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Abstract: The present work is aimed to study error (or degree) of approxima-
tion of a function g̃, conjugate to 2π-periodic function g, belonging to weighted
W (Lp, ξ (t)) (p ≥ 1) by almost Riesz means. Our result gives sharper estimates
than the previous known results. Some of important corollaries have also been
derived from our main theorem.
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1. Introduction

Let g ∈ Lp (p ≥ 1) be a 2π-periodic and Lebesgue integrable function. Then
the Fourier series of g (x) at any point x is given by

g ∼
a0
2

+

∞
∑

n=1

(an cosnx+ bn sinnx) (1)

with sn (g;x), i.e. n
th partial sum which is also called trigonometric polynomial

of nth order (or degree) of Fourier series.
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The conjugate series of (1) is given by
∞
∑

n=1

(bn cosnx− an sinnx) , (2)

where the conjugate function g̃ is defined as

g̃ (x) = −
1

2π

∫ 2π

0
ψ (t) cot

t

2
dt.

A function g is said to belong to Lipα class if

|g (x+ t)− g (x)| = O (|t|α) for 0 < α ≤ 1.

A function g ∈ Lip (α, p) (p ≥ 1 )-class for a ≤ x ≤ b, if
{∫ b

a
|g (x+ t)− g (x)|p dx

}

1

p

≤ K (|t|α) , 0 < α ≤ 1,

where K is absolute non-negative constant (Definition 5.38 of McFadden [12]).
If g ∈ Lip (ξ (t) , p) (p ≥ 1)-class, then

{∫ 2π

0
|g (x+ t)− g (x)|p dx

}

1

p

= O (ξ (t)) , 0 ≤ x ≤ 2π , t > 0.

A function g ∈W (Lp, ξ (t) ) (p ≥ 1)-class [5], if

{∫ 2π

0
|g (x+ t)− g (x)|p sinβp

(x

2

)

dx

}

1

p

= O (ξ (t)) , β ≥ 0 , t > 0.

Here ξ (t) is non-negative increasing function of t. The weighted Lipschitz
W (Lp, ξ (t)) (p ≥ 1 )-class reduces to Lip (ξ (t) , p) class if we take β = 0. If
we put ξ (t) = tα, then Lip (ξ (t) , p) class is converted to Lip (α, p), and if
p → ∞ in Lip (α, p) class, then it reduces to Lipα. Thus W (Lp, ξ (t)) class is
the generalized Lipschitz class.

The L∞-norm of a function g is defined as ‖g‖∞= sup {|g| : x∈R} and the
Lp-norm of a function g : R→ R is defined as

‖g‖p =

(∫ 2π

0
|g (x)|p dx

)

1

p

, 1 ≤ p <∞. (3)

The error approximation of a function g : R→ R is defined by

En (g) = ‖sn (x)− g (x)‖∞ = sup
x∈R

{|sn (x)− g (x)|} , (4)
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where En (g) is defined under sup norm ‖.‖∞ [1]. If g ∈ Lp, then En (g) =
minx ‖sn − g‖p.

The above method of approximation is called a trigonometric Fourier ap-
proximation (TFA).

If g (x) and φ (x) both are integrable in the range a ≤ x ≤ b and φ (x) is
monotonic in the same range, i.e. for x ∈ [a, b]. Then ∃ λ ∈ (a, b) such that

∫ b

a
g (x)φ (x) dx = φ (a)

∫ λ

a
g (x) dx+ φ (b)

∫ b

λ
g (x) dx.

The above is known as the second mean value theorem for integrals.
Let

∑∞
n=0 xn be an infinite series with the sequence of its nth partial sum

{sn}. Now we give some basic definitions which will be useful in this paper.

Definition 1.1. (Lorentz [3]). A sequence {sn} is said to be almost con-
vergent to a finite number s if

lim
n→∞

1

n+ 1

n+p
∑

µ=p

sµ = s uniformly with respect to p.

An almost convergence is the generalization of ordinary convergence. It can be
easily seen that a convergent sequence is almost convergent but vise-versa is
not always true.

Definition 1.2. (Sharma and Qureshi [16]). Let {pn} be a sequence of
positive constant such that p0 > 0, and

Pn = p0 + p1 + p2 + ...... + pn.

Then the conjugate Fourier series is said to be almost Riesz summable to s,
provided

τ̃n,p =
1

Pn

n
∑

k=0

pks̃k,p → s, as n→ ∞ (5)

uniformly with respect to p, where

s̃k,p =
1

k + 1

k+1
∑

µ=1

s̃µ. (6)

It should be noted that here τ̃n,p is also trigonometric polynomial.
The Riesz means is regular if and only if Pn → ∞ (Theorem 1.4.4 of Peterson

[4]).

Definition 1.3. For p ≥ 1 and 1
p+

1
q = 1, the Hölder inequality for integrals

is given by
‖fg‖1 = ‖f‖p ‖g‖q ,
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where f and g are continuous functions on [a, b]. Here ‖f‖p is defined as

‖f‖p =

(
∫ b

a
|f (x)|p dx

)1/p

, 1 ≤ p <∞.

We shall use following notations throughout this paper.

ψx (t) = g (x+ t)− g (x− t) ,

G̃n (t) =
1

2πPn

n
∑

k=0

pk
k + 1

cos (k + 2p + 1) t
2 sin (k + 1) t

2

sin2 t
2

.

2. Main theorem

The degree of approximation of functions belong to Lipα, Lip (α, p), Lip(ξ(t), p)
and W (Lp, ξ (t)) (p ≥ 1)- classes using different summability methods has been
addressed by several investigators like Nig-am and Sharma [6, 7], Mishra and
Rhoades [13], Khan [5], Mittal and Mishra [14], Sharma and Malik [10] and
Sharma [11]. A good amount of work has been done on almost convergent se-
quences by many researchers including King [8], Lorentz [3], Mohapatra [17],
Ahmad and Mursaleen [19] and Nanda [18]. Almost convergence led to the
foundation of almost summability methods. Qureshi [9] studied degree of ap-
proximation of function belonging to Lip α class by almost Riesz means of
conjugate Fourier series. Thereafter the work of Qureshi [9] has been gener-
alized by Sharma and Sinha [15] in Lip (ξ (t) , p)-class. Working in the same
direction, in this paper, we generalize the result obtained by Sharma and Sinha
[15] under some set conditions.

We utilize almost Riesz means to get the degree of approximation of conju-
gate function in weightedW (Lp, ξ (t)) (p ≥ 1) space using trigonometric Fourier
approximation method. In fact, we prove the following result:

Theorem 2.1. Let {pn} be a monotonic increasing sequence. Then the
error of approximation a function g̃(x), conjugate to a 2π-periodic, Lebesgue
integrable function, belonging to weighted Lipschitz W (Lp, ξ (t)) (p ≥ 1)-class
by almost Riesz means of conjugate series (2) is given by

|τ̃n,p (x)− g̃ (x)| = O

{

ξ

(

1

Pn

)

P
β+ 1

p
n

}

, (7)

where τ̃n,p (x) is the almost Riesz means of the conjugate series (2) and ξ (t) is
positive increasing function, satisfies the following conditions:

ξ (t)

t
is non-increasing in t, (8)
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



∫ π/Pn

0

(

t |ψx (t)| sin
β t

2

ξ (t)

)p

dt





1/p

= O
(

P−1
n

)

, (9)

[

∫ π

π/Pn

(

t−δ |ψx (t)|

ξ (t)

)
p

dt

]1/p

= O
(

P δ
n

)

, (10)

where δ is an arbitrary number such that 0 < δ < β + 1
p and p + q = pq for

1 ≤ p <∞. The conditions (9) and (10) hold uniformly in x and

g̃ (x) = −
1

2π

∫ 2π

0
ψ (t) cot

t

2
dt.

3. Lemma

In order to prove our theorem, we need following lemma:

Lemma 3.1.
∣

∣

∣
G̃n (t)

∣

∣

∣
= O

(

1
t

)

for 0 < t ≤ π
Pn
.

Proof. Applying the well known inequalities sinnt ≤ n sin t and |cos t| ≤ 1,
we have

∣

∣

∣G̃n (t)
∣

∣

∣ =
1

2πPn

∣

∣

∣

∣

∣

n
∑

k=0

pk
k + 1

cos (k + 2p+ 1) t
2 sin (k + 1) t

2

sin2 t
2

∣

∣

∣

∣

∣

=
1

2πPn

n
∑

k=0

pk
k + 1

(k + 1)

t/π

=
1

2tPn

n
∑

k=0

pk

= O

(

1

t

)

, since
n
∑

k=0

pk = Pn.

The proof is completed.
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4. Proof of Theorem

The integral representation of partial sums s̃k (x) of the conjugate Fourier series
(2) is given by

s̃k (x)− g̃(x) = −
1

π

∫ π

0
ψx (t)

cos
(

k + 1
2

)

t

2 sin t
2

dt

and

s̃
k,p

(x)− g̃(x) =
1

k + 1

k+p
∑

µ=k

(s̃µ (x)− g̃ (x))

= −
1

π (k + 1)

∫ π

0
ψx (t)

k+p
∑

µ=k

cos
(

µ+ 1
2

)

t

2 sin t
2

dt

=
1

2π (k + 1)

∫ π

0
ψx (t)

sin pt− sin (k + p+ 1)

2 sin2 t
2

dt.

Representing the almost Riesz means of partial sum s̃
k,p

(x) by τ̃n,p (x), we can
write

τ̃n,p (x)− g̃(x) =
1

Pn

n
∑

k=0

(s̃k,p (x)− g̃ (x))

=
1

2πPn

∫ π

0
ψx (t)

n
∑

k=0

pk
k + 1

sin pt− sin (k + p+ 1)

2 sin2 t
2

dt.

Therefore,

∣

∣τ̃n,p (x)− g̃(x)
∣

∣ ≤

∫ π

0
|ψx (t)|

∣

∣

∣G̃n (t)
∣

∣

∣ dt

=

∫ π
Pn

0
|ψx (t)|

∣

∣

∣G̃n (t)
∣

∣

∣ dt+

∫ π

π
Pn

|ψx (t)|
∣

∣

∣G̃n (t)
∣

∣

∣ dt

= I1 + I2 (say). (11)

Now considering

I
1
=

∫ π
Pn

0

(

|ψx (t)|
∣

∣

∣
G̃n (t)

∣

∣

∣

)

dt,

and using Lemma 3.1, we have

I
1
=

∫ π
Pn

0

(

|ψx (t)|

t

)

dt.
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Since g̃ ∈W (Lp, ξ (t)) ⇒ ψ
x
(t) ∈W (Lp, ξ (t))-class, using the Hölder inequal-

ity and condition (9), we get

I1 =

(

∫ π
Pn

0

(

t
∣

∣ψ
x
(t)
∣

∣ sinβ t/2

ξ (t)

)p

dt

)
1

p
(

∫ π
Pn

0

(

ξ (t)

t2 sinβ t/2

)q

dt

) 1

q

= O
(

P−1
n

)

(

∫ π
Pn

0

(

ξ (t)

t2 sinβ t/2

)q

dt

) 1

q

. (12)

Using the second mean value theorem for integrals and the inequality (sin t/2) ≤
π
t for 0 ≤ t ≤ π, we have

I1 = O

(

P−1
n ξ

(

1

Pn

))

(

lim
∈→0

∫ π
Pn

∈

(

1

tβ+2

)q

dt

)
1

q

=

(

P−1
n ξ

(

1

Pn

))

(

t
−(β+2)+ 1

q

−(β+2)+ 1

q

)

π
Pn

∈

=

(

P−1
n ξ

(

1

Pn

)

.P
β+1+

(

1− 1

q

)

n

)

= O

(

ξ

(

1

Pn

)

P
β+ 1

p
n

)

, since
1

p
+

1

q
= 1. (13)

Consider

I2 =

∫ π

π
Pn

|ψx (t)|
∣

∣

∣
G̃n (t)

∣

∣

∣
dt

=
1

2πPn

∫ π

π
P
n

(

|ψx (t)|

n
∑

k=0

p
k

k+1

cos (k+2p+1) t
2 · sin (k+1) t

2

sin
2 t
2

)

dt.

Again using the Hölder inequality, we have

I2 = O

(

1

Pn

)

(

∫ π

π
Pn

(

t−δ
∣

∣ψ
x
(t)
∣

∣ sinβ t
2

ξ (t)

)p

dt

)
1

p

×

(

∫ π

π
Pn

(

ξ (t)

t−δ sinβ t
2

n
∑

k=0

pk
k+1

cos (k+2p+1) t
2 · sin (k+1) t

2

sin
2 t
2

)q

dt

)
1

q

.
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Using inequalities |sinnt| ≤ 1,
∣

∣sin t
2

∣

∣ ≤ π
t , and condition (10), we obtain

I2 = O

(

1

Pn

)

O
(

P δ
n

)

c

×

(

∫ π

π
Pn

(

ξ (t)

t−δ sinβ t
2

n
∑

k=0

pk
k + 1

.
(k + 1) cos (k + 2p+ 1) t

2
t
π

)q

dt

)
1

q

= O
(

P δ−1
n

)

(

∫ π

π
Pn

(

ξ (t)

t−δ+β+1

n
∑

k=0

p
k cos(k+2p+1) t

2

)q

dt

)
1

q

= O
(

P δ−1
n

)

(

∫ π

π
Pn

(

ξ (t)

t−δ+β+1

)q

dt

) 1

q

. (14)

Since {pn} is monotonic increasing [16], we have

n
∑

k=0

pk cos (k + 2p+ 1)
t

2
≤ pn max

0≤ν≤n

ν
∑

k=0

cos (k + 2p + 1)
t

2

= O
(pn
t

)

.

Putting t = 1
y ⇒ dt = − 1

y2
dy, we get

I2 = O
(

P δ−1
n

)





∫ Pn
π

1

π





yξ
(

1
y

)

yδ−β−1





q

dy

y2





1

q

.

Since ξ(t)
t is decreasing function ⇒

ξ
(

1

y

)

1

y

= yξ
(

1
y

)

is increasing. Therefore

applying second mean value theorem for integrals, we get

= O
(

P δ−1
n

)

(

Pn . ξ

(

1

Pn

))

(

∫ Pn
π

1

π

y(β+1−δ)q−2dy

)
1

q

= O

(

P δ
n ξ

(

1

Pn

))

(

y
(β+1−δ)− 1

q

(β + 1− δ) − 1
q

)

Pn
π

1

π

= O

(

P δ
n ξ

(

1

Pn

)

P
(β+1−δ)− 1

q
n

)

= O

(

ξ

(

1

Pn

)

P
β+ 1

p
n

)

, since
1

p
+

1

q
= 1. (15)
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On combining equations (11) to (15), we have

|τ̃n,p (x)− g̃ (x)| = O

{

ξ

(

1

Pn

)

P
β+ 1

p
n

}

. (16)

The proof of the theorem is completed.

5. Applications

Approximation is concerned to approximate the functions by easily and simply
calculated functions. The origin of approximation theory can be seen in the
well-known theorem, i.e. Weirstrass Approximation theorem. This theory plays
an important role in the theory of digital filters, signal and image processing. It
has become an active research area for last 130 years. For designing the finite
impulse response digital filter, Psarakis and Moustakides [2] gave a new method
based on L2 which improved the performance of digital filter. The following
corollaries have been derived from our theorem:

Corollary 5.1. If β = 0, then weighted W (Lp, ξ(t))(p ≥ 1)-class re-
duces to Lip(ξ(t), p)-class and the degree of approximation of function g̃ ∈
Lip(ξ(t), p)-class by almost Riesz means is given by

|τ̃n,p (x)− g̃ (x)| = O

{

ξ

(

1

Pn

)

P
1

p
n

}

.

Proof. The result can be obtained by putting β = 0 in (7), we get

|τ̃n,p (x)− g̃ (x)| =

(∫ 2π

0
|τ̃n,p (x)− g̃ (x)|p dt

)

1

p

= O

(

ξ

(

1

Pn

)

P
1

p
n

)

, p ≥ 1.

Corollary 5.2. If ξ (t) = tα, 0 < α ≤ 1, and β = 0, then W (Lp, ξ(t))
(p ≥ 1) ≡ Lip (α, p) class and the degree of approximation of function g̃ ∈
Lip(α, p)-class by almost Riesz means is given by

|τ̃n,p (x)− g̃ (x)| = O

{

ξ

(

1

Pn

)

P
−α+ 1

p
n

}

.



876 K. Sharma

Corollary 5.3. Taking p → ∞ in Corollary 5.2, then Lip (α, p) ≡ Lipα
class and the degree of approximation of function g̃ ∈ Lipα-class by almost
Riesz means is given by

|τ̃n,p (x)− g̃ (x)| = O
{

P−α
n

}

.

Proof. Taking p → ∞ in the result of Corollary 5.2, we get the required
result.

Remark. Independent proof of above Corollary 5.2 can be obtained along
the same lines of our theorem.
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