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Abstract: This article is devoted to investigate the singular values as well as
the real fixed points of one-parameter families of transcendental meromorphic
functions which are associated with fundamental trigonometric functions sin z,

cosz and tanz. For this purpose, we consider the functions f,(z) = ;2112 ,
tan z .
gn(2) = ch’i; and hy(z) = o for p > 0, n > 0 and k > 0 respectively,

and z € C. It is found that the functions f,(z) and g,(2) have infinite number
of bounded singular values while the function h,(z) has infinite number of
unbounded singular values. Moreover, the real fixed points of f,(2), g,(z) and
hx(z) are described.
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1. Introduction

Singular values and fixed points play a vital role to study the dynamics of
transcendental functions. The role of the singular values and the fixed points
are explored in [1, 4, 7, 14]. The results on singular values and fixed points
of transcendental functions are also found in [16]. Further, the singular values
of one-parameter families are explored in [9, 10]. Moreover, for one-parameter
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families of functions, the real fixed points are presented in [11, 12]. Such in-
vestigations are very important for describing Julia sets, Fatou sets as well as
other properties of the dynamics of functions in the complex plane [3, 5, 8, 15].
Moreover, the bifurcation in the real dynamics of one-parameter families of
transcendental functions are shown in [2, 6, 13] using the real fixed points.

A point z* € C is called a critical point of f(z) if f/(2*) = 0. The critical
value of f(z) is given by f(2*) corresponding to z*. If there exists a continuous
curve 7 : [0,00) — C satisfying limy oo v(£) = 0o and limy o f(7(t)) = w, then
the point w € C = CU {oo} is called an asymptotic value for f(z). A singular
value of f is defined to be either a critical value or an asymptotic value of f. A
function f is called critically bounded or it is said to be a function of bounded
type if the set of all singular values of f is bounded, otherwise it is said to be
unbounded type. A point z is called a fixed point of function f(z) if f(z) = =.

The present work deals with the singular values and the real fixed points
of three one-parameter families of transcendental meromorphic functions which
are associated with fundamental trigonometric functions. For this purpose, we
consider the following three families of transcendental functions associated with
sin z, cos z and tan z respectively:

sin z
S:{f“(Z):mM>0,ZGC},

Ccos z
C:{gn(z):m:n>0,z€C},
T:{hn(z):;a%:m>0,z€@}.

All the functions f, € S, g, € C and h, € T have infinitely many zeroes
but f, € S and g, € T have two poles and h, € T has infinitely many poles.
The functions f, € S and h,, € T are odd and the function g, € C is even. Such
types of functions are very important in the investigations involving nonlinear
equations arising from modelling of engineering and scientific problems. Often,
such functions can be represented naturally through transcendental entire or
meromorphic functions. Our all three families of functions are highly nonlinear
in nature.

In Section 2, the singular values of functions f, € S, g, € C and h,, € T
are discussed. In Section 3, the real fixed point of functions f, € S, g, € C and
h, € T are investigated. At the end, the conclusion of this work is provided as
Section 4.
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2. Singular values of f, € S, g, € C and h, € T

In this section, the singular values of functions f, € S, g, € C and h, € T
are obtained. In the following theorem, it is found that the function f, € &
possesses infinitely many singular values:

Theorem 1. Let f, € S. Then, the function f,(z) has infinitely many
bounded singular values.

Proof. f,(2) = (2 p zzcgoj_z;fz 02 — () for critical points of f,(z). It provides
us the equation (22 + u) cos z — 2zsinz = 0. It can be written as
2z
2+u
(i) If x # 0 and y # 0, then, from Equation (1),

cos(x + iy) 2(z + 1y)

cot z =

(1)

sin(z +iy)  (p+2? —y?) + 2izy
Separating real and imaginary parts,

sin 2z —2z(pu + 2% + y?)
= (2)

cos2x —cosh2y  (u+ 22 — y2)2 + 4a2y?’

sinh 2y B 2y(p — 2% — y?)
cos 2z — cosh2y  (p+ 22 — y2)2 + 4a2y?’

Dividing Equation (2) by Equation (3), we have
sin2x/2x 2+ +p ()
sinh2y/2y 22492 —pu

For 1 > 0, it is observed that the left side less than 1 and the right hand

side greater than 1 for z # 0 and y # 0 which is contradiction. Therefore,
Equation (1) has no solution for x # 0 and y # 0.

(ii) If z = 0, then, by Equation (1),

2y
p=y*
For p > 0, the roots of this equation are purely imaginary. Hence, Equa-
tion (1) has purely imaginary solutions for z = 0. It can be justified from
Figure 1 that cothy and ;:—252 have only two intersections for nonzero y.

It gives that Equation (1) has only two solutions on imaginary axis.

cothy = —
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‘ coth(y) —
-2y/(1y7) — ]

-10 -5 0 5 10

Figure 1: Two intersections in
graphs of cothy and —“Eyyg for

p=1

(iii) If y = 0, then, by Equation (1),

-10 -5 0 5 10

Figure 2: Infinitely many intersec-
tions in graphs of cot x and “ixx 3
for p=1

For p > 0, the roots of this equation are purely real. Therefore, Equa-
tion (1) has purely real solutions for y = 0. From Figure 2, it is observed
that cotx and —2%; have infinitely many intersections. It shows that

ptz

Equation (1) has infinitely many solutions on the real axis.

Let {xy}72 . be real critical points. Then, the critical values
distinct for different xp, kK = 0,4+1,£2....

sinzy
xiJru
It provides that the critical

are

values of f,, € § are infinite in number.

Since |sinxy| < 1 for real critical points {x}3> __, then

| fue)l

| sinay| 1

a4 pl T e+l

It shows that all the real critical values f,, € S are bounded.

Similarly, for two imaginary critical points +iy,,

B | sin(+iy.)| B | sinh .|

|fu(iiyc)| =

[(Fiye)? +pl — [p—y2|

Since y. is a finite value, it gives that the critical values f,(+iy.) are

bounded.
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The asymptotic value of f, € S is 0 since f,(z) tends to 0 along positive and
negative axes.

Thus, it proves that f, € S possesses infinitely many bounded singular
values for p > 0. U

In the following theorem, the singular values of function g, € C are dis-
cussed.

Theorem 2. Let g, € C. Then, the function g,(z) has infinitely many
bounded singular values.

Proof. The proof of this result is similar as Theorem 1. For critical points

of gy(2), g (2) = — IR0 — 0 This implies

2z
224

tanz = —

()

(i) If z # 0 and y # 0, then, from Equation (5),

sin(z + 1y) 2(x +iy)

cos(x + iy) (n+ 22 — y?) + 2izy’
Using real and imaginary parts, we have

sin 2z  “2z(n+at+y?)
cos 2z +cosh2y  (n+ 22 — y?)2 + 4a2y?’

sinh 2y  =2y(n—2® —y?)
cos2z +cosh2y  (n+ 22 — y2)2 + da2y?’

After dividing Equation (6) by Equation (7), we get

sin2z/2x n+x? 4 y?
sinh2y/2y 7 — a2 —y?’

(®)

For n > 0, it is found that the left side less than 1 and the right hand
side greater than 1 for  # 0 and y # 0 which is contradiction. Therefore,
Equation (5) has no solution for x # 0 and y # 0.

(ii) For x =0, by Equation (5),
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For n > 0, the roots of this equation are purely imaginary. It follows that
Equation (5) has purely imaginary solutions for z = 0. Moreover, from
Figure 3, it is seen that tanhy and 72;’2 have only two intersections for

nonzero y. Hence, Equation (5) has only two solutions on imaginary axis.

‘ tanh(x) —
4r -2y/(1-y?)

2x/(14x9) — |

-iO »LS 6 é iO -10 -5 0 5 10

Figure 3: Two intersections in Figure 4: Infinitely many intersec-
graphs of tanhy and — niyy2 for tions in graphs of tan x and — 3322_1”_77
n=1 forn=1

(iii) If y = 0, then, by Equation (5),

2x
tanx = 5
e+
For n > 0, the roots of this equation are purely real. Hence, Equation (5)
has purely real solutions for y = 0. Moreover, From Figure 4, it is observed
that tanx and —7742_‘;2 have infinitely many intersections. It gives that
Equation (5) has infinitely many solutions on the real axis.

(iv) If z = 0 and y = 0, then the trivial solution is z=0.

The remaining proof is similar lines as Theorem 1. So we omit it here.

Therefore, the proof is completed. O

The following theorem explains that the function h, € T has infinitely
many singular values.

Theorem 3. Let h, € T. Then, the function hy(z) has infinitely many
unbounded singular values.
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Proof. The proof of this result is similar as Theorem 1. For critical points

of hy(2), hl.(z) = (22+”)(S:§j_i;222 N2 _ (). This gives us (22 + k) — zsin(2z) = 0.

It can be written as
2
sin(2z) = S 9)
z

(I) If z # 0 and y # 0, then, from Equation (9), it has infinitely many

solutions for x > 0. Let {2,}2° ___ be critical points. Then, the critical
tan z
z,%Jr:
f« € T are infinite in number.

values are distinct for different zi. Hence, the critical values of

Since | |
tan zj
2k)| = .

This quantity is not bounded when zp — oco. It shows that the critical
values f, € T are unbounded.

(IT) For x = 0, by Equation (9), we have

yP— kK

sinh(2y) =

From Figure 5, it is observed that it has no any solution for x > 0.

v-0.05)y :

15f (>-0.5)/ 15}

1t 1h

0.5 0.5

or ol
05 0.5

b 1t

1.5+ 151

2y s 1 2 2y 45 1 w5 0 o5 1 15 2
Figure 5: No intersections in Figure 6: Two or no intersections
graphs of sinh(2y) and L;” for in graphs of sin(2x) and # for
Kk =0.05,0.5 rk =0.04,0.5

(ITT) If y = 0, then, by Equation (9), then

.’132 K
sin(2z) = 8 (10)

T
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For k > 0, from Figure 6, it is seen that this equation has two solutions
for 0 < k < k* while no any solution for x > x*.

The proof of theorem is completed. O

3. Real fixed points of f, €S, g, €C and h, €T
In this section, the real fixed points of f, € §, g, € C and h,, € T are described.
3.1. Real fixed points of f, € S

We need the following lemma to determine the fixed points of f, € S.

Lemma 4. Let ¢(z) = % — 22 and ¥(0) = 1. Then,

(i) ¥(z) is continuous in R.

(ii)) ¥(z) < 0, x € (—o0,—a) U (a,00) and ¢¥(x) > 0, z € (—a,«), where
a (=~ 0.92863) is a solution of the equation sinx — x3 = 0.

(iii) ¥ (x) — —oo for x — —o0 and x — oo.
(iv) ¢'(z) is continuous in R.
(v) ¢'(x) has a unique zero at x = 0.

(vi) v(x) increases strictly in (—o0,0), decreases strictly in (0,00) and attends
maximum at x = 0.

Proof. We can easily proof from (i) to (v). To prove (vi), we have

T cosx —sinx

Q/)/(.I‘) = 2 - 2.1‘,
x
(22 — 2)sinx + 2z cosx
1/}//(:1«/-) = — x3 _ 2

It follows that ¢"(0) = —I < 0. Therefore, ¢(z) has maxima at = = 0.
By (iii), it is easily seen that 1(x) increases strictly in (—oo, 0) and decreases
strictly in (0, 00). O
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Theorem 5. Let f,, € S. Then, the point 0 is a fixed point for all > 0
and the nonzero real fixed points of f,(x) are given by the following:

(a) For p> 1, fu(x) has no nonzero fixed points.
(b) For 0 < pu <1, f,(x) has exactly two nonzero fixed points.
Proof. Since f,,(0) = 0, then the point 0 is a fixed point for all 4. For the

nonzero fixed points, we have f,(x) = x. Then, the nonzero fixed points are
solutions of the following equation

sinx 9

M:
x

where, () is given in Lemma 4.

(a) By (vi) of Lemma 4, ¢(z) has a maxima at = 0. Since ¢(0) = 1, then
there is no intersection between the line u = p and the graph of u = ¥ (x).
Hence, there is no any solution of y = 1 (z). It follows that f,(x) has no
any nonzero fixed points for g > 1.

(b) Since (0) = 1 and 0 < p < 1, by (i), (¥i) and (vi) of Lemma 4, the
line u = p and the graph of u = (x) intersect at two points. Since
(—z) = 1(x), then one nonzero solution of 1 = 1(x) lies in (—o0,0) and
other lies in (0, 00). Therefore, for 0 < 1 < 1, f,(x) has exactly two nonzero
fixed points.

Thus, the proof is completed. U
3.2. Real fixed points of g, € C

We need the following lemma to investigate the fixed points of g, € C.

Lemma 6. Let ¢(z) = 2% — 22 for x € R\{0}. Then,
(i) ¢(z) is continuous in (—oo,0) U (0, 00).
(ii) ¢(z) < 0 for x € (—00,0) U (a*,00) and ¢(z) > 0 for x € (0,a*), where
a*(~ 0.86547) is a solution of the equation cosx — x® = 0.

(iii) ¢(z) — +oo for z — 01 and ¢(x) — —oo for x — 07, x — —oo and
T — 00.

(iv) ¢'(x) is continuous in (—oo,0) U (0, 00).
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(v) ¢'(x) has a unique zero at x = o**, where o is a real negative zero of
the equation xsinx + cosx + 22° = 0.

(vi) ¢(x) increases strictly in (—oo,a™), decreases strictly in (o, 0) U (0, c0)
and attends maximum at x = o™".

Theorem 7. Let g, € C. Then, the function g,(x) has only one nonzero
real fixed point for all n > 0.

Proof. For the nonzero fixed points, we have g, (z) = . Then, the nonzero
fixed points are solutions of the following equation

cos T 9

’r]:
€T

where, ¢(x) is defined in Lemma 6.

Since u = ¢(x) and u = n have only one intersection for n > 0. Hence,
¢(x) = n has only one nonzero real solution. It follows that g,(x) has only one
nonzero real fixed points. ]

3.3. Real fixed points of h, € T

We need the following lemma to obtain the fixed points of h, € T .

Lemma 8. Let {(z) = 222 — 22 and £(0) = 1. Then,

(i) £(x) is piecewise continuous in R and has discontinuities at x = 2mm £ 7,
where m is an integer.

(i) &(xz) <0 for x € (—o0, %) U (F,00) and {(z) > 0 for x € (-5, 5).

(iii) &(x) — —oo for # — =%~ and . — 57; and {(x) — +oo for x — =57
and v — 5.

(iv) & (x) is piecewise continuous in R and has discontinuities at x = 2mm £ 7,
where m is an integer.

(v) & (x) has infinitely many zeroes including zero at x = 0.

(vi) &(z) increases strictly in some intervals, decreases strictly in intervals and
attend maximum at many points as well as minimum at two points.
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Theorem 9. Let h, € T. Then, the point 0 is a fixed point for all k > 0
and the nonzero real fixed points of f.(x) are infinitely many in number:

Proof. Since hy(0) = 0, then the point 0 is a fixed point for all £ > 0. For
the nonzero fixed points, we have h,(x) = z. Then, the nonzero fixed points
are solutions of the following equation

tan 9

K =
x
where, {(z) is given in Lemma 8.
Since v = £(x) and u = k have infinitely many intersections for x > 0.
Hence, &(x) = k has infinitely many nonzero real solutions. It shows that h,(x)
has infinitely many nonzero real fixed points. O

Remark 10. For p =0, n = 0 and K = 0, the research work has been
found in the literature. For p < 0, n < 0 and k < 0, it is left for forthcoming
work.

Remark 11. In the present families of functions, the occurrence of pe-
riodic points of period two or more may possible which is left for forthcoming
work.

4. Conclusion

In this paper, the author has been investigated the singular values and the
real fixed points of three one-parameter families of transcendental meromor-
phic functions associated with fundamental trigonometric functions sin z, cos z
and tan z. It is found that the family of functions associated with sin z and cos z
have infinite number of bounded singular values while the family of functions
associated with tan z has infinite number of unbounded singular values. More-
over, it is seen that the family of functions associated with sin z and cos z have
finite number of real fixed points although the family of functions associated
with tan z has infinitely many real fixed points.
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