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Agnaldo J. Ferrari4, Robson R. de Araújo5
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1. Introduction

In this work lattices mean discrete subgroups of n-dimensional Euclidean space.
They have been considered in different applied areas, in particular, in cod-
ing/modulation theory and more recently in cryptography. They have been
studied in several papers from different points of view [1, 3, 2, 7, 11, 12]. In dig-
ital communications, two lattice parameters of interest are the sphere packing
density and the minimum product distance. This paper presents a construction
method of algebraic lattices of optimal packing density and full diversity via
totally real number fields of prime degree.

2. Lattices and number fields

This section briefly reviews the concepts from lattices and number fields that
are required for the rest of the work. Readers interested in further details are
referred to [5]. Let Λ be a full lattice in Rn, that is, Λ is the set of all integral
linear combinations of some basis of the vector space Rn. Λ is said to be of full
diversity [3] if for any 0 6= (x1, . . . , xn) ∈ Λ, one has xi 6= 0 for i = 1, . . . , n.

Let r denote half the minimal distance between (distinct) lattice points.
By centering an n-dimensional sphere with radius r at each lattice point, the
sphere packing associated to Λ is obtained. The proportion of the space that is
occupied by the spheres is called the sphere packing density of Λ and is denoted
by ∆(Λ). For comparison purposes, a more used parameter is the center density
of the packing, denoted by δ(Λ), which in turn equals ∆(Λ) divided by Vn, the
volume of an n-dimensional sphere of radius 1.

Let K be a number field of degree n and signature [r1, r2]. The Q-mono-
morphisms (or embeddings) of K into C whose images are contained in R are
denoted by σ1, . . . , σr1 , and those whose images are not contained in R are
denoted by σr1+1, σr1+1, . . . , σr1+r2 , σr1+r2 .

Let {α1, α2, . . . , αn} be any Z-basis for OK, the ring of integers of K. The
integer dK = (det(σj(αi))

n
i,j=1)

2 is called the discriminant of K. The trace of
any element x ∈ OK is defined by TrK/Q(x) =

∑n
i=1 σi(x). For any complex

number z, let R(z) and I(z) denote, respectively, its real and imaginary parts.
The canonical homomorphism σ : K → Rn is defined by

σ(x) = (σ1(x), . . . , σr1(x),R(σr1+1(x)), . . . ,I(σr1+r2(x))) ,

for every x ∈ K. If M is a Z-submodule of K of rank n, then σ(M) is an
n-dimensional lattice in Rn. If either r1 = 0 or r2 = 0, then the center density
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of σ(M) is given by

δ(σ(M)) =
tn/2

2n ·
√

|dK| · [OK : M]
, (1)

where [OK : M] denotes the index of M in OK, and

t = ck min
{

TrK/Q(xx) : x ∈ M, x 6= 0
}

(2)

with ck = 1 or 1
2 according to whether r2 = 0 or r1 = 0, respectively. The

quantity 2−r2 ·
√

|dK| · [OK : M] represents the volume of σ(M).

3. Trace form of cyclic fields of odd prime degree

This section presents a construction of algebraic lattices using cyclic fields of
degree p, where p > 2 is prime and ramified. Let K/Q be a cyclic extension of
degree p. From the Kronecker-Weber Theorem [10], there is a smallest positive
integer n such that K ⊆ Q(ζn); that integer is the conductor of K. In this case,
the discriminant of K is given by dK = np−1 [4, p.186].

Since p is ramified in K, then n = p2p1p2 · · · pr for some r ≥ 0, where the
pi are distinct prime numbers such that pi ≡ 1 (mod p), see [9], for example.
From [8], if t = TrQ(ζn)/K(ζn), then

1. K = Q(t).

2. B = {1, σ(t), · · · , σp−1(t)} is a Z-basis for OK.

Theorem 1 ([6]). Let K be a cyclic field of prime degree p > 2 and

conductor n as above. If x = a0 +
∑p−1

i=1 aiσ
i(t) ∈ OK, where ai ∈ Z, for

i = 0, 1, . . . , p − 1, then

TrK/Q(x
2) = pa20 + pp1 · · · pr



−2
∑

1≤i<j≤p−1

aiaj + (p− 1)

p−1
∑

i=1

a2i





= pa20 + pp1 · · · pr





p−1
∑

i=1

a2i +
∑

1≤i<j≤p−1

(ai − aj)
2



 .
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4. Construction of algebraic lattices

Let K/Q be a cyclic number field of odd prime degree p and conductor n as in
Section 3. This section will present a lattice construction whose main ingredient
is a suitably chosen Z-submodule M of OK of rank n. Since K is totally real,
all the obtained lattices will be of full diversity. Their center densities will be
calculated by the formula in (1). Recall that the parameter t therein is equal
to the nonzero minimum of the trace form of K restricted to M, see (2).

4.1. The laminated lattice Λ3

In this section, let K be the cyclic field of degree p = 3 and conductor n = 32.
The Galois group Gal(K/Q) = 〈σ〉 is cyclic of order 3, t = TrQ(ζ

32
)/K(ζ32), and

dK = 34. Let M be the submodule of OK of rank 3 and index 6 given by

M = {a0 + a1σ(t) + a2σ
2(t) ∈ OK : a0, a1, a2 ∈ Z and

a0 + 2a1 + 2a2 ≡ 0 (mod 6)}.

If α ∈ K, then
TrK/Q(α

2) = 3a20 + 6a21 − 6a1a2 + 6a22.

It follows that min{TrK/Q(α
2) : α ∈ M, α 6= 0} = 18 is attained when

(a0, a1, a2) = (2,−1, 0). Since the volume of σ(M) equals
√

|dK| · [M : OK] =
32 · 6 = 54, one has

δ(σ(M)) =
(
√
18/2)3

54
=

1

4
√
2
,

i.e., the center density of σ(M) equals that of lattice Λ3 [5, p. 15].

4.2. The laminated lattice Λ5

In this section, let K be the number field of degree p = 5 and conductor n = 52.
The Galois group Gal(K/Q) = 〈σ〉 is cyclic of order 5, t = TrQ(ζ

52
)/K(ζ52), and

dK = 58. Let M be the submodule of OK of rank 5 and index 10 given by

M = {a0 + a1σ(t) + a2σ
2(t) + a3σ

3(t) + a4σ
4(t) ∈ OK : a0, . . . ,

a4 ∈ Z and a0 + 4a1 + 4a2 + 4a3 + 4a4 ≡ 0 (mod 10)}.

If α ∈ K, then

TrK/Q(α
2) = 5 · (a20 + 4a21 − 2a1a2 − 2a1a3 − 2a1a4 + 4a22

−2a2a3 − 2a2a4 + 4a23 − 2a3a4 + 4a24).
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It follows that min{TrK/Q(α
2) : α ∈ M} = 50 is attained when a0 = a1 = a2 =

0, a3 = −1 and a4 = 1. Since the volume of σ(M) equals
√

|dK| · [M : OK] =
54 · 10 = 55 · 2, one has

δ(σ(M)) =
(
√
50/2)5

55 · 2 =
1

8
√
2
,

i.e., the center density of σ(M) equals that of lattice Λ5 [5, p.15].

4.3. The laminated lattice Λ7

In this section, let K be the number field of degree p = 7 and conductor n = 72.
The Galois group Gal(K/Q) = 〈σ〉 is cyclic of order 7, t = TrQ(ζ

72
)/K(ζ72), and

dK = 712. Let M be the submodule of OK of rank 7 and index 112 given by

M =































a0 + a1σ(t) + a2σ
2(t) + · · ·+ a6σ

6(t) ∈ OK :
a0, a1, a2, . . . , a6 ∈ Z,
a0 + 6a1 + 6a2 + 6a3 + 6a4 + 6a5 + 6a6 ≡ 0 (mod 14),
a1 + a5 + a6 ≡ 0 (mod 2),
a2 + a4 + a6 ≡ 0 (mod 2), and
a3 + a4 + a5 + a6 ≡ 0 (mod 2).

If α ∈ K, then

TrK/Q(α
2) = 7 · (a20 + 6a21 − 2a1a2 − 2a1a3 − 2a1a4 − 2a1a5

−2a1a6 + 6a22 − 2a2a3 − 2a2a4 − 2a2a5 − 2a2a6
+6a23 − 2a3a4 − 2a3a5 − 2a3a6 + 6a24 − 2a4a5
−2a4a6 + 6a25 − 2a5a6 + 6a26).

It follows that min{TrK/Q(α
2) : α ∈ M} = 196 is attained when a0 = a6 = 2

and a1 = a2 = a3 = a4 = a5 = 0. Since the volume of σ(M) equals
√

|dK| · [M :
OK] = 76 · 112 = 24 · 77, one has

δ(σ(M)) =
(
√
196/2)7

24 · 77 =
1

16
,

i.e., the center density of σ(M) equals that of lattice Λ7 [5, p. 15].
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5. Conclusion

A method for constructing laminated lattices Λp from cyclic fields of odd prime
degree p and conductor p2, where p is ramified, was presented. Explicit nu-
merical examples were given for p = 3, 5, and 7. All the obtained lattices have
maximal diversity; however, the determination of their exact minimum product
distances is left for future research.
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Neto, Trace form associated to cyclic number fields of ramified odd prime
degree, J. Algebra App., (2019), Art. 2050080.

[7] J. C. Interlando, J. O. D. Lopes and T. P. N. Neto, A new number field
construction of the D4-lattice, Int. J. Appl. Math., 31, No 2 (2018), 299–
305; doi: 10.12732/ijam.v31i2.11.



FULLY-DIVERSE LATTICES FROM RAMIFIED... 1015

[8] G. Lettl, The ring of integers of an Abelian number field, J. Reine Angew.

Math., 404 (1990), 162–170.

[9] B. K. Spearman and K. S. Wiliams, The discriminant of a cyclic field of
odd prime degree, Rocky Mountain J. Math, 33 (2003), 1001–1122.

[10] L. C. Washington, Introduction to Cyclotomic Fields, 2nd Ed., Springer-
Verlag, New York (1997).

[11] C. C. T. Watanabe, J. C. Belfiore, E. D. Carvalho and J. V. Filho, E8-
lattice via the cyclotomic field Q(ζ24), Int. J. Appl. Math., 31, No 1 (2018),
63–71; doi: 10.12732/ijam.v31i1.6.

[12] C. C. T. Watanabe, J. C. Belfiore, E. D. Carvalho and J. V. Filho, Con-
struction of nested real ideal lattices for interference channel coding, Int.
J. Appl. Math., 32, No 2 (2019), 295–323; doi: 10.12732/ijam.v32i2.11.



1016


