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1. Introduction

In the present paper we study the existence of positive solutions of a second-
order ordinary differential equation (ODE)

u'ted + f(tu) =0, te (a,+o0), (1)
coupled with the boundary conditions
u(a) = u(4o00) =0, (2)

where ¢ > 0 is a constant, a € R. We suppose that f(t,s) : R> — R and
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fs(t,s) = % (t,s), fi (t,s) = % (t,s) are continuous functions which satisfy

the following conditions:

cl|5|1+q < |f(t,s)] < 62|S|1+q,8f(t,8) >0, VY(ts)€ R?, (H1)
fs(t,8)s* = Af(t,s) >0, V(t,s) € R, (H2)

ft,s)s — (2+a)F(t,s) >0, V(ts)eR? (H3)
csls|T2 > fi(t,s) s >0, V(t 5) € R?, (H4)

where A > 1, «>0,¢; >0,j=1,2,3, and F (t,s) : fftTdT

An example of a function f, which satisfies these conditions is f(t,s) =
Cls|T.swith Ae (1,¢g+1],a=q, c1 =ca=c3=C>0.

We will look for positive solutions u of (1.1) such that u € H}(a, +00)NH, 4,
where H}(a,+0o0) is the usual Sobolev space and

+oo
H.,:= {u € H} . (a,+00) : / e’ (t)* dt < 400, u(+o0) = O} (3)

lullea = [ € (a0 (02 +u )

and HY , := Heo N Hj(a,400) = {u € Heq : u(a) = 0}.

Equation (1) is obtained by the Fisher-Kolmogorov’s equation u; = g, +
f (t,u), looking for the traveling waves w (z,t) = U (x —ct) with speed c.
There is a vast studies on heteroclinic solutions of eq. (1). We refer the reader
to Kolmogorov, Petrovsky and Piskunov [3], Aronson and Weinberger [2], Arias
and al. [1], Nehari [7], Versini [9], Szulkin [8], Li and Wang [4] and references
therain. Solutions of (1) with initial data with compact support are studied in
[2]. Fast solutions of Eq. (1) are studied in the paper of Arias and al. [1] via
variational methods. Heteroclinic solutions for non-autonomous second order
differential equations are studied in [5, 10]. Verzini also studied equation of
type (1), when ¢ = 0, and she proves the existence of many oscillating solutions
belonging to L (R). She used the variational method and the approach of
Nehari [7]. In the present paper we will prove the existence of positive solution
of Eq. (1), belonging to H} (a,+oc), using the methods of [9].

Note that by (Hl) it follows

— |92 < F(t,s) <

with norm

. s ¥ (ts) € R, (4)

for some positive constants ¢; and co.
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We introduce the energy functional associated with the problem (1), (2),
further referred as (P):

. ’ ct u' (t)Q
Jlap) (1) := /a e <T - F(t,u(t))) dt,

+00 u 2
T (0) = oo ()= [ ( " —F(t,u@))) it,

where a € R is a fixed real number and b € (a,+00). Let

11 (U) = fi[q,100) (1) = SUPJ[g 100y (Au) = supJ (Au). (5)
A>0 A>0

We will prove that for each nonzero function u, p (u) = supJ (Au) > C > 0.
A>0
There exists unique number A = A (u) > 0, for which supJ (Au) is attained, i.e.
A>0
w(u) =supd (Au) = J (A (u)u).
A>0

We introduce the following set, analogous to the Nehari manifold:
N (a,400) == {u € Hga ~(0) : A (u) =1}

= {uEHga\(O):VJ(u).uzo},
as in Verzini [9]. Since we are looking for the solutions of (1), which are non-
negative on [a, +00), we introduce the set
N7 (a,4) = {u € N (a,+00) : u > 0}.
Define the function

ot (a,+00) := inf {supJ (Au) :u € Hga ~(0),u > 0} .
A>0

Our main result is:

Theorem 1. Let the conditions (H1)-(H4) hold.
Then ¢t (a,+00) is attained by at least one functionuy € N (a,+00) , uy >
0 on (a,+00) and uy (t) is a solution of the problem (P) for t € (a,+00).

The paper is organized as follows. In Section 2 we give preliminaries on the
function spaces, embedding inequalities and three lemmas for the corresponding
functional J. In Section 3 we give the proof of Theorem 1 and some comments.
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2. Preliminaries

By [1] for each u € H., the following inequality holds:

+oo 9 c 9 c +oo 5
/ el (B dt > e (1o + / et (1)? dt (6)

for any tg € [a, +00) . The inequality (6) shows that in the linear space H., we
can introduce the norm

+o0 %
ully, . = </ ety (t)2dt> ,
’ a

corresponding to the scalar product (u,v) =/ O ety () ' (¢) dt.
For each function v € H., C L*|a, +oo) sup |u(t)] < 400 and it is
tela,+00)

attained, i.e.

sup |u ()] = max Jfu(t)] = |u(t)]
t€[a,+o00) t€la,+00)

for some point ¢; € [a,+00). Further by C' we will denote various positive
constants not depending on u.

We have the following lemma.

Lemma 1. Let u € H.,. Then the inequality

f+00 ct |u( )|q+2 dt

Ju (t1)]*

+00 +00
/ et/ (t)* dt > C(u(t1)2+/ etu (t)* dt + (7)

+oo 2
+(/ e Ju ()| dt)a+2),

holds for a constant C' > 0.
+oo
/ e/ ()2 dt > eCtlu (t1)?,
a

02 +oo 9
— / eu (t)* dt.
4 Jq

By Young’s inequality we get

+00 +oo
/ et (t)2dt > C(u(t1)2+/ e“lu(t)?dt)

s~
+
8
o
=8
:\
=
no
I8
~
vV
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o, L e (t) |72
> C(u(t1) + )l )

2
> C (u (t1)2) = (faJroo et lu (t)|q+2 dt) P

2
q+2

(lu ()])

2
+o0 +2
— c</ ect|u(t)|q+2dt>q , C>0

for each nonzero function u € H, ,. These inequalities imply (7).

Next, we have the following

Lemma 2. Let the function f(t,s) € C' (R?) satisfy the conditions (H1),
(H4) and p1 (u) is defined by (5). Then, for every nonzero function u (t) € He q,
Pa,+o00) (u) = C > 0, where the constant C' does not depend on u.

Proof. By (4),

1 +o0 +o0
JOw) = §A2/ eyl (12 dt — / e B (£ \u (1)) dt

1 —+o00 +oo

> )2 / et/ (t)%zt—( @ / et |u(t)|q+2dt> NIF2
2 Ja q+2/,

= A1\? — B2

where Ay = 1 [T®ecty/ (1)?dt > 0, B = ) [ et ju ()| dt > 0, since
u(t) € Hq is nonzero functlon. We have that for every A € [0, +00),

Hla,+00) (u) = SupJ()‘u)

A>0
at2
2 +o0 by (
24.q f e 2dt
> C4(Q) 21+g N 2
0 2 +2
@27\ (3, ect\um\‘ﬁ dt)q
> CS(Q)>07

where the constants ¢4 (¢) and ¢5 (¢) depend only on ¢. In the conclusion of the
last inequality, we took into account (7). The lemma is proved.

Let u(t) € H., be an arbitrary fixed nonzero function and the conditions
of Lemma 2 be fulfilled. By (4) we have
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1 “+o00 —+o00
J () = §A2 / et/ (t)* dt — / eLF (t, A (t)) dt

“+oo
< )\2A1—< a / ect\u(t)w?dt) NI+

q+2
= A\ — B\,

Then J (Au) < 0 for sufficiently large A\ > 0. Since J (0) = 0 and J (Au) is
continuous function in A, then p (u) = supJ (Au) is attained.
A>0

Moreover i (u) = p (ku) for every constant k > 0.
Thus for the given nonzero function w(t) € H.,, there exists a positive
number Ay > 0, such that

w(Aou) = J (Mou) = ili%J (Au) .

If we denote the function \gu € H.,\ {0} again by u, then the last equality
can be written as

p(u) = J (u). (8)

We show that for any nonzero function v € H, 4, i.e. function belonging to
H.,\ {0}, there exists a function u € H.,\ {0} such that u = kv, with suitable
constant k£ > 0, such that (8) holds. As in [9, p.2017] it follows that

0

+oo
=57 () [hea= VI (w)u :/a et (u' (t)2—f(t,u(t))u(t)) dt =0, (9)

which holds for critical points of J (Au) as a function of A.

Lemma 3. Let the function f(t,s) € C' (R?) satisfy the conditions (H1),
(H2) and (H4) and u € H,., be nonzero function, for which (9) holds. Then

J" (u) [u,u] < 0.

Moreover there exists unique number A = X (u) > 0 such that p (u) = J (A (u) u)
and the function u — X (u) is of class C'.

Proof. We suppose that for the nonzero function u € H.,, (9) holds, but
J" (u) [u,u] > 0. Then

[OO et (u’ ()% = fs (t,u () u (t)2) dt > 0. (10)
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Subtracting (10) from (9), we obtain that
[ (Bt u? - @) a<o

Taking into account (H1) and (H2), we get

+o0
0 2/ eCt(fs(t,u(t))u(t)2—f(t,u(t))u(t))dt
+oo
>/ et (A — 1) f (tu (b)) u (1) dt

+oo
> o5 (A—1) / e |u (8)[2+ dt,
a

where the constant c5 > 0 and A > 1. Thus we proved that f;roo e u (1)*T9dt <
0. But it is impossible for nonzero function w (¢). The obtained contradiction
shows that the considered function u (t) satisfies the inequality J” (u) [u,u] < 0.
The rest of the proof of the lemma is as in [9, Proposition 3.1]. Exactly, the
unique number A = X (u) > 0 such that p(u) = J (A (u)u), satisfies the equa-
tion

O (A (u),u) :=VJ(A(uw)u).u=0.
Also %‘I) A\ u) = a% (VJ (Au).u) = J" (Au) [u,u] <0 for A = A (u), where ® is
of class C! and the function A = X (u) can be locally implicitly defined. From
the implicit function theorem A (u) is of class C'. Lemma 3 is proved.

The considerations in the proof of Lemma 3 show that

* = inf J(u).
ot (a,4o0) = inf J(u)

3. Proof of the main result

Let {u,} € NT (a,+00) be a minimizing sequence for ¢* (a,+o00). Without
loss of generality, we can suppose that

ot (a,+0) +e > J(uy) — ¢ (a,+0), n— +oo (11)
for sufficiently small number € > 0.

Proof of Theorem 1:
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Step 1. We have

+00 +00
ce / etul ()2 dt < J (un) < ¢r / etu!, (t)* dt, (12)

+00 +00
08/ e F (tyuy, (1) dt < J (uy) < 69/ L F (tup (t))dt  (13)
for some positive constants ¢;, i = 6,7,8,9. Since VJ (uy,) .u, =0, as in (9),

/aJrOO e (u;l (t)Q — f(tun (1)) up (t)) dt — 0.

We have J (u,) = [ ect (éug ()% = F (t,un (t))) dt. By (H3) and (4),

+oo
2.7 (uy) :/ € (f (£, un () un (t) — 2F (£, up (£))) dt

oo ct acy e ct 24+q
> « e F (t,uy (t))dt > e uy, ()7 dt.
a q+2Jq

This inequality shows that J (u,) > 0. Hence

1 400 400
5 / etul () dt = / e F (t,up () dt + J (un)
a a

< 2 /+oo e Ju, ()T dt + J (up)
2
< (1 + ﬂ) 7 (un)
aCp
and
+oo
acy AR,
J > ¢ t)” dt.
(1) 2 5o / el ()
By the definition of J (uy,,) and (4), J < L[ty ()? dt. Thus, we
proved the first inequality (12) with ¢g = 2ac01afﬁ 1; and c7 = 3 The inequality

(13) holds with cg = § and ¢g = CQ(QH) by (H1) and (4) since

2J (u,) < / +Ooe‘j’u’()2dt: / +O°ectf(t,un(t))un () dt

co(q+2)
c1

IN

+oo
/ U F(t, uy (t))dt.
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These assertions show that f;roo ectu!, ()2 dt and f(:roo e u, (£)|*T9dt are
bounded by constant, which does not depend on n. From the inequality (6),
the same is true for f(:roo e“tuy, ()% dt . Hence

+oo
/ e (un (8)? + o, (1)) dt

and
+oo
[ et wPar
a

are bounded by a constant, which does not depend on n. Then, the sequence
1
{un} is bounded in H., equipped by the norm [[ul[;; = (f;LOO et/ (t)? dt) ‘)

Step 2. There exists a function ug € HY, := Heq N Hj[a,+00) and
subsequence {uy, } still denoted by {uw,}, such that u, — wuy for n — 400
in the week Hga— topology; u, — ug for n — oo in the strong L?>—
topology and on any bounded and closed subinterval of [a,+00). Moreover
ug > 0 is nonzero function. Let us remind that {u,} C NT (a,+00) and then
u, > 0,n=1,2,... . Hence ug > 0.

We will prove that ug is nonzero function. Suppose the contrary, i.e., that
ug = 0. This means that u, — 0 for n — 400 in the week Hg’a— topology and
u, — 0 for n — 400 in the strong L?— topology on any bounded and closed
subinterval of [a, +00). Let b > a be an arbitrary number. From [1, p.321],

1

—cb +oo 2 .
lup (b)| < <e / etul, (t)th> <cpe 2’ Vb>a (14)
b

C

and the constant c¢jo > 0 does not depend on n € N and b. Let b € (a,+00) be
a fixed (sufficiently large) number. Then for every € > 0, there exists ng € N,
depending on b and ¢, such that

b b
/ euy, () dt < er/ u, ()% dt < e, ¥n > ng.
a

a

From (14), replacing b by ¢, |u, (t)| < cipe” 2!, Vt € [a,+00) and for some
ni1 > ng, n1 € N, depending on b, we get by ¢ >0

b b
/ ey () 29t < erg / i (1)t < 5 ¥z m (15)
a a
From (14), we have

—+o0 —+o0 .
/ e (1) PH9dt < max [un (£)]7. / ey () [2dt < crre=5" (16)
b te[b,+00) a
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and the constant ¢;; > 0 does not depend on b € (a,+00) and n € N. Now let
e > 0 be a fixed, sufficiently small number. We choose the number b € (a, +00)
so large, such that ¢i1e” 2% < 5. Then by (16),

+o0 €
/ e luy, (t) [2Tdt < 5 VneEN
b

We choose the number n1 € N | ny > ng, such that (15) holds and hence

[ ey, (t) [PHadt < e, Vn > ril. Thus we prove that
oo
: ct 24q —
ngrfoo ; e“luy, () [79dt = 0.

By Step 1, (4) and (13) it follows lirf J (u,) = 0.This contradicts to Lemma
n—-+0o0o

2, according which J (un) = g 400y (un) = C > 0. The contradiction shows
that ug is a nonzero function.

Step 3. [ ectul, (t)%dt > [T etuly (1) dt + o (1).
We have

oo t 1 2 oo t [/ / / 2
/ et (1)? dt = / et [uby (1) + (o (0) -y ()]2dt (17)
+o0 9 +o0
= / etug (t)° dt + 2/ e (ul, (t) — uf () ug (t) dt

+oo 9
—I-/ e (uy, (t) — ug () dt.
a
By u, — ug for n — +oo weakly in H ga we have

+oo
lim e (ul, (t) — ug () ug (t) dt

n

n—+oo J,
B . / o / —
o nEI-II—loo <un (t) Uy (t) » Uo (t)>Hc,a =0.
Then Too
2 [ ()~ 0) (= 0 1),
a
and by (17),

+oo +o0o
/ etul, (£)* dt > / etuly ()2 dt + o (1).
a a

. + +
Step 4. ngrfoo [T F (tuy (1) dt = [ €U F (t,ug (t)) dt.
As in Step 2, replacing u,, by u, — ug, we can prove that
+oo
lim e Juy, (t) — ug (£)[*T9dt = 0. (18)

n—-+00 a
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By (H1) and uy, (t) >0, ug (t) > 0,

wn (1)
/ ft,7)dr
uo (t)

c2
q+2

[E (4, un (8)) = F (8, u0 (8))] = <

wn (1)
/ ritaqr
uo (t)

OREETIORIE

Hence

+00 +0o0
/ LB (1w, (1)) di — / e (1, ug (t))dt‘
a a
- o /-I—oo ect
T ogt+2/,

K, /+oo oot |un (t) g (t)‘ (Un (t)l-I—q + g (t)1+Q> dt.

wn (12T — g (t)M‘ dt

IN

Using the Holder inequality, it is easy to obtain that

/a+°°ectF(t,un (t))dt—/:ooeCtF(t,uo (t))dt‘

1+g
+oo 24 2+q
< w0 )
a

1
+00 Trq
( / eCt|un(t)—u0(t)|2+th> !
a

1+q

+oo +oo 2+q
< Ky ( / euy, (1) dt + / eug (t)*T1 dt)
a a

1
+00 24q
( / e |y (£) — g (£)[2T9 dt) !

—+00 ﬁ
< K3</ ect\un(t)—uo(t)\mdt) ,

where Kj,j = 1,2,3 are constants not depending on u and n. Taking into
account (18), we obtain the assertion of Step 4.

Step 5. There exists a nonzero function uy € N* (a,+00), which uy >0
and Jig o0y (ug) = ¢ (a, +00) = N+(in15r Jla,400) (1) > 0.

a,+00)
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From (4), Step 3 and Step 4 it follows that J (uy,) > J (ug) + o0 (1) (i.e., the
functional .J is weakly lower semi continuous). Hence the inequality Ji, o) (Aug) <
Jla,4+00) (Aun) + 0 (1), YA > 0 holds.

Define

ug = X (ug) ug.

We obtain,that u satisfies the conditions of Step 5.
We will prove that uy > 0 on (a,+o00). For this purpose, we adapt the
proof of Theorem 3.1 of [9, pp. 2019-2020] to our case.

Claim 1. u; € C! (a,+00). We assume that there exists 7 € (a, +00), for
which uy (1) = 0 and 4/, (t) is not continuous for t = 7. Let v/, (1 —0) < 0
and the constants p > 0 and ¢ > 0 are sufficiently small numbers. For A\ €
[1 —¢e,1+ ¢] we consider the class of problems

07— ) = My (r — p)
inf J[T—p,T—i—p} (v):ve€ ' (T=p,7+p), v(T+p) = us (T +p) (19)

ol <1
where 7 — p, 7 + p € (a,+00). We have
d? T+p
T3 Tir—pre) (4 A@)amp = / e (¢ (07 = Ftu) e @) dt (20)
T+p T+p
> / ety ()2 dt — e13 / e ()% dt
T—p T—p
>

T+p
(CL; - 63> / e (1) dt > 0,
p T—p

where the constants c¢13 := sup {f] (t,u):a <t < 4o00,—1 <u <1}, ¢14 > 0,
and the function ¢ (t) vanishes on at least one point t =ty € [T — p, 7 + p]. As
in [9, p. 2026, Lemma 5.1], we can conclude, that J is strictly convex, and thus
the minimum of (19) is uniquely achieved by a function vy. We will show that
vy, satisfies Eq. (1.) and ﬁl)ii% lloall g

(r—prtp) = 0. For this purpose, we need to

prove that |vy (t)| < 1 and vy (¢) > 0 for every t € [T — p, T + p].

First, we prove that ||vy|,, = te[max+ }|’U)\ (t)] < 1. Suppose the con-
T—p,7+p

trary, ||[vall, = 1. By inclusion H! (r —p,7+p) C Clr—p,7+p|, uy €
Clr—p,7+p and vy € Cltr—p,7+p|. By uy(r) = 0, vx(r+p) =
Auy (Txp) =0(1) for p — 0+. If vy (1) = %1 for some 71 € (T —p, 7+ p),
then
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/:p v\ (1) dt'

IN

T+p 3 T+p 3
</ eCtdt> </ e“tol (1)? dt>
T—p T—p
—c(r=p) _ g=c(r+) o 2
_ (e ¢ ) ( / et (1) dt)
c —p

< T+p ct /1 2
< cis5v/p ey (1) dt )

—p

(NI

(S

1
where the constant c¢15 > 0 is close to (2¢7°7)2 for small p, i.e. ¢15 depends

only on 7. Since 1 — o (1) > % for small p, then

T+p 9 1
/ el (t)  dt > —5—.
T—p 2c15p

Since F'(t,vy) is bounded for t € [T — p, 7 + p|, and ﬁ —C > =% for small
15
p > 0, it implies

Ci6
J[T—p,T—I—p} (U)\) > 7 (21)
Remind that u; € H' (1 — p,7 + p) and u, (1) = 0. As above
max Jug (6] = max fuy () —us (7)
[T_p’T"'p} [T_pﬂ—'i'p]
T+ 2
< ani ([ e )=o) v
T—p

1
because uy € HY, and then (f:jpp e, (t)? dt) * = 0(1) when p > 0 is suffi-

ciently small. Thus
At (TE£p)=0(/p), VAl —¢,1+4¢].

Now we consider the linear function

Cuy (1—p) —uy (T+p)
2p

w(t) = up (7 — p) (t—7+p).
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Evidently
w(t—p)=uy(T—0p),

w(t+p) =uy (74 p) and ' (t) = u+(7+p)27pu+(77p). As above we have

luy (1 —p) —ug (T+p)| =

1

T+p 2

< 015\/ﬁ< / e%’+<t>2dt> =/po(l),

T—p
1

because uy € H_, . Then (f:j; et (t)? dt)a = 0(1) when p > 0 is suffi-

ciently small. Thus

C
w ()] < —.0(1),
[ @] < —5o)
T+p 9 C T+p
0 < / ew’ (t) dtg—.o(l)/ etdt < o(1).
T—p P T—p
Also,
w®l < max(ur (v = p),up (7 + p))
< max fuy ()=o) VB, Ve[ —pTH0].
[T_pﬂ—'i'p]
Hence ||wl| g1, ;4 = 0(1) and
Trpirtg (0) = 0 () Jyprsy () =0(1) VAE [~ e, 1 4. (22)

From (21) and (22), Jjr—prqp) (Aw) << Jjppryg (Ua), VA € [1—¢, 1+¢]
for sufficiently small p > 0, (where a << b means that § = o(1)). The
last inequality contradicts to the fact, that infimum in (19) is attained by the
function vy. The contradiction is due to the assumption, that [jvy],, = 1.
Therefore |[v)|,, <1 and thus vy is a solution of Eq.(1).

Now we will prove that vy > 0 for t € [ — p,7 + p]. Suppose the con-
trary. Then changing the sign, vy vanish at some point of [T — p, 7 + p] and by
s (T £ p) = Auy (T £ p) > 0, it follows that v/ also vanish at some other point
of [T — p, 7+ p|. Since v) satisfies (1), then

t
(eCtvS\)/ + e f(tuy) =0 = v (t) = —/ e~ t=9) £ (5,0 (s)) ds,
t1
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where t; € [T — p, T + p] is such that v} (¢1) = 0. Then

t
v (1)) < / e=<t=9) | £ (5,05 (5))]| ds

t1
T+p e—c(m=p) _ o—c(m+p)
c17
-

e =) ds = ¢y - < c13p,

<
—p

because f (s,vy (s)) is bounded, for s € [T — p, 7 + p]. Thus
[0y ()] < c1sp Wt € 7 — py 7+ 4], (23)

where the constant c¢;g > 0 depends only on 7. Recall that uy (7) = 0 and
v/, (1 —0) < 0. Then for p > 0 sufficiently small, uy (7 —p) = uq (1) —
pu!, (1 —0) = —pu!, (1 —0). Hence

oA (T = p) = My (T — p) = =Apuly (1 - 0),

ie. crgp < vy (T —p) < coop for p > 0 sufficiently small. Then vy (1) =
oy (T —p)+ f:_p v (s)ds and from (23)

t
/ v (s)ds
T—p

Thus vy (t) cannot change the sign when ¢ € [T — p, 7 + p|. This consideration
is true also , when v/, (7 — 0) = —o0, because vy (1 — p) > Cp for sufficiently
large constant C' > 0 and v, (t) does not change the sign again. We prove, that
vy > 0fortelr—p,7+p.

Note that vy (t) € CY(7 — p, T + p), because vy (t) satisfies Eq. (1) for
te (r—p, 7+ p). Now we define the function

N { oy (1), telr—p1+0),

<cgp’ << v (T—p), VEE[T—p,T+p].

DO =\ ny (1), e la,+00) N —p7 4]

We should note that uy (t) >0 V¢ € [a, +00) and uy (t) € HY . because vy (t)

satisfies the boundary conditions in (19). We will prove, that uy — Auy in
HP,, when p — 0. Indeed, from (22), Jjr—prip (02) < Jjreprpp) (w) < 0(1)

c,a’
and since
262

q+2%

T+p
loall < 1 :>/ F(t, 05 () dt <
T—p

then f:j: e“vl ()2 dt = 0 (1) when p — 0. This proves that uy — Au, in HY,.

when p — 0. Further the proof that u € C* (a,+0o0) holds as in [9, p.2020]. Fi-
nally we should note that there exists finite right derivative «/, (a + 0). Indeed,
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if uy (t) = 0 in a small right neighborhood of a, then obviously «/, (a + 0) = 0.
If uy (t) > 0 in a small right neighborhood of a, then wy (¢) satisfies (1) and it
is easy to show that

) (a+0) : = t—liﬁo“; (t)

to
_ emelato) [u; (t0) + [0 (s (5)) ds|

a

where {p > a is a point, close enough to a. Thus we prove, that uy €
C'a,+00).

Claim 2. uy (t) > 0, Vt € [a,+00) .

We assume that uy (¢9) = 0 for some ¢y > a, and u (t) > 0 in a small right
(left) neibourghood of ty. Since uy > 0, then ¢y is a point of local minimum for
uy and since uy € C! (a,+00), then u/, (tg) = 0. Since f (¢,0) =0, then u =0
is a solution of (1) for the Cauchy conditions u (tg) = «' (tp) = 0 and from the
uniqueness theorem of the local Cauchy problem, follows that u4 (f) = 0 in a
small neibourhood of tp. Thus it implies w4 (¢) = 0, V¢ € [a,+00), which
contradicts to the definition of uy as a nonzero function. This contradiction
proves the assertion of Claim 2. Theorem 1 is proved.
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