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Abstract: In the present study, a two-dimensional difference neutron trans-
port operator is considered. The resolvent equation for this neutron transport
operator is constructed. The positivity of this difference neutron transport op-
erator in I (R%ﬁ h)) is provided. The structure of fractional spaces generated
by the two-dimensional difference neutron transport operator is studied. It is es-

tablished that the norms in the spaces E, 1 (L1 (R%ﬁ h)) ,AT,h) and W{* (]R%T’ h)>
are equivalent. This result enabled us to prove the positivity of the difference
neutron transport operator in the Slobodeckij space. In practice, the theorem
on the stability of the Cauchy problem for the difference neutron transport

equation in Banach spaces is presented.
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1. Introduction

The neutron transport theory is one of the most important fields of reactor
theory.
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The neutron transport equation is used in many applications of nuclear
physics such as the kinetic theory of gases, neutron transport, radiative transfer,
etc. The neutron transport equation describes the distribution of neutrons
produced in and out of a specific region in terms of their positions in space
and time, their energies, and their travel directions. (see, [1], [2], [3], [4], and
the references therein). Neutron transport theory has powerful connections to
functional analysis, semigroups theory, spectral theory, and positive operators.
Several researchers have studied the positivity property of the differential and
difference operators in Banach spaces (see, [5], [7], [8], [9], [15], [20], [21], [22],
[23], and the references therein).

Many researchers have investigated the structure of fractional spaces gen-
erated by differential and difference operators and their applications (see, [10],
[11], [12], [13], [14], [15], [16], [17], and the references therein). Eventually, some
important results in fractional spaces generated by positive operators and their
applications to partial differential equations are given in [18].

In this paper, the structure of fractional spaces generated by the two-
dimensional difference neutron transport operator A, ; is investigated. It is es-

tablished that for any 0 < av < 1 the norms in the spaces I, 1 <L1 (R%T h)> , Ar,h)
and W (R%ﬁh» are equivalent. This result permits us to prove the positivity

of the difference neutron transport operator in Slobodeckij space W1* (R%ﬁh)) .
In applications, new theorems on the stability of Cauchy problem for the differ-
ence neutron transport equation in Banach spaces are presented. Finally, some
of these statements were formulated in [19] without proof.

2. Preliminaries

An operator A densely defined in a Banach space E with the domain D(A) is
called positive in F, if its spectrum o 4 lies in the interior of the sector of angle ¢,
0 < ¢ < 7, symmetric with respect to the real axis, and moreover on the edges
of this sector Sp (¢) = {pe? : 0 < p < oo } and Sy (¢) = {pe™ % : 0 < p < oo},
and outside of the sector the resolvent (A — A)™' is subject to the bound [5]

M
1+ [\

ICA=AD) " g <

Here, I is the identity operator and A € C is a regular value of the operator A.
Throughout the present paper, M denotes positive constants, which may differ
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in time, and thus, is not a subject of precision. However, we will use M (a, 3,
...) to stress the fact that the constant depends only on «, S, ... .

The infimum of all such angles ¢ is called the spectral angle of the positive
operator A and is denoted by p(A) = ¢(A, E). The operator A is said to be
strongly positive in a Banach space E, if (A, E) < 3.

3. The Difference Neutron Transport Operator

We first introduce the resolvent equation for the two-dimensional difference
neutron transport operator A, ; acting on the space of grid functions u" h.

Xup = Ay = f (1, Ym1,9) 5 (Tn, Ym) € RY, - (1)
Here, R(Th) = {(@n, Ym)|Tn = nr,Ym = mh,n,m =0,£1,£2,...} is the grid

space, the numbers r and h are the steps of the grid spaces, and A, j, is defined
by the formula

n n—1 n—1 n—1
u,, — U u — Uy
Anhur’h = {wl mm + w27m m—1 } . (2)
n,m=0,£1,£2

For the solution of (1) the following formula holds

(AI - Ar,h)il f(xn7ymuo:))

(3)
— 7 W1S5—1 W2S5i—1 -,
B Vw%+w2 ZZ v < * g It \/w%+w%’w> ’

where the constant coefficients w; and ws are directional cosines of neutrons
with respect to the x and y axes, w = (w1, ws),

w1 w2

cos p = sinp = T; = 8;CosY+ x
¥ \/ma ¥ \/my 7 7 2 05

V“J%erg wi w3
waAs
Yi — Yi1 w22+w2:h’A8_8’ Si—1, o0 < 8; < 00
1 2
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Let us denote B, j, = —A, ;. Then, using formula (3), we obtain

= (M4 Brp) ™' f (0 Yy ©)

(4)
7 W1Si—1 w2851 -
w1+w2 ZZ R < \/warwg’ym T \/warwg’w) ’

where n,m = 0,+1,+£2,... . For any A > 0, we have the equality
By (M + Brp) ™" f (0, Y, @)
=3 = QL+ Be) ] f @y ).
Applying formulas (4) and (5), we get

)\1-&-(1

/\O‘Bnh ()\I-i- Br,h)_l f (l’mymydj) = \/(m
1twy

(6)
- [f(xn,ym,@)—f<a:n+ w152:12,ym+ \7‘;:12,@”
« 7 wiTYs CiTws
x> s R'As o ;
i=1 -
(6%

2 2
a Wy 8i—1 Wy Si—1
where s | = \/( T%-l—w%) + ( ,—w%+wg>

4. Positivity of the Difference Neutron Transport Operator B, in

The space L (R%r h)) is the space of all bounded grid functions, f™" =
{f @0y Ym, @)}, n—o, 41, 42, defined on ]R%T py for which the following norm

is finite:

= > | @nym @) rh (7)

(®2.) (@nym)ERZ, 1)

Theorem 1. For all A > 0, the resolvent (A 4 B,.;,)”" satisfies the
following estimate:

r.h
f L

(®)

> =

H (M + Byp)~ (

<

L1 (B2 )= (B2, )
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Proof. Using formula (7) and Minkowski’s inequality, we obtain

o+ B 9],

(9)
X T, -+ wW18;—1 ; + w2S8; 1 ,(IJ> h
(wnw;%éRﬁ,w ! < n T Vg U T g
Making the change of variables Z,, = z, + —==L and
Um = Ym + —~2==, we have Vet
m m \/ﬁ’
(AI"" B 7h)71 fr7h < - ,
H T Ly (R( h) Ly (R(2r,h))
for any A > 0. This completes the proof of Theorem 1. 0

In this section, we study the structure of the fractional space
o (L1 (R%r h)) ,Br,h) ,0<a<1 ofall grid functions
o =1{f (Tns Y @)}y meo, +1, +2,. defined on R%ﬁh) for which the following

norm is finite:

r,h = i
1 s (ae), ) = W s,

(10)
A

2.
L1 (B2, )
Recall that the Sobolev-Slobodeckij space W* (R%ﬁh» , 0 < a< 1, of all grid

functions f"" defined on R?T h) for which the following norm is finite:

o0
+ [ HA“BM (ML + Byp) "t frt
0

Hfr’hHW1a<R?T,h)> = H r,hHLI (R%r,h)> (11)
f(:ltn,ym@)_f(xn_’_ w1s;_1 —ym wasio1 o
i 2 § ' \/:+11 E \/wﬁwQ rhAs.

4 s
(:L,n’ym)eR?r,h) 1=2 i—1

Applying the definition of E, 1 <L1 (R%r h)) , BT,h> , we get the following
estimate:

H()\I 4 Byp)” ‘

al(Ll( (Th)) Brh)—>Ea1(L1( (Th)> Br,h)

< H()‘I + Br,h)il‘

(12)

L (R?r,h)> ! ( r h)) '
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From (12) and Theorem 1 it follows the following theorem:

Theorem 2. Let 0 < o < 1. Then, B, is a positive operator in
we (R%ﬁh)) .

The proof of this statement is based on the following theorem:

Theorem 3. The spaces Eq 1 <L1 (R%r,h)> , Br,h) and

W (R%r h)> are identical for 0 < a < 1 and their norms are equivalent uni-
formly in r and h.

fr,h fr,h

Proof. First, let us prove that
w1, ws) ‘ (13)

‘ Eaa(L1(R2,,)), Brn) = @)

Using formula (6), the definition of E,; (L; (R%T h)) , B,n,h) and triangle in-

equality, we obtain

(
1-

M
(

—_—

f?“,h

Ean (L1 (R%r,h)>’ B’“’h>

f $n7ym,“_) ($n+ wW1Si—1 Yt wW2Si—1 ’—>
< % > Ji‘ ( " \/WQJW Vetred rh
= ($n’ym) R%T’h) 5271
where
a+1A8
Ji = / =d\.
Vi +wj A
\/leer
The change of variable :}‘?ng = y yields (see [6])
Ji = < wy —|—w2) /tl e U 1 /y e~ Wdydt.
(i —
0 0

The change of variables ty = z yields

o0

1)
—tpi—1— 1
Jz:< w1+w2> Oé+1/ tt @ 1_2)'dt

0
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_ (m>a (i — 1)O‘+1F(ar—:i;)I‘(i —a-1)

Recall Gautschi’s inequality (see [24]) which says that for any
0<s<landn=1,23,..

I'(n+s) o
Tnrn ="
Since
F(i—a—l):%,

and making substitution n =i — 1 and s = 1 — « in Gautschi’s inequality, we
obtain

< (i—l)_a
So, we can write
@ i—1 M (w1, w
Ji < (\/w%—l—w%) I (a+1) (i(—a—)l) < (fja)2)

for i > 2 and 0 < a < 1. The last inequality yields

‘f?‘,h M(wth) ‘ fr,h ‘
Ea,l (Ll (R%'r,h))’ B'r,h) o (1 - Oé) Wla (R%'r,h))
Thus, we have proved that
ot (I (R1)  Brn) € Wi (R ). (14)
Let us prove the reverse inclusion
e ( (Th)) C Eoy (L1 (R%r’h)), Bnh). (15)
Applying formula (6), we can write
f (ajnv Z/m» d})
00 o o s (16)
) 15i—1 25¢—1 -
Of Tﬁwz Z;R f (:L‘n + ,—w%wg,ym + *w%wg,w) dA,
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where f (2, Ym, @) = Brp (M + Brp) ™" f (T, Y, @) -
From (16) it follows that

oo o0
w1i1s w98 — o A .
f(mn—l— 7 ;; = Ym + Wéiwyw) _({ R

VS
Using identities (16) and (17), we obtain

xf(anr il +\/“’;j = Ym + A + @) d\.

-\ w18 w284 -

wW18i—1 W284—1

f /leer {ZRZf <.’L‘n \/ 2+ Q’ym—i_ \/M%ergaa))

[ee]
. i f W1Si4j—1 W2Si4j—1 -
5 <$ T Vet et “) } dA’
The change of variable i = k, i =k — j, and k =i+ j yields

00 i
f As ka < W1SK—1 w2SK_1 —>
= w
7 M
b Vit {El R E

Performing the change of variable j =i + 1, we get

- w18 W Si_ -
F et ) = f (0 + 5+ G

0 1—1
kf Wi1Skg—1 Wasp—1 -
[ { SR (o g Sp9)

o0
_ k _ k—i+1] § W1SKp—1 W28k —1 -

Taking sum, using the triangle inequality, and performing change of

_ Rk — Rk—J 3 W1Sk—1 Wosk—1 - d\.
DR )7 (o + S+ 2t

(17)
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f (xnvyﬂ”wd)) = BT,h ()‘I + BT,h)_l f (xn>ym7u_})> we have

- w1s;_1 wos;_1 -
00 ’f(xnvymvw)f(xn‘i’ 55 Ym+ 7w>
> \/:ﬁf . Vet rhAs

s

(xnvym)eR%r_’h) =1 ot

(18)
g 1
<M A+M) [ X IN*Bon (M + Brp) ' f (0, Y, @) | TR R,
0 (In’ym)eR%'r h)
where
= —a—1_(As) 11—« = Rk
Ml - Z; Si 1 w%+w% kgl )
0 2
_ —a—1_(As)” yl-a k—it1
My Z;l Si—1 \/TwQ E [ - R ] :
Let us estimate M and My, separately. First, let us estimate M;:
oo —i
- . —a—1 o AAs
M, = Z;(Z/\As) AAs <1 <1 + m) )‘ .
The change of variables AAs = Ap yields
o —i
My =Y (iAp) @7t [1— 1+ 22 A
1 Z;(’L p) ( < + \/m p
(19)
i 1 1
bf _a 1 — € p) dp‘ m
Actually, applying the inequality e™" > 1 — 7, we obtain
7 1 T ; 7 1 1 1
J— e_
——dr < [ 7% o ldr = = = :
/ rotl T/T T+/T TTatita a(l—a)
0 0 1
Now, let us estimate Ma:
= —a—1_(A8)> \1-a [ R R
My = Z; Si—al [? w3 “ (l—R o ﬁ%)
(20)

M8

. AAs B
1(2/\A8) (1 <1+m> >/\As.

7
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The change of variables AAs = Ap yields

iAp) 1 — (14 22 > A
; 1(1 P) ( ( ] P

[e.e]
< ‘fp‘“‘l (1—e) dp‘ < aisay
0

18

M, =

Using identity (18) and combining estimates (19) and (21), we get

_ w1851 wos; 1 _
‘f(l"mywuw)_f <93n+ 2l+ > Ym+ < > 7‘*))

ot
25
€
(V)
<
€
o
+
toE
!
>
>
[Va)

2

($n7ym)€R?T,h) =1

o8}
Saitwm] X MBI B @) R

(#nym ) ERT, 1)

This means that the following inequality holds:

This completes the proof of Theorem 3.

fr,h

b 2 ‘

‘W{’(RQ ) = a(l—a)

(r,h)

B (1 (%) Br)

5. Applications

(23)

O

In this section we consider the application of results of Sections 3 and 4. We

consider the difference scheme

k k—1 k k k k
Uy m—Un,m —w n,m un,mfl —w unfl,miunfl,mfl
T 1 r 2 h
= f (tkv T, ym) ;

ty=kr, 1<E<N, Nt =T, (2y,ym) € R%rh)
w(0, Tr, Ym) = @ (TnsYm) s (T, Ym) € R%r,h)

for the numerical solution of initial value problem

ou(t,x,y Ou(t,x,y ou(t,x,y)
((% )_wl (8:13 )_W2 (3y )_f(tax)y)a

(z,y) €R?, 0<t < T,
u(O,x,y) = Qo(xvy% (xvy) € R2

(25)
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Theorem 4. Let 0 < a < 1. Then, for the solution of difference scheme
(24) we have the following stability inequality:

N r.h
k=1

e e2,)
(26)

(rsh)

‘WF(R%«M)] '

The proof of Theorem 4 is based on Theorem 1 on the positivity of the
difference neutron transport operator B, ) = —A(.3) defined by the formula

h N E\Th
< M (a) [Hw e s,y + 27| (44

(2), on Theorem 3 on the structure of fractional space W{* (R%T h)> , and on the

following theorem on stability of difference scheme (24) for the approximate
solution of abstract initial value problem (25).

Theorem 5. Let B.p) be a positive operator in a Banach space

Esq (L1 (R%r h)) ,Br,h> . Then, for the solution of difference scheme (24) the
following stability inequality holds:

3o

k=1

(r,h)

N
k
B (22,1) <M [||<PHEQ,1(R§T’,1)) +;THJ£ ‘Ea,l(Rﬁhh))] '
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