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Abstract: In the present article, we consider nonlocal boundary value prob-
lems (NBVP) of elliptic type on relatively compact domains in the hyperbolic
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atively compact domains in the hyperbolic plane with various Hoélder norms.
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1. Introduction

The well-posedness of boundary value problems for partial differential equa-
tions is well known (see, e.g. [1],[2],[3]). Moreover, the coercivity inequalities of
NBVP for partial differential equations of hyperbolic type in the Euclidean
space has been studied widely (see, e.g. [4],[5],[6],[7][8],[9],[10],[11],[12],[13],
[14],[15],[16],[17],[18] and the references therein).

In this paper, by considering differential equations on hyperbolic plane,
we prove the well-posedness of NBVP on relatively compact domains in the
hyperbolic plane with various Holder norms. We also obtain new coercivity
estimates for the solutions of such NBVP for elliptic equations compact domains
in the hyperbolic plane with various Holder norms.

2. Preliminary Results

In this section, we provide the basic definitions and facts about the Laplacian
on Riemannian manifolds. For further information, we refer the reader to [19],
[20] and the references therein.

A pair (M,g) is a said to be a Riemannian manifold, if M is a smooth
manifold, and for each x € M (-, '>g(x) Ty M x T, M — R is a non-degenerate
symmetric positive definite bilinear form such that for all smooth vector fields

X,Y € Tom (TM), 2 (X(2),Y (2)) () s smooth. Let {(%)x o (a%)x}

be the corresponding basis of tangent space T, M in the local coordinates
(z1,...,2,). Let g;j and ¢g" denote <(%) , ( 0 ) > and the entries of the

Oz

inverse matrix of (g;;), respectively. The gradient operator V, : €°° (M) —
Lo (TM) is defined by (Vgp, X) = dp(X) for each ¢ € (M), X €
Iy (TM). Note that the gradient V ¢ is equal to E?,jzl gijg—i% in local co-
ordinates (1, ...,2,). By the fact d (¢ + 1)) = dp+dy for each ¢, € €M),
we have V, (¢ +¢) = Vgap + Vgio. Similarly, Leibniz property d(¢ - ) =
Q- dp+1p - dp yields Vg (o)) = ¢ - Vg + 1 - Vg

Suppose w € Q"(M) is an n—form and X is a vector field on M. Then,
Lxw € Q" HM) is the (n — 1)—form defined by

LxW (Xl, NN ,anl) = w(X,Xl, [P ,anl) .

Here, X1,..., X, _1 are vector fields on the Riemaniann manifold M. By using
d(txw) € Q"(M), we have d (txw) = div,(X)w for some number div,,(X).
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The divergence operator divg : 'y (T'M) — €°°(M) is defined by d (1xwy) =
divy(X)wy for all X € I'yoo (TM). Here, wy, € Q*(M) is the volume element
obtained by Rimannian metric g. Clearly, in local coordinates (x1,...,2,),
divergence is divy(X) = \/dle—tgzzlzl 8%1- (biv/detg) for X = > i bj% €
Fgoe (ITM). For X|Y € I'ceo (TM) and w € Q" (M), tx1yw = txw + Lyw.
Thus, we have divy (X +Y) = divy (X) + divy (Y), and also div, (¢X) =
edivgX + (Vgp, X)), for o € €°(M). Ay = —divg oV, is called the Laplace-
Beltrami A4 on real-valued smooth functions € (M) on (M,g). Clearly,
Ag(p+1) = Agp + Agp and Ag (0 - V) = pAgp + pAgh — 2(Vgp, Vg1h)
for any ¢, € €°°(M). By using local coordinates (x1,...,x,), we have

n
— 1 o) ij o)
Ag = — re‘ﬂgijzzla_‘“ (gw det gﬁ)

We consider

H2 - {(1:171:271:3) ERS"T:S >07‘ Jj%—i_fﬂ%_wg :C—1}7

the 2—dimensional hyperbolic plane in geodesic polar coordinates, more pre-
cisely, € : (0,00) x (0,27) — H?,

x1 = sinh (r) cos 0, x9 = sinh (r)sinf, x3 = cosh (), (1)
here 0 < r < 0 < 0 < 2m. The e obtai ! 0
wher r < oo, . n, w in ggr = | sinh2(r) |’
. 1 1 0 .
Vdet gge = sinh(r), gg. = 0 1 The Laplace-Beltrami operator
sinh?(r)

Apz is equal to

ol (o) heod))

where ap = sinh(r) and a; =

1
sinh(r) "

Theorem 1 (Divergence Theorem). Let M be a Riemannian manifold
with boundary M and X be a C' —vector field on M. Then, [, divy(X) dV, =
Jom (X,v), dog, where divy is the divergence operator on (M, g), dVy is the
natural volume element on (M, g), and v is the unit vector normal to OM.

Theorem 2 (Stokes’ Theorem). If M is oriented complete Riemannian
n—manifold with boundary, a € Q" ' (M) with compact support, and i :
OM — M is inclusion map, then [, i*a = [, do.
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These results yield the following theorem:

Theorem 3 (Green’s Theorem). Suppose (M, g) is an oriented complete
Riemannian manifold with boundary OM. Suppose also 1) € C! (M) and p €

C2 (M). Then, [\ Ay d dVy = [\ Ve, Vo) dVy — [, 0 - 5doy. Here,
V, is the gradient operator on the Riemannian manifold (M, g).

By using Green’s Theorem, the following theorem holds:

Theorem 4. ([19, 20]) Let (M, g) be a complete Riemannian manifold
with boundary. Then,
1. (Formal self-adjointness): (1, A ,, ¢>L2(M,dvg) = (o, AM¢>L2(M,dVg) , 2. (Pos-
itivity): (A, ¢, ¢>L2(M,dvg) > 0, where Ly(M,dVy) is Hilbert space {f : M —

R; (&, ®) 1, (mav,) = S @*(2) dVy(x) < oo}

2.1. Neumann-Bitsadze-Samarskii Type NBVP on the Hyperbolic
Plane

Let us consider the domain Q = &((ay,b1) x (az, b)) C H2. Here, £ : (0,00) X
(0,27) — H? denotes the geodesic polar parametrization (1), (a1,b;) C (0, 00),
and (ag,be) C (0,27). We consider

—uy(t, z) + Ageu(t,x) + du(t, z) = f(t,x),

x e, te(0,1),

u(0,2) = 0,u(1,z) = S8 Biw(Ni, ), z € Q, (3)
PG <1, 0< M <o <Ay <

g—%(t,x) lzcon=0, 0 <t <1,

where Ap2 denotes the Laplace-Beltrami operator on the Riemannian manifold
(H2, gg2) and 6 > 0. We introduce the following theorem:

Theorem 5. The solutions of problem (3) satisfy the coercivity inequality

M(57)‘ 7(17(1171)1)
||Utt||<ga(32(ﬂ,dvg)) + HUH%JD‘(W;(Q,CZVQ)) = o (q_a) ”fH%’a(%(Q,dVg)) )

Here, M (6, \p,a,a1,b1) is independent of f(t,x).
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Consider problem (3) as the following Bitsadze-Samarskii type NBVP:

Ut(o) =0, Ut(l) = f:1 /BiUt()\i)y
PLBI<1,0< 0 <- <A <1

in % (2, dV,) with the self-adjoint and positive definite operator L = Apz+61,
where I is the identity operator.

The proof of Theorem 5 follows from the symmetry property of L, The-

orem 6 and Theorem 7 on the coercivity estimate for the solution of elliptic
differential problem in H = %(Q,dV,).

Theorem 6. ([17]) Suppose A is a self-adjoint positive definite operator
with dense domain D(A) in a Hilbert space H, and ¢, € E, (D (AI/Q) JH).
Then, the elliptic type differential problem

—vu(t,x) + Av(t) = g(t), 0 <t <1,

v:(0) = @, ve(1) =220, Bive (M) + 9, (4)
SELBI<L, 0SA << A< 1

is well-posed in Hoélder space € (H). For the solutions of problem (4), the
coercivity estimate holds:

lvetllgo iy + 1AVl o

M (3, 1)

<) [l + 4] )+ Ty e

Go(H) -

Theorem 7. The solutions of the elliptic differential problem

Agau((r,0)) = w(&(r,0)), (r,0) € (a1,b1) x (az, b2),
Bu(g% 0, (r,0) in boundary of la1,bi] X [ag, ba]

satisfy the coercivity estimate

n

D Mool gy 0.av,) < Mi (ar,br) [[wll 2 0,av,)-
1=1

The proof of Theorem 7 relies on the following theorem:
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Theorem 8. ([8]) Consider the solutions of the elliptic differential problem

Agu(f = ( ) 66 (alaﬁl) (an7ﬁn)7 5
8851) 0, &in boundary [, Bi] X -+ X [a, Bl (5)

The solutions of equation (5) satisfy the coercivity inequality
>t Huéi&||g2((al,51)X...X(amgn)) < Ma(a, 6)]|wl] 2, ((a1,81) 5+ (am,3n))» Where AS =

n

3 2 (ar (€52 ) + 01, ar(¢) > a> 0, andr = 1.....n
1

r=

Proof of Theorem 7. The boundary of €2 is the image &(r,0) of boundary of
[a1,b1] X [a2,be] and the interior of Q is the image &(r,0) of (ai,b1) X (ag,bs).
If w: Q — R is so that % vanishes on the boundary of €2, then v = u o
¢ @ [a1,b1] X [ag,b3] — R and % vanishes on the boundary of the rectangle
[a1,b1] X [ag, ba], where v is the outward unit normal to the boundary. Clearly,
0 <m(ay) <sinh(r) < M (by), where m (a;) = sinh(a;) and M (b;) = sinh(by).
From Equation (2) and Theorem 8, it follows:

/Q A @) 4V (x)

Ouo(r,0 duog(r, ’
/b1 /b2 smh )M) + 29 (sinlll(r) 3(S )>} dod
sinh(r) '

s [, [, o (e 552)

+g< 1 8uo§(r,9)>} o

00 \ sinh(r) 00
- A(r@
M (al, b1) H v 6‘ Z5((a1,b1) % (az2,b2))
-
M (a1,b1) £ ((a1,b1) % (az,b2))

1 2
z M (ay,b1) - M3(a,d) <HUMH‘%((alvbl)x(%b?))—i_ Hve@||$2((a1,b1)><(a2,b2))> :

Thus, we get

1/2

/ A ()| dVy(z)
Q
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(HUTTH%((al,bl)x(%bﬂ) + ”v%H%((aubﬂx(a%b?)))

B (6)
M (a1, b1) Ma(a,9)
Note that
by by 1/2
[orr [l 3 (ar b1 x (a2.b2)) (//vrr (r,0))? drd@)
a1 as
b1 bo L 1/2
> //\vm«re _sinh(r) e
M (ai1,b1)
ay as
by by 1/2
[ [ [vps (7, 0)|? sinh(r)drd6
_ \aia2
M (alabl)
b1 bo 1/2
ff‘ ’LLOf rr(rr 9)| Slnh( )d’f‘d9
_\aiaz _ Hurr||$2(ﬂ,dvg) (7)
M (ay,by) M (a1,b1)
Similarly, we have
> 1 8
HW)H||$2((a1,b1)><(a2,b2)) = m ||U99||32(Q7dvg) . (8)

Equations (6), (7), and (8) yield

1/2
( / AH2u<x>2dvg<x>)

Q

1
- M (ay,b1) - Ma(a,6) (HuMH%(QdVg) - ”“99”32(9,(1\/9)) :

This finishes proof of Theorem 7. U
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2.2. Dirichlet-Bitsadze-Samarskii Type NBVP on the Hyperbolic
Plane

We consider the mixed boundary value problem of Dirichlet-Bitsadze-Samarskii
type

—uy(t,x) + Ageu(t, z) + du(t,x) = f(t,z),

ref, 0<t<l,

u(0,2) = p(a), u(lx) = Y0 apu(y,a) +v(@)e €Q (9)
O< A <--<Ap<l, X o <1,0<t<1,

u(t, ) |zean=10,0 <t < 1.

x(az,bs)) C H? and € : (0,00) x (0, 27) — H? is the geodesic polar parametriza-
tion (1), (a1,b1) C (0,00), (ag2,b2) C (0,27). Apz is the Laplace-Beltrami op-
erator on the Riemannian manifold (H?, gg2). We prove the following theorem:

Theorem 9. For the solutions of NBVP (9), the coercivity inequality
holds:

||Utt||<g(§11(,%(g,dvg)) + HUH%&(WQ?(Q@VQ)) < M(é,a1,b) [\lelwg(g,dvg)

M(é, )\1,)\ ,al,bl)
Hlgiaany) + g Wl cneuarsy-

Here, K (0,1, ),) does not depend on ¢(z),v(x), and f(t,x).

Consider problem (9) as the NBVP of Bitsadze-Samarskii type

~Uy (t) + LU (1) = F(t), te(0,1),
U0) =, UQ) =35 aUN)+ ¢, (10)
O< A< <A<, Y0 o<1

in £(2,dVy,,) with the self-adjoint and positive definite operator L = Ay +
1/2 .

0I. Here, HU”"%(Q’CIVQHJ = (o U*(z)dVy(z)) / , dVy,, is natural volume ele-

ment of H? obtained from metric tensor gy, and I is the identity operator.

The proof of Theorem 9 relies on [18, Theorem 12] and the following theo-
rem:

Theorem 10. ([16]) Suppose A is a self-adjoint positive definite operator
with dense D(A) C H in a Hilbert space H and ¢,v € D(A). Then, the
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following boundary value problem

—vp(t,z) + Av(t) = f(t), 0<t <1,
v(0) =, v(1) =3 _jau(N) + ¢,
O< A< <A<, 30 o <1

is well-posed in Holder space 6§ (H). Furthermore, for the solutions of prob-
lem, the coercivity estimate

lvellga ) + 1AVl ga oy

M(57 /\17)‘17)
< M (1Al + 141 ) + == 1 e

is valid. Here M (0, A1, \,) does not depend on ¢(z), ¥ (x), and f(t,z). €5 (H) (0 <

a < 1) is the Banach space which is the completion of smooth functions v :

¢+ sup (1*t)”‘(HT)“ﬂg(tJrT)*v(t)llH
0<t<t+r<1

[0,1] = H with the norm [|v||lga () = |[v

and ||v

wan) = 11X o)l
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