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Abstract: Let  be a bounded domain in R™ with smooth boundary 9€2. In
this article, we investigate the spectral properties of a non-selfadjoint elliptic
differential operator (Pu)(z) = —>71';_, (wQO‘(a:)aij(a:)Q(a:)u’xi(a:));j, acting
in the Hilbert space Hy, = LQ(Q)Z with Dirichlet-type boundary conditions.
Here c|s|? < doii=1@ii(7)si5; (s = (s1,...,8,) € C", z € Q), a;5(x) =
aji(z) € C*(Q), 0 < a < 1. Furthermore, suppose that w € C'(Q,R)
and this function is a positive function and called the weight function and
Q(z) € C%(Q, End C*) such that for each 2 € Q the matrix function Q(z) has
non-zero simple eigenvalues uj(z) € C?(,C) (1 < j < ¢) lie in the vy, 9, and
real numbers and here g9, ={z € C: 7/2 <01 < |arg z| < 0y < 7},
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1. Introduction

Let €2 be a bounded domain in R"™ with smooth boundary 092 (i.e., 902 € C*).
We introduce the weighted Sobolev space H = Wga(Q) corresponding to the
non-selfadjoint elliptic differential operator
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n

/
(Pu)(z) = = ) (& (@)aij(2)Q2)'s, (), ,
ij=1
acting in the Hilbert space Hy = L2(Q)*. The weighted Sobolev space H =

WQQO[(Q) is the space of complex value functions u(z) defined on Q with the
finite norm:

n 1/2
ule = ()l ()P dx u(x)|?dx .
s (Z/Q <>|xi<>|d+/ﬂw<>|d)

o
We denote by H the closure of C§°(€2) in ‘H with respect to the above norm.
o
That is, H is the closure of C§°(2) in Wga(Q) The notion C§°(Q2) stands for
the space of infinitely differentiable functions with compact support in Q. In
this paper, we investigate the spectral properties, in particular we estimate the
resolvent of a non-selfadjoint elliptic differential operator of type
n

/
(Pu)(z) == (@™ (@)ai;(2)Q(x)uy, (x)) (1.1)
ij=1
acting in Hilbert space Hy = LQ(Q)e with Dirichlet-type boundary conditions.
Here 0 < o < 1, aij(z) = aji(x) (i,j = 1,...,n), ai(z) € C*(Q) (i,j =
1,...,n), and the functions a;;(z) satisfy the uniformly elliptic condition, i.e.,
there exists ¢ > 0 such that:

cls|* < Z a;j(x)si5; (s=(s1,...,8,) € C", z€Q).

Furthermore, suppose that Q(x) € C?(Q, End C") such that for each 2 € Q, the
matrix function Q(x) has non-zero simple eigenvalues p;(z) € C? (Q) (1< j <)
lie in the vy, ¢,, and real numbers. Here 9,9, = {2z € C: 7/2 <0 <|arg z| <
Oy < m}, pi(x),...,u,(x) are real and the rest of them, i.e.

Mu+l($)7 cee ,M[(.’E) € 1/}9192'

We closed extension the operator P with respect to the weighted Sobolev space
H = W22 o(€), then here we extend the domain of operator P from the domain

in the Hilbert space Hy = L2(Q)" to the big and closed domain of the weighted
Sobolev space H' = w3 ()%, Therefore,

o

J4
D(P)={ve <H) N (WQ%IOC(Q))e : Pv € Hy}

(see [8]), where the local space WQQ’ 10c(€2) is the functions u(x)
(x € Q) of the form
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2
2 =<u 2 : w9 (2)]2dz < oo
W3 10c(€2) { € L”(Q) ;/JI (z)]7dx < }

where J is an arbitrary open subset of €.
Before entering into the main discussion of the article, it is reminded that
the Sturm-Liouville eigenvalue problem is as

—(p(@)y) +q@)y=w(@)y:z € [a,b].

In this equation p,q,w are real valued functions and p,w > 0,p(x), p'(x),
w(z),q(x) € Cla,b]. The spectral properties of this operator have been dis-
cussed in many articles. What has been done in this paper is that the ¢ and
p are considered as complex-valued functions. That makes the linear operator
non-self-adjoint. Since there is no general spectral theory for non-self-adjoint
operators, it becomes difficult to study the spectrum of this operator. By con-
sidering the Sobolev space and defining a new norm in this space, we try to
obtain an estimate of the resolvent of this operator. In this context, we refer
the reader to the effective studies in the works [2] and [10] by Boimatov et al.
and Sameripur et al.

2. Preliminaries

Let H be a separable Hilbert space and 1" be a densely defined linear operator
with D (T) C H.

Definition 1. The set of complex numbers
W(T):= {<Tu,u>c C:uec D(T),|ul| =1}

is called the numerical range of 7.

Definition 2. The operator T is called sectorial with semi-angle 6 € [0, %)
and vertex at z = 0 if

W({IT)C®(0):={z€C: |argz| < 0}.

If in addition 7" is closed and there is z € C'\® () such that it is belong to the
resolvent set p (T'), then operator 7' is called m-sectorial.
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Definition 3. An eigenvalue of a linear operator T in Hilbert space H is a
complex number A that there exists non zero vector u in H such that Tu = Au.
We say u is an eigenvector of T' corresponding to A.

3. The resolvent estimate of degenerate elliptic differential
operators on H

Theorem 4. Assume that the operator

n

Pu=— 3 (& (@) agi(x)aled (a)

Zj
1,j=1

acts in the Hilbert space H = L?(Q) with Dirichlet-type boundary conditions,
and let us consider the sector

Yo,0, ={2 € C: /2 <0 <|arg z| <0y < 7}.

Let the complex function q(x) satisfy the following conditions
q(z) € C1(Q,C) and

q(z) € Vg, g, (3.1)
Then, for sufficiently large in modulus \ that

A € Vg, 05 (3.2)

The operator (P — \I)~! exists and is continuous in H, and the following
estimates are valid, for sufficiently large numbers My, M’ depending on 1g,p,:

| = an= 1 < mya, (3.3)

oﬂ; (P— )t

T

< M'yA| = (3.4)

Proof. So, as in Section 1 for a closed extension the operator P (for more
explanations, see Ch.6 of [8]), we need to extend its domain to the closed set

D(P)={ueH NWE, (Q): PucH|.
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Let the operator P, now satisfy (3.1), (3.2). Then there exist a ¢ > 0 and
complex number z € C (noticed that we can take z = e, for a fix real v €
(—m, 7)), such that:

d <Re{zq(z)}, N < —Refz)}, (Vz€Q, \Ehyy,). (3.5)
In view of the uniformly elliptic condition, there is ¢ > 0 such that:

C\S\Q—CZ|SZ|2< Za” x)si5; (s =(s1,...,5,) € C", z € Q,

1,j=1

taking s; = y,, implies that

n 2 n
C; Ye, (2)] < ”Z:laij (@) y'e, (@)Y, (2) -

From this, and according to ¢ < Re{zq(z)} in (3.5), we then multiply these
two positive relations with each other implies that

C1 Z |y 901 |2 < Re{zq } Z az] (Qj)

1,j=1

Multiply both sides of the latter relation by the positive term w?®(z), and then
integrate from both sides, we will have

B <Rez Z / z)ag;(x)q(z)y',, (@)Y 5, (2)dx.

1,5=1

Here B = ¢; Z Jow**(@)|y,(@)|?dz. Now by applying integration by parts,

and using Dlrichlet -type condition, then the right sides of the latter relation
without multiple Re z becomes:

Z [ @y @atens, (2

= Z/ (@)asy(@)g(@)y, (@), (x)dz

i,7=1
= (= Y W (@)ay(@)a(@)y,, (@), y(2)) = (Py,y). (3.6)

,j=1
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Here, the symbol (,) denotes the inner product in H. Notice that the above
equality in (3.6) obtains by the well known theorem of the m-sectorial operators
which are closed by extending its domain to the closed domain in H. These
operators are associated with the closed sectorial bilinear forms that are densely
defined in H (for more explanations, see the well known Theorem 2.1, Chapter
6 of [8]). Therefore,

012/ (2)2dz < {Re=(Py , y))

from (3.5) we have: ¢/[A| < —Re{zA}, ¢ >0, VA € 1y, 4,. Multiply this inequal-
ity by [ ly(@)* do = (y, y) = Hy||2 > 0. It follows that: [\ [q [y()[* dt <
—Re{zA}(y , y). Now let K = ¢, Z Jow? @)y 5, (2)Pda + N [ [y () Pde,
then we will have

K < Re{z(P—-X)y,y)}.

So
K < |z[ [yl [(P = Ayl = llyll (P = XDyl ,

ie.,

612/ )Yz, ()] d$+CIA|/ ly(@)* dz < |ly|l (P — X Dyll.  (3.7)

Since ¢1 Y1y o w?*(@)|yh, (x)|*da is positive. We will have
My @17 = A Jq ly(@)? de < Jlyll [I(P = A I)yl|, or equivalently

Allly(@) ]| < My[[(P = A D)yl (3-8)

This inequality ensures that the operator (P — A\I) is one to one. Therefore
the inverse (P — AI)~! exists, and its continuity follows from the proof of the
estimate (3.3). To prove (3.3), if we set y = (P — AI)~'f, f € H in (3.8), then

Al /Q (P =D P de < Myl|(P— AD)THFII(P = AD(P = AD -
Since (P — M) (P — XI)™' f = f, then

A [ = aw < a2 11

Y (o R A (Rt [T}
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Which this implies that |} H(P - )\I)’lfH < My ||f]l. Since A # 0, then

(P =AD" < 2z x ™
This estimate completes the proof of the assertion (3.3).

Now, we start to prove the estimate (3.4). As in the above argument, we
drop the positive term ¢|A| [, [y(z)|? dz from

ClZ/ )y, ()] dl‘+6|A|/ ly(@)? dz < [ly]| |(P = X Dy].

It follows that
clz / D)y, (@)Pdz < Iyl (P — A Dyl

Then,

d -
“o (P = AD TP <yl (P = A Dyl

Set y = (P — M)~'f, f € H in the latter relation, and proceeding by similar
calculation as in the proof (3.3), we then obtain:

aai,(P— ADTUIP <P = ADTHI IR = AP =D)L

Since (P — A I)(P — X)7Yf = I(f) = f, then

a 9 —1 £2 -1 2
5 (P = AT < (P = 2D,

consequently, by (3.3) this implies that

o9 - -
o (P = AT < My AP,

to this end we will have

o 0 _ _1
(A= AD)TH < My,

Thus, here the proof of the estimate (3.4) is finished; i.e., this completes the
proof of Theorem 4. O
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4. On the resolvent estimate of the differential operator in H,

As in Section 1, let the differential operator
n

(Pu)(z) = = ) (0 (2)ai;(@)Q()ul, (2)),,

1,7=1

act in Hilbert space Hy = LQ(Q)e with Dirichlet-type boundary conditions, and
suppose that Q(z) € C%(Q, End C) such that for each z € Q the matrix
function @Q(x) has non-zero simple eigenvalues uj(zr) € C?(Q) (1 < j < ¥)
arranged in the complex plane in the following way:

M1($)7 s 7MV($) € R+,Hy+1($), s 7/1;((.@) € 1/}9192 (41) )
where
Vo9, ={2 € C: /2 <0 <|arg z| <0y < 7}.

Theorem 5. Let (4.1) and the assumptions of Section 1 hold for the oper-
ator P, then for sufficiently large in modulus X € 1y, ¢,, the inverse (P — )\I)_l
exists and is continuous in the space Hy = L2(Q)* and the following estimate
holds:

1P = AD)TH < My|AI T (4.2)

where My, > 0 is sufficiently large number depending on 1,9, and || > Co, 0,
and CﬂfeleQ > (0 is a constant number.

Proof. Now by applying the eigenvalues 1 (), . .., pe(z) of the matrix func-
tion Q(z) we defined the operators P, ..., P, such that:

n

(Pru)(z) = — Z (wZO‘(a:)aij (z) e (2)u' o, (a:))/xj, (k=1,...,0),
ij=1

where its extension domains are:
D(P,) = {u € H (Wi Loe () : Pru € H}

which as the operator P in Theorem 4, the operators Py, k = 1,...,/, act
in space H = L?(Q) (Notice that here the operators P} are the same of the
operator P in Section 2, i.e., to define the operators Py, we just change the
function ¢(z) in the operator P by the eigenvalues functions ux(x), k=1,...,¢
of matrix Q(x)).
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The conditions which we consider on the eigenvalues j(x) of the matrix
function Q(z) in Section 1 guarantee that one can convert the matrix Q(z) to
the diagonal form

Q(z) = U(x)A(x)U ™ (x),
where U(z), U (z) € C%(Q, End C*) and
A(z) = diag{p1(x), ..., pe(x)}.

Consider space Hy = H®---® H ({-times) and put I'(\) = UB(\)U !, where
the operator

B(A) = diag{(Py = \XI)7',..., (P, — AI)7'},
act in the direct sum
Hy=H®---®H ({-times).
The following equation has been proved in the [10],[11]
g 0

A= T4 G @) o) B O U (0) Y (o)
i=1 ¢

B()\)U_1>. (4.3)

Here A= (P— M)T'(\) and ¢; € C (Q,End Cf) ,1=0,1,2,...,n. Now let us
take the right side of (4.3) equals to I + T"(\). Thus, we will have

(P— ADT(A\) =1+ T'(\). (4.4)

Now according to Section 3 if we put P, = P for k = 1,...,¢ in (3.3) we will
have

[P =207 < Mgy, N7

where A\ € g, g,, |\ > Cuyyg o, and Miy, , ,Cy, , > 0 are sufficiently large
numbers depending on y,9,. Owing to the latter relations and the definition
of T'(\) in (4.4) and Hardy inequality we will have

TN < My, o N2, (A€ w0, Al > 1). (4.5)

Here My, , > 0 is a sufficiently large number. Since [A| is sufficiently large

number, easily implies that ||T"(\)|| < 3 < 1, from this and using the well known
theorem in the operator theory we conclude that I+ 7"(\) and so (P —AI)T'(\)
are invertible. Hence, ((P — AI)I'(\))~! exists and equals to

T Y P-AD)t =T + T'\) L. (4.6)
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By adding +1 and —I to the right side of (4.6), it follows that
T Y P-A) =T +T'0\)" =T +1

We now set
FFN=I+ TN - I

Then
T\ Y P =AD"t =T + F'(\.

In view of ||T'(N\)|| < 1 and (4.6), we now estimate F’(\) by the following
geometric series:

+o0
IeVES )
k=2

<O +1/2+..) <2M2y, , N7

T )| < [TW P+ T+ T+ )

ie., [|FOV|| < 2M2, , |AL. By H(Pk —AI)—1H < My, ,, A" in view of
definition B(A) and I'(\) we will have

IO < Moy, A7
Now from (4.6) we have
|@ =207 < iee]|ja+mon™| = iceia+ Fon|.

Therefore,
[P =27 < Ie |+ F )]
So,
[P =ADT | < Moy W (14 2042, N7

Now Moy, o [A N1+ 2M2y, , [A7Y) < Moy, , [N 11 +2M2y, ). So,
[P =AD" < aglx

-1 _
where My |A|7" = Moy, , AT+ 2M2w9192)- H
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