

|F(2)| > min{\F(z0+tb)| ] :T*/L(zo)}. (22)
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Inequalities (21) and (22) imply (18) with P = P»/n.
Now we prove that if F'is of bounded L-index in the direction b then there
exists P3 > 0 such that for every 2" € B" (F(z° + tb) #£ 0), r € (0,1]

n(r/L(z°), 2%, 1/F) min{|F(zO+tb)\ : |t|:r/L(z0)}
< Pymax {|F(z0 +tb)| : |t|:1/L(zO)}. (23)

By Cauchy’s inequality and Theorem 4 for all ¢t € S,o such that |[t| = 1/L(2°)
we have

max {[F(:0)] : 10-1|=" )

O F (2 +tb)( < e

max { |0, F(2° + tb)| : || =1/L(z°)}

L(2°)
3—1
L(ZO) 0 /8
< N = —
<5 max{|F(z +tb)| : | L(ZO)}
1
L(2°) max {\F(20+tb)| |t = L(zo)} . (24)
If F(z° 4 tb) # 0 on a circle {t € S,o : [t| =7/L(z")} then
0
L(z9) F 2mi F(z0 + tb)
G
max{‘@bF(zo—i—tb)‘ )t = r/L(ZO)} ,
min {|F (20 + tb)| : [t| =r/L(z°)} L(29)°
From (24) and (25) we have
n (r/L(2°),2°,1/F) min {|F(2° + tb)| : [t| = r/L(z°)}
< ﬁmaxﬂ@bF(zo +tb)| : |t = r/L(z")}
< 1
— L(29)
< PL(1,8) /(8 — 1) max {|F(:° + tb)] : | = 1/1(:0)}
Thus, we obtain (23) with Py = P;(1,3)/(8—1). If the function F(z" +tb) has
zeros on the circle {t € Df; . [t) =7/L(z")}, then inequality (23) is obvious.
Now we put R = 1 in Theorem 7. Then there exists P = P5(1) > 1 and
n € (0,1) such that for each z° € B" and some r* = r*(z") € [n, 1]

max {\F(z0+tb)| = #zo)} < Pymin {\F(z0+tb)| = LZO)}'
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Moreover, by Theorem 4 there exists P; > 1 such that for all 2% € B”

max {|F(z° + tb)| : [t| = 1/L(")}
< Pi(1,n)max {|F(z° + tb)| : |t| =n/L(z")}
< Py(1,n)max {|F(z°+tb)| : [t|=r*/L(z°)}
< Pi(1,7)P; min {\F(ZO + tb)]| : |¢] :r*/L(zo)} .

Taking into account (23), we have

n <LZO) 20, %) min {|F(zo+tb)\ [t = LZO) }

. 0 . — r
< P3P, Py min {|F(Z +tb)‘ : |t|_ L(ZO) } ’

ie. n (LZO)’ %) < Pi(1,n)P>Ps. Hence,

Pl(l,T])PQ(l)Pl(l,?” + 1)

r

* 1
n( i >20>F><P4:P1(1>77)P2P3:

If r € (0,n] then property (19) is proved.
Let r € (n,0] and L* = max {L(zo +1tb) : |t] = ﬁ} Using properties

of QF, WeEave L* < AP(r)L(2%). Put p = W R = ﬁ We can cover
every set K = {20+ tb : |t| < R} by a finite number m = m(r) of closed
sets Kj = {2 +tb : |t — t;| < p}, where t; € K. Since 5—t— < & <

_ AB(r)L(z%) — L~
m in each K; there are at most [P] zeros of function F(2° + tb). Thus,

(L(ZO 20 1/F> < n(r) = [Py m(r) and property (19) is proved. O

By n,o(r, F) = ny(r,2°,1/F) = E|ao‘<r 1 we denote counting function of
zeros aj) for the slice function F(z" + tb) in the disc {t € C: [t| < r}. If for
a given 2z € C" and for all t € C F(2° +tb) = 0, then we put n,o(r) = —1.
Denote n(r) = sup,ecn n2(r/L(2)).

Theorem 10. Let L € Qp(B"), F' € Hy(B"), B" \ G(F) # 0. If the
following conditions are satisfied:

1) there exists 1 € (0,3/2) (either there exists 1 € [3/2,3) and (Vz € B") :
L(z) > 2mb') such that n(r1) € [—1; 00);

B
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2) there exist ro € (0,3), P > 0 such that 2ry - n(r1) < r1/Ap(r1) and for
all z € B"\G,,(F') inequality (18) is true;

then the function F' has bounded L-index in the direction b.

Proof. Our proof is based on the proof of appropriate proposition for ana-
lytic functions of bounded L-index in direction [5]. Suppose that conditions 1)
and 2) are true.

At first, we consider the case n(r;) € {—1;0}. Then in the best case the
function F' can only identically equals zero on the complex line z* + tb for
some z* € B", i.e., F(z* 4+ tb) = 0. For all points lying on such complex lines
inequality (13) is obvious.

Let z° € B"\ G,,. For any points ¢ and t5 such that |t;| = Iy J € {1,2},
one has
F(2" +tsb 21 0pF(2° +tb
F(2% +t;b) F(z0 +tb)

to
<p / L(z0 + tb)|dt| < PAp (r2) L(2°) 2 < mra PAp (12)

t1 L(ZO)
(we also use that L € Qp(B™)). Hence,

max{|F(z°+tb)\ ] = LZO)}

. 0 . . n
<P mln{|F(z +tb)|: |t| = L(zo)}’

where P = exp {mry PA2 (r2)}. Therefore, by Theorem 8 the function F has
bounded L-index in the direction b.
Let 71 > 0 be a such that n(r1) € [1;00) and 2n(r1)re < r1/Ap(r1). Put
= m - n(’l”l) > 0. Clearly, T9= m
Under condition 1) each set K = {z +tb: |t < £ )} has no more n(ry)

zeros of the function F, where F(z° 4 tb) # 0.

Under condition 2) there exists P > 0 such that \a}lgf )\ < PL(z) for every

z € BY\G,,, i.e., for all z € K, lying outside the sets {zo +tb: [t—al| <

m }
where a) € K are zeros of the slice function F(2° + tb) # 0. By definition Ay,

we obtain L(z")/Ap(r1) < L(z" + alb). Then \B%I?Z) | < PL(z) for every point

z € B"™, lying outside union of the sets

T2 Ap(71) _ 1 }
L(z9) 2(n(r1) + ¢)L(2%) |

cgz{zo-l—tb:\t—ag\g
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rin(ry)
i +ILE) <
riymin{l,c}
2(n(r1)+c) —

The total sum of diameters of the sets cg does not exceed the value

L(Zlo). Hence, there exists a set ¢* ={z" +tb : [t| = yrEd) }, where

n < r < 1, such that, for all z € & one has ‘&,lz(;)' < PL(z) < PA\p(r)L(2°) <

Py, (r1) For any points z; = 2° + t;b and 29 = 2% + t3b with ¢® one has

F(2° + t2b) t? O F(2° + tb) |
F (29 +t1b) F(29 + tb)
< P 0 A
2(r1) L(z )L( 0y = (r2)Ab (r1) -
Therefore,
0 gl " : 0 ="
max{|F(z +tb)| : |t|= L(ZO)}<P2m1n{|F(z +tb)| : |t|= L(ZO)}’ (26)

where Py = exp {nr1 P(12)\p (r1)}. If F(2° 4+ tb) = 0, then inequality (26) is
obvious. By Theorem 8 the function F'(z) has bounded L-index in the direction
b. Theorem 10 is proved. U
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