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Abstract: The polynomially deformed Lie algebra, I, : [Ko, K4], = G (K4),
(K-, Ko], =G (K-),[K}, K|, = P(Kp), is introduced as a generalized model
of the coupled quantized oscillators model, where G and P are real polynomial
functions, subject to the physical properties: Ky is a real diagonal operator,
and K_ = KJTr Matrix representations are discussed and conditions are given
for G and P to guarantee the existence of the faithful representations.
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1. Introduction

Modeling of nonlinear quantum optical physics phenomena (like, multimode ra-
diation fields on multiphoton processes mediums, many -body physics models
[1], [2], investigating the statistics of particles that interpolate between Bosons
and Fermions, [13]-[17], or study of ¢g-deformed oscillators [12], [16]) is expressed
as Hamiltonians whose non-linearities are of higher order than the quadratic
forms. In turn, such highly nonlinear Hamiltonians are associated with non-
linear g-deformed Lie algebra or polynomially deformed Lie algebras SUpq (2),
[3].

On the other hand, direct methods to solve for the evolution parameters or
Schrodinger’s wave equations of such nonlinear Hamiltonian models are tedious
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in many cases . However, the use of Lie algebraic approach (e.g., [3] and refer-
ences therein) in such nonlinear models has some advantages as compared with
direct methods, (similar to the familiar Lie algebraic decomposition method for
bilinear Hamiltonians, [21], [22]).

For such useful Lie algebraic decomposition methods, one requires faithful
matrix representation for the generators of such deformed Lie algebra.

The intention of this paper is to consider the g-deformed algebra in a more
general form that considers both types of deformation, namely, ¢g-deformed Lie
brackets and polynomially deformed Lie algebras, and investigate the faithful
matrix representations of the generators of such deformed Lie algebras. Repre-
sentations of degree 2 are the least possible degrees.

2. Preliminaries

Definition 1. Let X and Y be n xn matrices. The ¢-deformed Lie bracket
of X and Y is defined as

[X,Y],=XY —qVX for g€R.

For ¢ = 0, it is the ordinary matrix multiplication of X and Y. Thus,
throughout this paper, ¢ is supposed to be a nonzero real number. Whereas,
for ¢ = 1, it is the ordinary Lie bracket. Thus, we always, write [X,Y]; as
[X,Y]. In [11], e.g., ¢ was considered as 0 < ¢ < 1 for the model of Fermion
Oscillators.

Faithful matrix representations of least degree of the Lie algebra [, were
considered in [4]-[10], namely,

[:[Ko, Ki] = +rKy and [K,K_] = P(K,), (1)

where P is a real polynomial function, subject to the physical properties,
namely, Ky is a real diagonal operator and K_ = K_JL (f is for Hermitian con-
jugation), with K + K_ is a real operator, in order to satisfy the Hermiticity
of the Hamiltonian of the coupled quantized optical atoms, namely, [10]

H=wKy+\t)(Ky+K_). (2)
In this paper, we discuss, the faithful matrix representations for [,, where

lg: (Ko, KJr]q =G (K4), (3)
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K K], = G (K), (1)
[K-i-? K—]q =P (KO) ) (5)

subject to the physical properties, namely, K_ = Kjr and K is a real diagonal
operator with K, 4+ K_ is a real operator, in order to satisfy the Hermiticity
of the Hamiltonian (2), where P and are real polynomials.

In (3)-(5), I, is introduced as a more generalization of the models considered
in [4]-[10]. It is the g-deformed and polynomially deformed model of [ in (1).
As on setting ¢ = 1, then [; becomes the Lie algebra [, where G (z) = rz.
So, for ¢ = 1 and with particular choices of G and P, one gets the models in
[4]-[9] and their special models, e.g., in [27], [28] and also, obtains their matrix
representations.

3. Basic properties of the ¢-deformed Lie Bracket for quantized
Hamiltonians

Some basic properties of the g-deformed Lie bracket are listed in the following
theorem,whose proof can be driven immediately from the definition.

Theorem 2. Let X,Y and Z be n X n matrices, ¢ € R and o, € C.
Then:

Lotr (1X,v],) =tr (Iv.x],).

2. (X, Y]] = [vf,xT],.

3. [X,Y], = q[X,Y]+ (1 - q) XY
4. [aA, BB, = af[A,B],.

5. [X,Y], = [X.Y]+(1-q)YX.
(X, X], = (1 - ) X

(XY + 2], = [X,Y], +[X,Z],.

Y, X], = [X,Y], ~ (1 +q)[X.Y].

© % N S

X +Y,2),=[X,2),+Y.Z),.

10. [X,Y], = (1+q) [X,Y]+ [V, X],.
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11 [X,Y], = (1+q) [X, Y]+ [V, X],.
12, [X,Y], = —q[Y, X], + (1 - ¢°) XY.
13. [V, X], = —q[X,Y],+ (1 -¢*) YX.

14. [X,Y], - [V, X], = (1+q) [X,Y].

15, [[x,v],, Z} — XYZ - qYXZ — qZXY — 22V X.
L q

16. |X,[v, Z]q] — XYZ —qYZX — qXZY + ¢?ZY X.
L q
17. [1X,v],.2] - [x.[v.2],] =q[X,2]Y +qv[2X].

q q

18. X v, Z]q] - [[X, Y]q,ZL — gV [X,Z]+q[Z X]Y.

19. X v, Z]q]q + [Y 2, X]q]q + [Z, X, Y]qL

—(1-qQ(XYZ+YZX +ZXY)
—q(XZY +YXZ + ZY X)).

Proposition 3. The polynomial function G (x) of x satisfies

G(K-) = [Ko,K_],—(1+¢q)[Ko, K]
= —q[Ko, K], + (1 - ¢*) K_K,.

Proof. From (3), by using parts 2 and 10, of Theorem 2, we have

G (K) = (@ () = [Ko. K.y = [K] K| = (K- K,
= [K()v K—]q + (1 + Q) [K—’KO]
and from part (12) of Theorem 2, we have

(K, Kol, = —q[Ko, K_], + (1 — ¢*) K_K,.
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Theorem 4. The defining relations of I, can be either:
(Ko, K], = G (K+), and [Ka,K_], = P(K), (6)

or

[K—vKO]q:G(K—)v and [K-I—?K—]q:P(KO)a

where P and G are real polynomials, subject to the physical properties, namely,
K_ = Ki and Ky is a real diagonal operator with K, + K_ is a real operator.

4. Faithful representations of [,

Unless otherwise stated, A, B and C are representation matrices for K, K_
and Ky, respectively. All representations into consideration are supposed to
satisfy the physical properties, namely, B = A and C is a real diagonal matrix
with A+ B is real a matrix. Also, P (x) and G (x) are polynomial functions in
R [z].

The following lemma shows that, interchanging the position of two diagonal
elements of C, leads to a conjugate representation of [, satisfying the physical
requirements.

Lemma 5. Let 6 = (uv) be a permutation in the symmetric group S,.
When applying 6 to the rows as well as to the columns of the n x n matrices
A, B and C, we obtain a conjugate matrix representation of |, satisfying the
physical requirements of degree n.

Proof. Let E be the elementary matrix obtained by applying § to the rows
of I,. Since E = E~! = ET = Et, then A' = E'AE,B' = E~'BF and
C' = E-'CE are representation matrices for K, K_ and Ky, respectively.
For, [C", A']y = (E7'CE) (E!

AE) —q(E7'AE) (E7'CE)=E~' (CA-qAC)E=E"'[C, A, E

= E'G(A)E = G(E'AE) = G(4'). Similarly, [A",B']; = P(C’). The
physical properties of [, are also satisfied in respective with the matrices A’, B’
and C’. O

So, we consider C' consists of k diagonal blocks of scalar matrices corre-
sponding to different scalars. That is C' = diag(d11p,, 0210, ...,
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k
OIn, ), for different real numbers 01, d2, ..., 0, with Y n; = n, where n is the
i=1
degree of the representation.
The following equations (7)-(9) are necessary relations for A, B and C, which

are obtained from (3) and (5), respectively. For i,j = 1,2,...,n, we have
(G'(A));; = aij (cii — qcjj) (7)

and .
Zt:l (aitaje — qagjay) = for i # j (8)

Z:L:l (‘ait|2 —q \atz‘|2> = P (cii) . (9)

5. Faithful matrix representations of [, of degree 2, where I and G
are real linear polynomials

Since I, is generated by 3 generators, namely, K1 and Ko, then the least possible
degree of a faithful matrix representation is 2. In such a case, A, B = A and C' =
diag (c1,c) with ¢, co € R, are linearly independent 2 x 2 matrices satisfying
the physical conditions. It should be noticed that when a contradiction occurs
in a representation of degree 2, when ¢; # ¢o, a contradiction is going to occur
in representations of higher degrees between two different diagonal blocks of the
representation matrix of Ky. Also, if a contradiction may occur when ¢; = ¢y,
then it will occur in representations of higher degrees in the same diagonal block
of the representation matrix of K. This is why representations of degree 2 are
of particular importance. The ¢g-deformed Lie algebra (3)-(5) is a generalization
to the Lie algebras in [4] and [9] and many other models. This is why the case
where F' and G are linear polynomials is practically important.

Unless otherwise stated we consider, from now on, P (x) = pzr + v and
G (z) = ax + ( for real a, B, u, v and

A:[Z 2},B:ATandC:diag(cl,02), (10)
where ¢1, ¢ € R. Thus, we have from (5) and (3), respectively, that [A, B] =
nC + vl
(1 —a)lal* +[b]* —|c[*q (ac +bd) — (ba + dc) q
= (11) and
(ac+ bd) — (ba + de) q e = b ¢ + (1 - q) |d|?
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(1 —¢q)acy b(c1 — qco)
C,A], = = aA + (1. (12)
c(cg —qeq) (1 —¢q)dco

In the following theorem we state some basic and necessary properties of
the representation matrices, enough to find and decide whether the Lie algebra
[, has a faithful representation of degree 2.

Theorem 6. Consider the representation matrices A, B = Al and C =
diag (c1,c2) of K+, K_ and K, respectively as in (10), and P (C) = pC + vI
and G (A) = aA+ B1. Then

1. a and d are real and b # ¢.
2. a=(c1—qec2),ifb#0ora=(ca —qcp) if ¢ #0.
If be # 0, then either ¢ = —1 or C' is a scalar matrix.

3.B8=[1-qc1—ala=[1-q)ca—a]d
(1 —q)(ac; +dcz) —a(a+d)].

D=

4. per+v = (1-gq)a+ (b = glef?) and

pez +v = (1—q)d®+ (\CI2 —q\b\Q)-

5. j(er—e2) = (1= ) (a2 = &) + (1+ ) (b = |cP)
6. b(d—qa)+c(a—qd) =0.

Moreover, if A, B and C' are linearly independent, then the representation
is faithful.

Proof. On comparing the diagonal elements on both sides of (12), we get,
al(l—=q)e1 —a] = f =d[(1 —¢q)ca— . This shows that, a and d must be
real numbers. If b = ¢, then A is Hermitian matrix and B = A and the
representation is not faithful. That proves parts 1 and 3, which is completed by
adding the first two equations of it. Similarly, on comparing the non-diagonal
elements of on both sides of (12) and solving for o we prove part 2. If be # 0,
then (¢; — ¢2) (¢ +1) = 0. Thus, ¢; = ¢ or ¢ = —1. Parts 4 - 6 are by comparing
elements of matrices in both sides of the matrices P (C) in (11). O
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Theorem 7. If aff # 0 and bc # 0, then [, has no faithful real represen-
tation of degree 2.

Proof. The proof depends on Theorem 6. So, from part 3 of Theorem 6 as
bc # 0, then either g = —1 or ¢y = co =1 € R.

If ¢ = —1, then from part 2, @ = ¢; + co and from part 3, we have,
(a+d)(c1 —c2) =0.

Case 1: a = —d. Thus, from part 5, pu(c; —c2) = 0. If p =0, then P (C) =
vI, which leads to ¢; = co.

Case 2: ¢; = cg = r. Thus, from part 2, as ¢ = —1, then o = 2r, and hence,
from part 3, we get 8 = 0, which is a contradiction.

On the other hand if ¢ # —1 and C = rlI, a scalar matrix, then from
part 2, « = (1 —¢)r and from part 3 § = [(1 — ¢)r — o] a = 0, contradicting
8 #£0. O

It should be pointed out that if b6 = ¢ = 0, then the representation is not
faithful. Also, as results of parts 2 and 3 of Theorem 6, if C' = rI, a scalar
matrix and b # 0 and ¢ = 0, then 8 = 0. Representation matrices obtained,
when b = 0 and ¢ # 0 are similar to those when b # 0 and ¢ = 0, by changing
B and A.

So, we always discuss representations with ¢ =0 and b # 0.

In the following theorem we introduce conditions and a procedure to calcu-
late A and C to guarantee a faithful matrix representations for ;.

Theorem 8. Let ¢> #1 and a # 0. A necessary and sufficient condition
for [, to have a faithful representation with ¢ = 0 and ab # 0, is that a is a
real root of equation (13), satisfying that |b|* > 0, where the elements of these
representation matrices are given by the following sequence of equations:

1. a is calculated as a real root of the following equation satisfying that
bl* >0,

2. 0* (- + ¢ +q¢" =) +a(qv— v+ qap+ ¢ap)

+Bu (14 ¢*) =0, (13)
3 b = a3(—q+2q2—2q3+2q4—q5)+2a(;1au+qv—q2l/)+ﬂu(1+q)’ (14)
aq(g—1)
4. d = aq,
5. ¢ = B9 and ¢y = 2o

a(l—q) ~ aq(l—q)"
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Proof. This proof is directly driven from Theorem 6. So, from part 6,

d = aq. And from part 3, co = aﬁq ”(Llo‘fg), and substitution in part 3, we get ¢; =

f(*l'f‘;‘). And from part 4, we get, by addition, (1 —¢) (1 + ¢*) a®*+ (1 — q) b|* =

B+ B+
H (a(liu;) + aq(la—a(;])> + 21/. ThUS7

B+ ac B+ aaq
a(l—q) aq(l—q)

Bt+aa B+aa
Therefore, |b|* = “(a(t«z) aqﬂ(Llfcf))JrQ”*(lfq)(lJqu)a2

(1—q)\b\2:u< >+21/—(1—q)(1+q2)a2.

, which must be positive and

1—q
after some reductions, we prove (14). From part 4 p ( fd'f‘(;) +v=(1-q)a*+
|b]>. Thus, p (fgﬁ%) +v —(1—gq)a®—|b|* = 0. On using (14), we have
B+ ax ) 9
DA Ly (1 g)a
<a (1—q)
B a3 (—q+2q2 —2q3+2q4—q5) +2a(qau+qu—q2y) + Bp(1+q) _0
aq(q—1)°
Therefore, (5M*a3q2+a3q3+a3q4,QSiSqJ(r:E,I);aq3u+q25u+aqau+aq2au) — 0. Which yiclds

to fu—al? + a3 +adq* — aq® +aqu —aqPv+¢?Bu+agqap+ag’ap = 0, and so
is (13). Therefore, [, has a faithful representation if and only if, a is calculated
as a real root of equation (13) satisfying equation (14), with [b]* > 0. O

The following examples are to illustrate the above procedure.

31

Example 9. Given that g = %,a =1,6=—%.

uw=3,and v =2.
Substitute in (13), we have, a® —32a+31 = 0, then (a — 1) (a>+a—31) = 0.
The roots of this equation are: 1,2v/5 — 1 and —2v/5 — 3. But b]* is only

2
positive for a = 1, thus @ = 1. And since from (14) and assuming that the
representation is real, we have b? = %. So, take b = :I:\/%,c = 0,d = %,
c = 2% and ¢y = —%.

Example 10. Given that ¢ =2, =2,6=2,u=3,v = —1.

We have from (13), the equation 2a®—7a—5 = 0 has roots: 1+%/ﬁ’ 1—%/H

—1. But |b|2 < 0 for 1+2m and 13@, rejected. So, a = —1. Thus, d = —2. And

and
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from (14), we have |b|> = 0 and ¢; = 0, ¢y = —1. Thus, A = B = diag (-1, —2)
and C' = diag (0, —1). Which gives a representation that is not faithful.

6. G (z) is a polynomial of zero absolute term

Practically, as in [10], a particular interest is given for representations where
A is a nilpotent matrix or a triangular matrix of zero diagonal elements. This
is when 8 = 0 as in the following theorem, where G is considered as a linear
polynomial.

Theorem 11. Let ¢ # —1 and G (z) = ax, where a« # 0. Then the
representation of |, is conjugate to a representation where A is n x n real upper
(or lower) triangular matrix with zero diagonal entries. Furthermore, if A+ B
is real matrix then the representation is real.

Proof. From (3), (4), we have for i,j = 1,...,n,

n
Qag; = (5it0itatj - qaz’t5tjctj)7
t=1

ie.,

aij (cii — qcjj — a) =0,
and

aji (¢j; — qcii — a) =0.

Suppose, a;jaj; # 0 for i # j, we have
Cij — (Cjj = Q, (15)

ij — (qCiy; = Q. (16)

By subtraction in (15), (16), we get (1 + ¢) (¢ii — ¢j;) = 0. Since g # —1, then
for two different diagonal blocks in C, where, ¢;; # c¢;jj,we have that a;; and
aj; cannot both be nonzero. Thus, one can arrange the matrix C, which is
equivalent to getting a conjugate representation, in order to obtain A as an
upper (or lower) triangular matrix. O

Now, consider representation of degree 2, where A, B and C' are as in (10).
If =0, c=0 and b # 0, then from parts 2 and 3 of Theorem 6, we get
ag(c2 —c1) =0, and d(ca —¢1) = 0. Then, a = 0 and d = 0, when C' is not a
scalar matrix. And we get, A as a nilpotent matrix of degree of nilpotency 2 and
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G (0) = 0. This allows to consider G of a degree greater than 1. In the following
theorem, the necessary and sufficient conditions are exhibited to have faithful
representation for [;, and formulae are given to calculate the representation
matrices, even when P () is not linear and G (z) = ax + Y ;5 a;2’ and A as
a nilpotent matrix. B

Theorem 12. If G(A4) = aA+ ) 5y a;A?, where the matrices A =

[ 8 3 } ,B= A" and C = diag (c1, co) are representation matrices of K1, K_
and Ky, respectively, then [, has a faithful representation if and only if there

exists a real numbers ¢y such that P (c1) > 0. In this case, b = £/ P (c1) and

Cl —«
Cy = .
q
Proof. Since b # 0, then from part 1 of Theorem 6, co = 9% From
q
(11), as a = ¢ = d = 0, we have P (¢1) = ([A, B]q) Lo b> > 0, for a faithful
representation. Thus, b = /P (c1). O
Actually, From (11), tr ([A,B]q) = P(e) + P(e) = —|pP(g—1) =
—P (c1) (g —1). Therefore,

P(c2) +qP (c1) =0. (17)

Example 13. Let ¢ = —1, P(x) = 22 — 22 — 3 and G (z) = 2z + 11z%.
4-2

On choosing, ¢; = 4, since P(4) = 5 > 0. Then ¢ = =5 = —2. Then A =
[ 8 \/g } ,B = A", and C = diag (4, —2) are the representation matrices of

L1 [Ko, Ki]  =2K; + 11K}, and [Ky,K_| | = K3 — 2K, — 3K§.
While on choosing, ¢; = 5, since P (5) = 12 > 0. Then ¢, = 2=2 = —3 and

0

representation matrices of [_q.

P(cs) = 12. Then A = [ 0 ‘/% ] ,B = Af, and C = diag (4, —2) are another

Example 14. If ¢ = 3, P(z) = 222 — 3z — I and G (z) = 32" — 5% +
32% — 3z. Choose, ¢; = —1, since P(—1) = § > 0. Then ¢ = 2. Then A =
3
[ 8 6 } ,B = Al and C = diag (—1,2) are representation matrices of a faithful
representation of [y 3 : [Ko, K4]y 3 = G (K4), and [Ky, K_]; 5 = P (Ko).
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Example 15. If ¢ =1,P (z) = —2% + 2z and G (v) = 2. Choose, ¢; = 1
since P (1) =1 > 0. Then ¢; = 152 = 1. Then 4 = [8 é},B:AT,C:
diag (1, %) .

7. Generalized coupling quantized oscillators model

We conclude this paper by introducing a generalized model for the coupling
oscillators model. and considering its faithful representations of least degree of
the g-deformed Lie algebra [,, which is of a practically important case. This
case in a generalization of the g-deformed sl,q(2,R), [26]. Also, in [9], it was
considered that ¢ = 1, while G (K;) = oK. While it was considered in [5],
[7], that ¢ = 1,G (Kp) = aKy and P (Kp) = uKo.

Theorem 16. The g-deformed lie algebra generated by K, K_ = Ki,
and real diagonal operator K, satisfying

[q: [K07K+]q :aKJm

(K, K_], = pKo, where au >0,

a
and K| + K_ is real operator, has real faithful representations of degree 2 as
least degree, whose representation matrices A, B and C for K, K_ and Ky,
respectively, where,

[ . .
1. A= | B=Al andC = | L |,
| 0 0 0 -7+
i oL a
2 4= TVET | poal andc=| P aqo 7
L O 0 0 _q2+1
0 0 ' - 0
51 0 0 =3
L q*+1 ¢?+1
[ 0 0 __aq 0
4. A= o o |B=AlandC=| <H -,
|\ 2+ 0 241
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Proof. Since P (c;) = pey = |b|* and P (¢p) = pey = p (‘31;0‘) , from Theo-
rem 10. Using (17), we have (M) +q(pcr) =0.Then p [¢1 (¢* 4+ 1) —a] =

q
0. Thus we have, ¢; = q;ﬁ and hence, ¢; = ——9L and also, |b]* = -4 O

q2+1 q2+1'

8. Summary

The g-deformed Lie algebra [;, is a generalization of deformed Lie algebras
for quantized Hamiltonians. It was shown that [, has two types of faithful
matrix representations. If the absolute term of the polynomial G (K) is zero,
then the matrices representing K, and K_ are nilpotent matrices of degree
2 as least degree. The formulae to compute the representation matrices are
given together with the conditions to guarantee that these matrices satisfy the
physical properties and the representation is faithful. If the absolute term of
G (K1) is not zero, then the representation matrix of K is a triangular matrix.
The conditions and formulae are given to evaluate the faithful representations
for linear polynomials P (Ky) and G (K4). So,

(1) If G(Ky) = aK4 + B, B # 0, then [, has faithful representation of
degree 2 as least degree, if and only if the upper triangular matrix A = [a;;]
representing K, is such that: aq; is a real root of equation (13), satisfying that
|b|? is positive form (14), where ¢ # 1.

(2) If G(K;) = aKy + Y ayK*% then the representation matrix of K.
>1
is nilpotent matrices if and only if o = ¢; — gco for some ¢, co € R such that

P (01) > 0.

(3) The g-deformed Lie algebra [, was introduced as a generalized coupling
oscillators model, that is when P (Ky) = pKo and G (K4) = aK . It was found
that [, has faithful representation if and only if au > 0.

Acknowledgements. The author is grateful to Prof. S.S. Hassan of
Bahrain University for suggesting the problem and fruitful discussions. Thanks
are due to Kuwait University.

References

[1] V.P. Karassiov, New Lie-algebraic structures in nonlinear problems of
quantum optics and laser physics, J. of Soviet Laser Research, 13 (1992),
188-195.



1096

2]

[3]

[10]

[11]

[12]

[13]

L.A-M. Hanna

V.P. Karassiov, G-invariant polynomial extensions of Lie algebras in quan-
tum many-body physics, J. Phys. A: Math. Gen., 27 (1994), 153-165.

V.P. Karassiov and A.B. Klimov, An algebraic approach to solving evo-
lution problems in some nonlinear quantum models, Phys. Lett. A, 189
(1994), 43-51.

A.B. Klimov and J.L.. Romero, An algebraic solution of Lindblad-type
master equation, J. Opt. B: Quantum Semiclass. Opt., 5 (2003), S316-
S321.

L. A-M. Hanna, M.E. Khalifa and S.S. Hassan, On representations of Lie
algebras for quantized Hamiltonians, Linear Algebra Appl., 266 (1997),
69-79.

L. A-M. Hanna, On the classification of the Lie algebras, Linear Algebra
Appl., 370 (2003), 251-256.

L. A-M. Hanna, On matrix representations of deformed Lie algebras for
quantized Hamiltonians, Linear Algebra Appl., 434 (2011), 507-513.

L. A-M. Hanna, A deformed Tavis-Cummings model and its matrix repre-
sentation, JP J. of Algebra, Number Theory and Applications, 35 (2014),
49-65.

L. A-M. Hanna and S.S. Hassan, On matrix representations of deformed Lie
algebras, Int. J. Theol. Phys., Group Th. and Nonlinear Opt., 13 (2010),
137-143.

L. Hanna, R. Alharbey, S. Abdalla and S. Hassan, Algebraic method of
solution of Schrédinger’s equation of a quantum model, WSEAS Trans. on
Mathematics, 19 (2020), 421-429.

A. Algin, A comparative study on ¢-deformed Fermion oscillators, Int. J.
Theor. Phys., 50 (2011), 1554-1568.

P. Narayana Swamy, Interpolating statistics and g-deformed oscillator al-
gebras, Intern. J. of Modern Physics, B, 20 (2006), 697-713.

P. Narayana Swamy, ¢-deformed Fermions, Fur. Phys. J., B, 50 (2006),
291-294.

P. Narayana Swamy, g-deformed Fermions: Algebra, Fock space and ther-
modynamics, Inten. J. of Modern Physics, B 20 (2006), 2537-2550.



ON FAITHFUL MATRIX REPRESENTATIONS OF... 1097

[15]

[16]

[17]

22]

[23]

S. Dey and V. Hussin, Noncommutative g-photon-added coherent states,
Phys. Rev. A, 93 (2016), Art. 053824.

S. Sargolzaeipor, H. Hassanabadi, W.S. Chung and A.N. Ikot, g-deformed
oscillator algebra in fermionic and bosonic limits, Indian Acad. Sci., Pra-
mana — J. Phys., 93 (2019), Art. 68.

W.S. Chung and H. Hassanabadi, g-deformed quantum mechanics based
on the g-addition, In: Advanced Science News, Fortschr. Phys. # 1800111,
Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim (2019).

R.J.C. Spreeuw and J.P. Woerdman, Optical atoms, Progress in Optics,
31 (1993), 263-319.

C.S. Adams, M. Sigel and Mlynek, Atom optics, Physics Reports, 240
(1994), Art. 143.

W. Witschel, Ordered operator expansions by comparison, J. Phys. A, 8
(1975), 143-155.

S. Steinberg, Applications of the Lie algebraic formulas of Baker, Campbell,
Hausdorff, and Zassenhaus to the calculation of explicit solutions of partial
differential equations, J. Differential Equations, 26 (1997), 404-434.

S. Steinberg, Lie series, Lie transformations, and their applications, In:
Lie Methods in Optics (J.S. Mondragén and K.B. Wolf, Eds., Leén, 1985),
Lecture Notes in Phys., 250 (1986), 45-103.

G. Dattoli, J.C. Gallardo and A. Torre, An algebraic view to the operatorial
ordering and its applications to optics, La Rivisita del Nuovo Cimento, 11
(1988), Art. 1.

G. Dattoli, P. Di Lazzaro, A. Torre, A spinor approach to the propagation
in self-focusing fibers. Nuovo Cim. B, 105 (1990), 165-178.

G. Dattoli, M. Richetta, G. Schettini and A. Torre, Lie algebraic methods
and solutions of linear partial differential equations, J. Math. Phys., 31
(1990), Art. 2856.

P.W. Higgs, Dynamical symmetries in a spherical geometry, I, J. Phys. A,
12 (1979), 309-323.

M.A. Al-Gwaiz, M.S. Abdalla and S. Deshmuckh, Lie algebraic approach
to the coupled-mode oscillator, J. Phys. A, 27 (1994), Art. 1275.



1098 L.A-M. Hanna

[28] M. Sebawe Abdalla, H. Eleuch, T. Barakat, Exact analytical solutions of
the wave function for some g-deformed potentials, Reports on Math. Phys.,
71 (2013), 217-229.



