International Journal of Applied Mathematics

Volume 34 No. 3 2021, 471-483

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
doi: http://dx.doi.org/10.12732/ijam.v34i3.4

UNIQUENESS OF DIFFERENCE DIFFERENTIAL

POLYNOMIALS OF L-FUNCTIONS CONCERNING
WEIGHTED SHARING

Nintu Mandal! §, Nirmal Kumar Datta?

Department of Mathematics
Chandernagore College, Chandernagore
Hooghly — 712136, West Bengal, INDIA

2Department of Physics, Suri Vidyasagar College
Suri, Birbhum — 731101, West Bengal, INDIA

Abstract: In this paper, we mainly investigate the value distributions of dif-
ference differential polynomials of L-functions. Concerning small and rational
functions sharing we prove uniqueness theorems on difference differential poly-
nomials of L-functions. The results improve some recent results of W.J. Hao,
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1. Introduction

The Riemann hypothesis and its extension to the general classes of L-functions
is the most important open problem in today’s pure mathematics. In the mod-
ern number theory the L-functions play very important role.

L(z) =372 a(n)/n? is said to be an L-function in the Selberg class if it
satisfies the following assumptions:

(i) a(n) < n¢, for every € > 0;
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(ii) There exists an integer k& > 0 such that (z — 1)¥L(2) is a finite order
entire function;

(iii) Every L-function satisfies the functional equation Az (z) = wAr(1 — %),
where A1 (z) = L(2)Q* Hle ['(v;z + v;) with positive real numbers @, 7; and
complex numbers v;, w with Rer; > 0 and | w |= 1;

(iv) L(z) = ]I, Lp(2), where L,(2) = exp(3_3, b(p*)/p**) with coefficients
b(p") satisfying b(p*) < p*? for some 6 < 1/2 and p denotes prime number.

If L satisfy only the assumptions (i)-(iii), then L is an L-function in the
extended Selberg class. In this paper by an L function we always mean an L
function in the extended Selberg class with a(1) = 1. Using Nevanlinna Value
Distribution theory we study how uniquely difference differential polynomials of
L-functions be determined in the extended Selberg class. We use the standard
notations and definitions of the value distribution theory, [4].

Let « € CU{oo} and &, 1 be meromorphic functions in the complex plane.
The set of all the a points of £ with multiplicities not exceeding [ is denoted
by Ep(o;€)(Ep(a;€)), where I is a positive integer and we consider(ignore)
the multiplicities of the « points. We define the hyper order py(§) of £ by
p2(§) = limsup,_, %. We denote by S(r,&) any function satisfying
S(r,&) = o(T(r,§)) as r — oo , outside a possible exceptional set of finite
linear measure. We say that £ and ¢ share o« CM if they have the same set of «
points with the same multiplicities and if we do not consider the multiplicities
then we say that £ and 1 share a IM.

Definition 1. [7] Let £ be a meromorphic function defined in the complex
plane. Let n be a positive integer and o € C U {oo}. By N(r,a;¢ |< n) we
denote the counting function of the « points of ¢ with multiplicity < n and
by N(r,a;€ |< n) the reduced counting function. Also by N(r,a;& |> n) we
denote the counting function of the a points of ¢ with multiplicity > n and by
N(r,a;& |> n) the reduced counting function. We define

No(r,e;:€) = N(r,a; &) + N(r,o;€ [>2) + -+ N(r, ;£ |> n).

Definition 2. [7] Let £ be a meromorphic function defined in the complex
plane and P(Z) be a small function of £ or rational function. Then we denote by
N(r,P;&|<m), N(r, P;& [<m), N(r, P;& |>m), N(r, P;§ |> m), Ny, (r, P;€)
etc. the counting functions N(r,0;& — P |[< m), N(r,0;¢ — P |< m), N(r,0;& —

P |>m), N(r,0;£ — P |>m), Ny(r,0;& — P) etc., respectively.
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Definition 3. [5, 6] Let £ and v be two meromorphic functions defined in
the complex plane and n be an integer (> 0) or infinity . we denote by E,,(a; &)
the set of all zeros of £ — a where & € C U {oo} and a zero of multiplicity k is
counted k times if £ < n and n + 1 times if £ > n. we say that &, ¢) share «
with weight n if E,(a; &) = E,(a;v).

We say &, ¢ share (a,n) to mean that £, ¢ share  with weight n. Clearly
&, 1 share a IM or CM if and only if £, ¢ share («,0) or (a, 00), respectively.

In 2010 Li [8] proved the following theorem.

Theorem 4. [8] Let £ be a nonconstant meromorphic function having
finitely many poles and L be a nonconstant L-function. If { and L share (a, o0)
and (3,0) then L = £, where o and (3 are two distinct finite values.

Definition 5. [10] Let £ be a meromorphic function defined in the complex
plane and P(z) be a rational function or a small function of £. Then we denote
by Em)(P7£)> Em)(Pa §) and Ep,(P;§) the sets Em)(();g - P), Em)(();g - P)
and E,,(0;¢ — P), respectively.

We write &, 1 share (P,n) to mean that £ — P, ¢ — P share the value 0 with
weight n. Clearly if £, ¢ share (P,n) then &, ¢ share (P,m) for all integers
m,0 < m < n. Also we note that £, ¥ share P IM or CM if and only if £, ¥
share (P,0) or (P, 00), respectively.

Considering differential monomial in 2017, Liu, Li and Yi [9] proved the
following uniqueness theorems.

Theorem 6. [9] Let j > 1 and k > 1 be integers such that j > 3k + 6.
Also let L be an L-function and £ be a nonconstant meromorphic function. If
{693 ®) and {L7}*) share (1, 00), then £ = aL for some nonconstant a satisfying
ol =1.

Theorem 7. [9] Let j > 1 and k > 1 be integers such that j > 3k + 6.
Also let L be an L-function and £ be a nonconstant meromorphic function. If
{693 ®) () and {L7}*)(2) share (z,00), then & = oL for some nonconstant o
satisfying of = 1.

Considering differential polynomials in 2018, W.J. Hao and J.F. Chen [3]
obtained the following uniqueness results on L-function:



474 N. Mandal, N.K. Datta

Theorem 8. [3] Let £ be a nonconstant meromorphic function and L be
an L-function such that [¢"(€ —1)™]™) and [L"(L —1)"]") share (1,00) , where
n,m, 7 € Z*. If n > m+37+6 and 7 > 2, then, £ = L or, {"(6 — 1)™ =
L(L —1)™.

Theorem 9. [3] Let £ be a nonconstant meromorphic function and L be
an L-function such that [£"(€ —1)™](") and [L™(L — 1)™](") share (1,0), where
n,m,7 € Z*. If n > 4m + 71 + 11 and 7 > 2, then, £ = L or, (6 —1)™ =
L™"(L —1)™.

In 2019 W.Q. Zhu and J.F. Chen [17] using truncated sharing proved the
following uniqueness theorem.

Theorem 10. [17] Let L be an L-function and £ be a transcendental
meromorphic function defined in the complex plane C. Also let n, k(> 2),
I(> 2) be positive integers such that n > Tk +17. If Ej(1, (§"(§ — 1)k) =
Ep (1, (L"(L —1))®), then f = L.

Considering truncated sharing of small functions in 2020 Mandal and Datta
[10] proved the following theorem.

Theorem 11. [10] Let L be a nonconstant L-function and p be a small
function of L such that p # 0,00. If Eq(p; L) = Ey)(p; (L) k), Eyy(p; L) =
Eoy(p; (L™)®)) and 2No 4 (r,0; L™) < (0 + o(1))T(r, L), where m > 1, k > 1
are integers and 0 < o < 1, then L = (L)),

Now the following questions come naturally.

Question 12. If we consider rational or small function sharing in Theorem
8, Theorem 9 and Theorem 10, then what happens?

Question 13. Can we take difference differential polynomials in place of
differential polynomials in Theorem 8, Theorem 9, Theorem 10 and Theorem
117

Definition 14. [5] Let two nonconstant meromorphic functions £ and
share a value o IM. We denote by N,.(r,a;&,1) the counting function of the
a-points of £ and v with different multiplicities, where each a-point is counted
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only once.

Definition 15. Let two nonconstant meromorphic functions £ and
share a value a IM. We denote by N(r,;&| > 1)) the counting function of the
a-points of ¢ and v with multiplicities with respect to £ is greater than the
multiplicities with respect to v, where each a-point is counted once only.

Definition 16. Let two nonconstant meromorphic functions £ and v share
a value o IM. We denote by Ng(r,a;&,9| > m) the counting function of the
a-points of ¢ and 1 with multiplicities greater than m and the multiplicities
with respect to £ is equal to the multiplicities with respect to ¢, where each
a-point is counted once only.

In this paper we try to solve Questions 12, 13 and prove the following
theorems.

Theorem 17. Let L be a nonconstant L-function and £ be a transcen-
dental meromorphic function. Let T7,n,n,p1;(j = 1,2,....,n), A = Z?:l w; be
positive integers such that n > A+n(27+4)+4 andw; € C—{0} (j =1,2,....,n)
be distinct constants. Also let pa(L) < 1, pa(§) < 1, [L"(2) []], L(z+w;)H )
and [£"(z) ;7:1 (2 +w;j)* )7 share (p(2),1) and &, L share (00,0), where p(2)
is a small function of ¢ and L. If | =0 andn > A+ (n+ 1)(57 +7) orl =1
and n > A+ 3(n+ 1)(27 + 3), then one of the following holds:

(i) [L(2)" T2y Lz + w))P ] = [6(2)" 1]y (= + wj)] ),
(ii) [L(2)" TT]=y Lz + @)D ()" T2 €z + wi)P] ) = p(=)?.

Theorem 18. Let L be a nonconstant L-function and £ be a transcenden-
tal meromorphic function. Let 7,n,n, u;j(j = 1,2,....,1m), A = >.7_, u; be posi-
tive integers such that n > A+n(2r7+4)+4 andw; € C—{0} (j =1,2,....,n) be
distinct constants. Also let pa(L) < 1, p2(§) < 1, [L"(2) [[7=; L(z + w;)]()
and [£"(z) ;-7:1 (2 + w;)*)(7) share (R(z),1) and &, L share (c0,0), where
R(z) is a rational function. If | =0 and n > A+ (n+ 1)(57 +7) or I = 1 and
n > A+ 3(n+1)(2r + 3), then one of the following holds:

(i) [L(2)" [T]=y L(z +w))"]7 = [€(2)" TT]=; &(= + wj)a] ™),

(ii) [L(2)" TTj=y L(z +w)"] D [E(2)" TT]=y €(z + wj)m]7) = R(2).
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2. Lemmas

In this section we present some necessary lemmas.
Henceforth we denote by €2 the function defined by

(I)l/ 2@/ ‘I,l/ 2‘111

T U T T

Lemma 19. [12] Let L be an L-function with degree q. Then T'(r,L) =
Irlogr + O(r).

Lemma 20. [10] Let L be an L-function. Then N(r,o0; L) = S(r,L) =
O(logr).

Lemma 21. Let £ be a nonconstant meromorphic function and L be an
L-function. If £ and L share (00,0), then N(r,00;&) = S(r, L) = O(logr).

Proof. Since ¢ and L share (00, 0), therefore by lemma 20 we have N (r, 00; &) =
N(r,00; L) = S(r, L) = O(logr). This completes the proof. O

Lemma 22. [16] Let {(z) be a nonconstant

" Bot Bzt ot Brmz™
rational function defined in the complex plane C, where ag, v, ..., oy, (# 0) and

Bos 1y - Bm (# 0) are complex constants. Then T(r,&) = maxz{m,n}logr +
O(1).

Lemma 23. [13] Let £ be a transcendental meromorphic function of hyper
order ps(§) < 1. Then for any a € C—0 :

T(r,&(z + o)) =T(r,&(2)) + 5(r,£(2)),
N(r,00;§(z + a)) = N(r,00;£(2)) + 5(r, £(2)),
N(r,0;€(z + ) = N(r, 0;£(2)) + S(r,£(2))-

Lemma 24. [11] Let ® and ¥ be two nonconstant meromorphic functions
sharing (1,1) and (00,0). If Q2 # 0, then

T(r,®) < Na(r,0;®)+ No(r,0;¥) + gﬁ(r, 00; ®) + N(r,00; ¥)
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+ Ni(r,o0;®,V) + 5]\7(7“,0;(1)) +S(r, @) + S(r,¥),

T(r,¥) < Ny(r,0;®)+ Nao(r,0; ¥) + gﬁ(r, 00; ¥) + N(r, 00; ®)

_ 11—
+ Ni(r,o0;®,V) + 5]\7(7“,0;‘1’) + S(r, @)+ S(r, V).

Lemma 25. [11] Let ® and ¥ be two nonconstant meromorphic functions
sharing (1,0) and (00,0). If 2 # 0, then

T(r, ®) No(r,0; ®) + No(r,0; U) + 3N (r, 00; ®) + 2N (r, 00; ¥)
N*(T‘, oo; @, V) + QN(’I”, 0;P) + N(T‘, 0; ¥)

S(r,®)+ S(r, ),

+ + IA

T(r, V) No(r,0; @) 4+ No(r,0; ¥) + 3N (r,00; ¥) 4+ 2N (r, c0; D)
N*(r, oo; &, W) + QN(T‘, 0;0) + N(T‘, 0; @)

S(r,®)+ S(r,¥).

+ + IA

Lemma 26. [15] Let ® be a nonconstant meromorphic function and k, p
be two positive integers. Then

T(r, %)) < T(r,®) + kN (r, 00; ®) + S(r, @),
Np(r,0; %)) < T(r, @) — T(r, ®) + N,y1(r, 0; ) + S(r, @),
Ny(r,0; M) < N, 4(r,0;®) + kN (r, 00; @) + S(r, @),

N(r,0; @(k)) < N(r,0;®) + EN(r,00; ®) + S(r, ®).

Lemma 27. [2] Let £ be a transcendental meromorphic function of hyper
order p2(§) < 1 and ¢(z) = ;-7:1 E(z+wj)Hi, wheren,n, pj (j =1,2,....,m), A =
2?21 s;j are positive integers and ¢; € C — {0} (j = 1,2,....,nm) be distinct
constants. Then

(n=XT(r,§) +S(r,§) <T(r,£"¢) < (n+ NT(r, &) + 5(r,€).
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3. Proof of the Main Results

Proof of Theorem 17.

. . 2)"é(2))(T)
Let ¢(2) = [T0oy (= +wi)h, 9(2) = [T1oy L(z +wj), @(z) = LoD

and ¥(z) = %. Then ®, ¥ share (1,1) and ®, ¥ share (00, 0) except
for zeros and poles of p(z).
Clearly by Lemma 19, L is a transcendental meromorphic function. We

have by Lemma 26 and Lemma 27:

Na(r, 0; @) Na(r,0; (€"9) ™)) + S(r,€)

T(r, (€"¢) ) — T(r,£"¢) + Noir(r,0;€"0) + S(r,€)

n 4)(7)
) = (0= NI + Ny (0,670

S(r,€). (1)

Hence we get from (1)

VANVA

IN

T(r,

+

(n—=XNT(r,&) <T(r,®) — Nao(r,0; ®) + Noy,(r,0;£" @) + S(r,&). (2)
Similarly we get
(n—=XN)T(r,L) <T(r,¥) — No(r,0; W) + Noy,(r,0; L") + S(r,L). (3)

Now we have to consider the following two cases:

Case 1. Let © # 0. In this case we have to consider the following two
subcases.

Subcase 1.1. Let [ = 0. Hence by Lemma 20, Lemma 21 and Lemma 25,
we have from (2):

(n—=XNT(r,€)

No(r,0; @) + No(r,0; ¥) + 3N (r, 00; D)

2N (r,00; ) + N,(r,00; ®, V) + 2N (r,0; ®)

N(r,0; %) — No(r,0;®) + Noyr(r,0;6"¢) 4 S(r, &) + S(r, L)

+ + IA

< Nay(r,0;®) + Na(r,0; ¥) + 2N (r,0; ®) + N(r,0; ¥)
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Na(r,0; @) + Noyr(r,0;"¢) + S(r, &) + S(r, L)

Na(r, 05 (€79) ™) + No(r, 0; (L") ) + 2N (r, 05 (£"¢)™)
N(r, 05 (L)) = No(r, 05 (€)™ + Noyr (r,0:€"9)
S(r,&) + S(r, L)

No(r, 0; (L") 7)) + 2N (r, 0; (£"$) ™)) + N(r, 0; (L))
Noyr(r,0;"¢) + S(r,§) + S(r, L)

Notr(r,0; L") + 2N147(r, 056" ¢) + Nigr (r, 0; L")
Noyr(r,0;"0) + S(r,§) + S(r, L)

2+ 4+nT(r,L)+2(r+1)(n+ 1)T(r,8)

(t+ 1)+ 1DT(r, L)+ 24+ 7)1 +n)T(r,¢)

S(r,&) 4+ S(r,L)

B+2n) A 4+n)T(r,L)+ BT+ 4)(n+ 1)T(r,¢)
S(r,&)+S(r, L). (4)

IN + + IN + IN + IN + + N

_l’_

Similarly by Lemma 20, Lemma 21 and Lemma 25, we have from (3):

(n—=MNT(r,L) < (342711 +n)T(r,&)+ (37 +4)(n+1)T(r, L)
+ S(r,&) 4+ S(r,L). (5)

Hence we get from (4) and (5)

(n=M{T(r,L)+T(r, )} < (T+57)Q+n){T(r,L)+T(r,&)}
+ S(r&) +S(r,L). (6)

From (6) we arrive at a contradiction, since n > A + (7 + 57)(1 + 7).

Subcase 1.2. Let [ = 1.
By Lemma 20, Lemma 21 and Lemma 24 we have from (2):

(n = AT(r,€)
No(r,0;¥) + gﬁ(r, o0; ®) + N(r,00; ¥)

IN

N, (r,00;®, W) + %N(T‘,O; D) + Noyr(r,0;£"0)
S(r,&)+S(r, L)

No(r, 05 (")) + 5 N, 0:679)

N(r, 05 (L") ) + Noyr (r, 0:679) + S(r,€) + S(r, L)

N+ +

_l’_



480 N. Mandal, N.K. Datta

2+7)1+n)T(r,L)+ %(T +1)(n+1)T(r,¢)
24+7)1+n)T(r,&) + S(r,&) +S(r, L)

2+7)14+n)T(r, L)+ %(37 +5)(n+1)T(r,§)

+ S(r,&)+S(r,L). (7)

(
(

IN + A

Similarly we have by Lemma 20, Lemma 21 and Lemma 24 from (3):

(n—=MNT(r,L) < Q2+7)1+n)T(r¢) + %(37 +5)(n+ 1)T(r,L)
+ S(r,&) 4+ S(r,L). (8)

Using (7) and (8) we get

(n—=M{T(r,L) +T(r,&)} < %(9+57)(1+"7){T(7“,L)+T(7“,§)}
+ S(r,&) +S(r,L). (9)

Hence from (9) we arrive at a contradiction, since n > A+ 3(9 + 57)(1 +n).

Case 2. Let Q = 0. Then (%/,/ - %) - (‘fl’,—l,/ - \I%—‘E’ll) =0.
Hence we have U1
d-1=— " 10
b—c(¥—1) (10)
where b(# 0) and c¢ are constants.

Now we have to consider the following two cases.

Subcase 2.1. Let ¢ = 0. Then from (10) we have

®—1= . (11)

If b # 1, then from (11)
N(r,0;®) = N(r,1 — b; ). (12)

By Lemma 20, Lemma 26 and the second fundamental theorem, we have from
(3)
(n—=AN)T(r,L)
= T(r,¥) — No(r,0; V) + N, 1o(r,0; L") + S(r, L)
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IN

N(r,0; %) + N(r,1 —b; V) + N(r,00; ¥)
No(r,0; ) + Nyyo(r,0; L") + S(r, L)
N(r,0;¥) + N(r,0;®) — No(r,0; ¥)
N4 (r,0;17) + S(r, L)
N5, 05 (€°6)7) + N(r,0: (L")7)) + Ny y(r,0; L") + S(r, L)
Ny i1 (1, 0:€76) + Nysr (r, 0 L") + Ny g (r, 03 L") + S(r, L)
(t+ 1)+ 1)T(r,L) + (1 +1)(n+ 1)T(r,€)
(t+2)(n+ 1)T(r,L) + S(r, L)
2r+3)(n+1)T(r, L)+ (t+ 1)(n+ 1)T(r,§)
S(r,L)+ S(r,¢). (13)

IN 4+ IAN AN+ IA

_l’_

Similarly we have from (2)

n—=X\NT(r,¢) < 2r+3)n+1D)TrE + (r+1)(n+1)T(r,L)
+ S(r,L)+ S(r,¢). (14)

From (13) and (14) we have

(n=N(T(r, L) +T(r,¢)) < Br+4)(n+1)(T(rL)

+ T(r,§&)+ S(r,&)+ S(r,L). (15)

From (15) we arrive at a contradiction since n > A + (37 +4)(n + 1).
Hence b =1 and therefore we get from (11)

L”HL Z 4+ w;)H] (T = g”HgZ_i_w ,u,]](T)

Jj=1 Jj=1

Subcase 2.2. Let ¢ # 0 and b = —c.
If ¢ = 1, then from (10) we have ®¥ = 1. Hence

L"HL 2 4 w;)H §”Héz+w] 1)) = p(z)2.

7=1 Jj=1
If ¢ # 1, then from (10) we have % = %
Hence N(r,0;®) = N(r, ﬁ% ).

Now proceeding as in Subcase 2.1. we arrive at a contradiction.
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If ¢ = 1, then from (10) we have

—b

(I) U—bh—1

By Lemma 21 we have from (16)

N(r,C +1;¥) = N(r,00;®) = N(r,00;¢) + S(r,L) = S(r, L).

Now proceeding as in Subcase 2.1. we arrive at a contradiction.
If ¢ # 1, then from (10) we have

Therefore by Lemma 21 we have

b+c

N(r, — ) = N(r,00;®) = N(r,00;¢) + S(r,L) = S(r, L).

Hence proceeding as in Subcase 2.1. we arrive at a contradiction.
This completes the proof of the theorem.

Proof of Theorem 18.

(16)

Since ¢ and L are transcendental meromorphic functions and R(z) is a

rational function therefore R(z) is a small function of £ and L.
Hence by Theorem 17 we get the required result.
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