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Abstract: In this paper, we study Crank-Nicholson difference scheme for
approximate solutions of parabolic nonlocal reverse problem with integral and
Neumann boundary conditions. Stability estimates for its solution are estab-
lished. Via Mathlab framework, we give numerical example with explanation
on computer realization.
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1. Introduction

Reverse parabolic (RP) equations appear in many applications such as mean
field equilibria in economics, plasma physics, fluid dynamics, investigation of
electron beam propagation through the solar corona (see [1, 8, 9, 10, 12, 13, 16]
and references therein). Well-posedness of nonlocal boundary value problems
(BVPs) for RP equation and difference schemes (DSs) for their approximations
were investigated in [2, 4, 5, 6, 7].

Received: December 15, 2020 (©) 2021 Academic Publications

§Correspondence author



274 C. Ashyralyyev, A. Goneng

Well-posedness of the RP problem with the corresponding nonlocal integral

condition
w(t) — Au(t) = (t), 0<t<1,

1
u(l) = ({u 7) dy + o, @
was established in paper [4]. Here and in future, H is an arbitrary Hilbert
space, A : H — H is a self-adjoint positive definite operator (SAPDO) such
that A > dI for identity operator I : H — H and some positive number § > 0,
p:[0,1] = R, f:[0,1] — H are given functions and ¢ € H is known.

In paper [5], stability estimates (SEs) for solution of Rothe DS for the
approximate solution RP problem (1) were established. In [6], second order of
accuracy difference scheme (ADS) by using A% was studied. In this work, we
will study Crank-Nicolson DS for approximately solving of RP problem (1) and
establish SEs for its solution.

Denote by [0,1]. = {;| t; = 7,7 = +} the uniform grid space for natural
number N, and C(H) = C([0,1],, H), Banach space of grid functions v” =
{v:}i=) with v; = v(t;) € H and norm |[v7||¢, () = glngHvZHH In addition,

by C2(H) = C*((0, 1], H),
and C{'(H) = C{(]0, 1], H) we will denote Banach spaces of grid functions v”
with the corresponding norms

[vitj — villn

T _ T
o™ leg iy = 10" ller () + 1<i<i+j<N (7))«

)

T - — . o oy,
||C.,Q‘(H) + 192%1%1\7(‘77) (N =)7)% fvie; —villa. (2)

=tj— %, j=1,..,N. Assume that

[0l eg ) = v

Let us take tj

1
2

T‘,u(tN ‘ ‘-FTZ‘,U »_% + pu(t i+l )] < 2. (3)

Lemma 1. Under assumption (3), there exists bounded inverse Q, = T, "
for operator

N-1

. T T T N—+j
1= (1t )1 505 P55 [t st P
]:

where P = (I + 47)™" (1 - 4r).
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Proof. It is known that ||P||;_, 5z <1 ([3]). Denote by

T T _TA N TN_l T N+j
a1 —5‘/1(5)‘ <1+%> =g z; [M(t];%)-i-u(twr%)} <1+TQ_A> _
J:

Applying the definition of function’s norm for SAPDO (see [11]), we have

1

T

1@+l g < sup
2> ‘

— G|ty 1) ma-e
< sup L < M. (4)
A28 1Tty )|=5|w(5) |- 3|ty )alt 1))z
=
Lemma 1.1 is proved. O

2. Crank-Nicolson DS

Nonlocal integral condition of (1) can be replaced by the second order approx-

imation
Uuj; + uj 1
=ty (S5 e
By using Crank-Nicolson DS, we get DS in the following form

WUt L (A + Augy) = O, O = f (tk%) k=1,.,N,
N—-1

5w~ X 5 [t
7j=1

)+ H(tH%)} uj+ (1 - %N(tN—%)> Uy = . (5)

1
2

Theorem 2. Assume that 07 € C-(H),p € D(A), and (3) is satisfied.
Then, DS (5) is uniquely solvable and for the solutions the following SE

a5, < 3(,8) (el + 107 e ) (6)

is valid for some positive real constant M (ju,d) which depends on pu,d but it is
independent of T, p, 07.

Proof. Let us take C = (I — %)_1. From DS (5) it follows

A A
<I—|—§> Up—1 = <I—7T>uk—7'9k JUg—1 = Pup — 7CO, k=1,...,N.
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Thus, we can conclude that
q+1 4
ug = PN Tuy — 7> PN27C0;, g = N — 1, .,0. (7)
i=N
By using (7 ) in nonlocal condition of DS (5 ), we get

1 A
—5u(5) <PNuN -7 'ZNPN_Q_ZC'HZ) + (1 - %,u(thé)) un

7

=t . i+l ‘
- > % [M(t];%) +H(tj+%)} pN-I—JuN -7y PN—Q—ZCHi) _
7=l i=N

Thus, we have

1 .
ux =Q-{o-Ful5) 3 PV-cH

(®)

, N1 Jj+1 N9
_% Z [M(tj—%) +:u(tj+%)] Z PYT2CY; .
J=1 i=N

Triangle inequality, estimate (4), formulas (7), (8) yield estimate (6). Theorem
2.1 is proved. O

Applying formulas (7), (8) in Theorem 2.2 of paper [5], we have the next
theorem on coercive SE for solution of DS (5).

Theorem 3. Assume ¢ € D(A),0™ € C{(H), and inequality (3) is valid.
Then, the solution of DS (5) satisfies the coercive SE

N
o C{(H) (9)
< M(1,6) (s 107 lopan) + 140l )

) + H{% (Au; + Aui,l)}ﬂ

for some positive real constant M (u,d) which is independent of T, p, 67, but
depends on i, 0.
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3. DS for multidimensional problem

Let Q = (0,1)" be open cube in R",S = 0, @ = QU S, and
ar: Q= Ro:Q—= R, u:[0,1] = R, f:(0,1) x Q = R be given functions,
o be known positive real number. In addition,
Vr=1,..,n, Ve = (x1,..,2,) € Q, ar(x) > ap > 0.

In the work [6], BVP for multidimensional RP equation with nonlocal inte-
gral and second kind of boundary conditions

ug (t, w)+Z (ar(2) ug,(t,2)) o, — o ult,z) = [(L,2),
(0,1)956{2 ( x)=0, xS, te[0,1], (10)

u(l,z) = fu x)dy + ¢(z), ©€Q

was investigated on well-posedness.
Now, we will construct the second order of ADS to solve BVP (10). Intro-
duce space of grid points
Qn = {z; = (him,- -, hpmy), m= (m1,--- ,my),mp =0,--- | Ny,
BNy =lr=1,-,n}Q =000, S, =Q,N8.
Denote by A} the operator A‘,’iuh =—->" (aru%)wrm + ou” acting in the
space of grid functions u”(z) which satisfies the condition D"u"(x) = 0 on

r € S),. Here D"u"(x) means the second order of approximation of ?( x).
Then, for problem (10) we have the second order of ADS

W@ @ 1, e o g
T — 5 (A () + Afuji_y (2)) = Or(2), B
)ty =k k=1, N, N7 =1,z € 0,

O (x) = [ty
N ~
wh(e) = L oult; )3 @)+l (@) + o) e € O

MH

(11)

1
2

n 2
Here, |h| = (Z h%) and 7 are sufficiently small positive real numbers.
r=1

Let Loy, and W3, be spaces of the grid functions ©"(x) defined on grid space
Qp, equipped with the appropriate norms

1/2
HWM%Z(Z\W@WW~%>,

CBGQh
1/2
“hy - hn> .

19, = (£ £ 10 o

$€Qh r=1
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Theorem 4. For the solution of DS (11), the SE

! o

is fulfilled, where M (6, 1) is independent of 7, o"(x), and {92}?{ .

Cr (LQh) B

Theorem 5. Solution of DS (11) satisfies the following coercivity SE:

i

-1
H{T _“k 1) U lles (L) H{ Ahuk huk 1

< M. [ g, + i | €61

CY(Lan)

)

C?(th)]

where M (0, u, o) is independent of T, {92}? , and " (z).

Proof. The proofs of Theorems 4 and 5 are based on estimates (6), (9),
assumption (3), and the theorem on the coercivity stability property ([15]) for
the solution of the elliptic difference problem in Loy, ]

4. Numerical example

To illustrate test example, we consider the following BVP with nonlocal integral
condition

u(t, ) + (1 + o) uge (t, ©) + 2(1 + 2)uy(t, 2) — u(t, z)
= —de 3 {(2® + 2z +2)cos2z+ (1 +a)sin2z},
0<t<1l,z€(0,%),

fe Su(s, z)ds + (%)00821‘, ze[0,%],
ugg(t 0) 0 ug(t,5) =0, t€[0,1].

(12)

3t

Exact solution of problem(12) is u(¢,x) = e~ " cos 2z.

Applying (11) to this problem, we get the second order of ADS in t and x
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for BVP (12):

ub—up' % <_(1 + 2)? (uppa—2uituy o) 2(1 + ) (U1~

h2

T

F—1_g k=14, k=1 k—1

k=1
—Hdi _ (1 —|—1‘n)2 (un+1 o n—l) _ 2(1 +~Tn) (un+1 un_1) _|_uk1>

o n
= f(tk_1y2), — 3uf +4uf —uf =0,

10uf — 15uf + 6uf —uf = 0, —3uk, | +4uk, —ul; | =0, (13)
10uk, = 15ub, +6uk, | —uh, _,=0,k=0,..,N,
N—-1

—an(3)7 un = 2 g [ulty = 5) + ulti = 3)] 7
—l—(l— %,U,(tN— %)T )ufy = np, n=0,M.

One can write (13) in the following matrix form

Aptni1 + Bpuy + Cpiy—1 = Ripp,mn =3,..., M — 3,
—3u1 + 4dus — uz = 0,10u; — 15us + 6ug —ug =0
—3upy1+4uy — up—1 =0,

10 war41 — 15 upr + 6 upy—1 — up—2 =0.

Here, R is identity matrix, v, , us,
s=n—1,nn+1are (N +1)x 1 column matrices

Y= 90 Wb - WU N

_ t
usz[ug ul oo wlTE uév] ,s=n—1,nn-+1,

and A, By, C, are (N + 1) x (N + 1) matrices

o o0 --- 0 0 o o -~ 0 0
an ap --- 0 0 dy, dp -+ 0 0
A - . . . . C, = . . . ’
0O 0 . a, O 0 0 d, 0
0 0 - ap apn | | 0 0 dp dy |
[ sy sy SN—1 SN |
b, ¢n 0 0
Bn: ’ ’
0 0 Cn 0
| 0 0 bn  cn |




280 C. Ashyralyyev, A. Goneng

with elements

1+xn 2 1+xp 1 1+xn 2 1 1 1+xp 2 1
an = 2h2) +1 h )>bn:?_( h2) _5’%:_?_( h2) D
_ (I+=zn)? (1+zn) _ T, (T _ T T
dn = "oz T o 50— _Eu(ﬁ)sz =1- Q:U(tN - 5)7

sj= =5 (mlt;_1) +plt;3) d =1 N = 1.

To solve matrix equation modified Gauss elimination method [14] is used.
We seek solution in the form u, = aptn+1 + Bntinta + Yn,
n=20,... M — 2. It is easy to see that

ag=5R,fo=—5R, 01 = ER, b1 = —iR, 0 =mn = O,
n = _Dn(An + Cn/Bn—l)a/Bn =0, = Dn(RQ/)n - Cn')/n—l)a
D, = (By+Chapn 1) ' n=2...,M—2.

For unknowns uy; and ups4+1 we get the system of equation
Quun + Q12 un+1 = G, Qarups + Qaounri1 = G, (15)

where

Qu = By +4Cy, Q12 = Ay — 3Cwm, Q21 = 4anr—2 + Bar—2 — IR,
Q22 = —3apy—2 +8R,G1 = Ry, G2 = —Rryp—o.

Solution of (15) can be derived by formulas

upr1 = Qa (G2 — Qarunr),

- -1 _
up = (Qun — Q2 Q3 Q1) (G1— Q12 Q3 G2) -
Table 1 shows error computed by

By = maxi<p<n—1 maxo<p<n | u(Zp, tr) — ul|

[,

|

By = maxycrey 1 (00 (u(n, ) — uf)*h

for different values of (N, M).

Numerical results presented in Table 1 shows good agreement with obtained
theoretical results on stability of solution of proposed DS to RP BVP with
second kind boundary and integral conditions. We observe that DS (13) has
the second order convergence as it is expected to be.

Table 1. The errors between the exact and the numerical solutions of BVP
(12) for different values of N and M.
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1]

) | E: E,

) | 0.13019 | 0.12041
20,20) | 0.02412 | 0.02384

) | 0.00437 | 0.00437
80,80) | 0.00085 | 0.00085
160,160) | 0.00021 | 0.00021
320,320) | 0.00005 | 0.00005
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