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1. Introduction

A contraction is one of the main tools to prove the existence and uniqueness
results on fixed point theory. So in 1972, Sehgal and Baharucha-Reid (see [17])
generalized the Banach Contraction Principle [1] to a complete Menger space
(see [15] and [16]), which is a milestone in developing fixed point theorems in
such space. They proved their result for mapping f such that for some constant
0 < α < 1, the probability that the distance between image points fx and fy
is less than αt is at least as large as the probability that the distance between
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x and y is less than t. The contraction proved by Sehgal and Bharucha-Reid
is known as Sehgal’s contraction or B-contraction. The problem of obtaining
fixed point theorems for probabilistic ϕ-contraction in Menger spaces has been
studied by different authors (for example see [3]). In the former approaches
to this topic the authors used conditions too much restrictive on the gauge
function ϕ [2]. For example, Mbarki et al. proved a fixed point theorem for
φ-contraction mapping in general probabilistic metric spaces (see [5], [8] and
[9]). Later, Jachymski in [7] obtained a fixed point theorem for Menger spaces
weakening the conditions on ϕ which improved the applicability of these types
of theorems.

To extend the notion of probabilistic metric, Mbarki et al. [11] in 2017
proposed a new notion called probabilistic b-metric by generalizing the (prob-
abilistic) triangle inequality axiom in the definition of standard probabilistic
metric. They discussed some topological and geometrical properties of prob-
abilistic b-metric spaces and they showed the fixed point and common fixed
point property for a self mapping which is a nonlinear contractions in b-Menger
spaces which are a particular spaces of probabilistic b-metric spaces (see [14]).
Furthermore, they defined the notion of fully convex structure and established
in fully convex b-Menger spaces the existence of common fixed point for nonex-
pansive mapping by using the normal structure property (see [12]). Also, they
showed a fixed point theorem in b-Menger spaces using B-contraction with
cyclical conditions (see [13]).

Furthermore, there exist in convex spaces the cases where the involved
function is not necessarily a self mapping of a closed subset, then the condition
f(∂C) ⊂ C plays a crucial role to guarantee the existence of fixed point for non
self-mapping f : C → X, where ∂C is boundary of set C.

In this present paper, we establish the existence and uniquenness of fixed
point in b-Menger spaces for non-self mappings with nonlinear contractive con-
ditions using the fully convex structure. An example will be given to support
our results.

2. Preliminaries

We now recall some basic definitions and relevant lemmas in the theory of
b-Menger spaces (see [11] and [12]).

A distance distribution function (briefly, a d.d.f.) is a nondecreasing func-
tion f defined on R

+ ∪ {∞} that satisfies f(0) = 0 and f(∞) = 1, and is left
continuous on (0, ∞). The set of all d.d.f’s will be denoted by ∆+ and the set
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of all f in ∆+ for which lim
t→∞

f(t) = 1 by D+.

A simple example of distribution function is the Heaviside function in D+

H(t) =

{

0 if t ≤ 0,
1 if t > 0.

A commutative, associative and nondecreasing mapping T : [0, 1] ×[0, 1] →
[0, 1] is called a t-norm if and only if T (a, 1) = a for all a ∈ [0, 1]. TM (a, b) =
Min(a, b) is a typical example of continuous t-norm.

Definition 1. ([11]) A b-Menger space is a quadruple (M, F, T, s) where
M is a nonempty set, F is a function from M × M into ∆+, T is a t-norm,
s ≥ 1 is a real number, and the following conditions are satisfied:

For all a, b, c ∈ M and x, y > 0,

1. Fab = H ⇔ a = b,

2. Fab = Fba,

3. Fab(s(x+ y)) ≥ T (Fac(x), Fcb(y)) (triangular inequality).

It should be clear that a Menger space is a b-Menger with s = 1.

Definition 2. Let (M, F ) be a probabilistic semimetric space (just (1)
and (2) of Definition 1 are satisfied). For a in M and t > 0, the strong t-
neighborhood of a is the set Na(t) = {b ∈ M : Fab(t) > 1 − t}. The strong
neighborhood system at a is the collection ℘a = {Na(t) : t > 0} and the strong
neighborhood system for M is the union ℘ =

⋃

a∈M ℘a.

If (M, F, T, s) is a b-Menger space with T is continuous, then the family
ℑ consisting of ∅ and all unions of elements of this strong neighborhood system
for M determines a topology ℑ for M . Moreover, Mbarki et al. [11] showed
that (M, F, T, s) endowed with the topology ℑ is a Hausdorff space and the
function F is in general not continuous.

In b-Menger space, the convergence of sequence is defined as follows.

Definition 3. Let {xn} be a sequence in a b-Menger space (M, F, T, s).

1. A sequence {xn} is convergent to x ∈ M , if for every ǫ > 0, there exists
a positive integer N such that Fxnx(ǫ) > 1− ǫ whenever n ≥ N .
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2. A sequence {xn} is called a Cauchy sequence, if for every ǫ > 0 there
exists a positive integer N such that n, m ≥ N ⇒ Fxnxm(ǫ) > 1− ǫ .

3. (M, F, T, s) is complete if every Cauchy sequence has a limit.

In what follows, we will be conserned by a b-Menger space (M, F, T, s)
such that T is a continuous t-norm and RanF ⊂ D+. R. Egbert [4], in 1968,
introduced a probabilistic generalization of the notion of diameter of nonempty
set in metric space.

Definition 4. ([12]) Let (M, F, T, s) be a b-Menger space and A ⊂ M .
The probabilistic diameter of set A is given by DA(t) = supε<t infa, b∈A Fab(ε)
and the diameter of the set A is defined by DA = supt>0 supε<t infa, b∈A Fab(ε).
If DA = 1 the set A will be called probabilistically bounded.

Lemma 2.1. ([16]) For any a, b ∈ A, Fab ≥ DA and DA = DA.

Using the definition of supA and inf A we have the following lemma.

Lemma 2.2. ([12]) Let (M, F, T, s) be a b-Menger space and A ⊂ M . A
is probabilistically bounded if and only if for each λ ∈ (0, 1) there exists t > 0
such that Fab(t) > 1− t for all a, b ∈ A.

Let us recall the definition of the fully convex structure in b-Menger spaces
introduced in [12].

Definition 5. ([12]) A convex b-Menger space (M, F, T, s) with a convex
structure W : M ×M × [0, 1] → M will be called fully convex if, for arbitrary
a, b ∈ M , a 6= b there exists λ ∈ (0, 1) such that W (a, b, λ) /∈ {a, b}.

3. Main results

Definition 6. Let (M, F, T, s) be a b-Menger space and A a nonempty
subset of M . The set A is said to be disconnected if it is the union of two
disjoint nonempty open sets. Otherwise, A is said to be connected.

Definition 7. Let (M, F, T, s) be a b-Menger space and A a nonempty
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subset of M . The boundary of the set A is the intersection of the closure of A
with the closure of its complement ∂A = A ∩ (M\A).

Lemma 3.1. Let (M, F, T, s) be a b-Menger space, A and B two

nonempty subsets of M . If A is connected, A ∩ B̊ 6= ∅ and A ∩ Ext(B) 6= ∅,
then A ∩ ∂B 6= ∅.

Proof. Suppose that A∩∂B = ∅, then A∩B̊ and A∩Ext(B) are a partition
of open sets of A, which contradict the connectdness of the set A.

Definition 8. Let (M, F, T, s) be a b-Menger space and {Gn}n∈N a
nested sequence of nonempty, closed subsets of M . We say that the sequence
{Gn}n∈N has probabilistic diameter zero if for each λ ∈ (0, 1) and each t > 0
there exists n0 ∈ N such that Fab(t) > 1− λ for all a, b ∈ Gn0

.

Since the proof of Theorem 1.4 in [18] and Theorem 2.1 in [10], the triangular
inequality and the continuity of the probabilistic b-metric F play no role, we
could claim the following results.

Lemma 3.2. Let (M, F, T, s) be a complete b-Menger space and {Gn}n∈N
a nested sequence of nonempty, closed subsets of M . The sequence {Gn}n∈N
has probabilistic diameter zero if and only if DGn → H, for n → ∞.

Lemma 3.3. Let (M, F, T, s) be a complete b-Menger space and {Gn}n∈N
a nested sequence of nonempty, closed subsets of M such that DGn → H, for

n → ∞. Then there is exactly one point x0 ∈ Gn, for every n ∈ N.

Now, we will prove the existence and the uniqueness of fixed point in b-
Menger space for mapping f : M → M satisfying some type of contraction
used by Fang [6] called probabilistic ϕ-contraction.

Definition 9. Let (M, F ) be a probabilistic semi-metric space. A map-
ping f : M → M is called a probabilistic ϕ-contraction if Ffafb(ϕ(t)) ≥
Fab(t) for all t > 0 where ϕ : R

+ → R
+ is a gauge function in the set

Φ = {ϕ/for each t > 0, there exists r ≥ t such that limn→∞ ϕn(r) = 0}.

Definition 10. Let {xn} be a sequence which converges to x in the b-
Menger space (M, F, T, s). The mapping F verifies the condition (C1) if for
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all t > 0, Fxy(t) ≥ lim inf
n→∞

Fxny(t) for all y ∈ M .

Definition 11. Let (M, F, T, s) be a b-Menger space. W satisfies the
condition (C2) if for every λ ∈ (0, 1), t > 0 and a, b, c ∈ M , we have that
FW (a, b, λ)c(t) ≥ min{Fca(t), Fcb(t)}.

We can easily show the following lemma.

Lemma 3.4. Let (M, F, T, s) be a b-Menger space and a, b ∈ M such

that ImF ⊆ D+. If there exists a function ϕ ∈ Φ, such that Fab(ϕ(t)) ≥ Fab(t)
for every t > 0, then a = b.

Now, we are ready to state and prove the main fixed point theorem of this
work.

Theorem 12. Let (M, F, T, s) be a fully convex complete b-Menger space

with convex structure W : M ×M × [0, 1] → M satisfying the conditions (C1)
and (C2). Let f : A → M be a non-self mapping satisfying Ffafb(ϕ(t)) ≥ Fab(t)
for all a, b ∈ A and every t > 0, where ϕ ∈ Φ and A is a nonempty, closed and

probabilistic bounded subset of M . Suppose also that for all a, b ∈ M , the set

{W (a, b, θ), θ ∈ [0, 1]} is connected and f(∂A) ⊆ Å. Then f has a unique

fixed point in Å.

Proof. Step 1: Construction of sequence.
We select a sequence {pn} in A in the following way:
Let p0 ∈ ∂A, then fp0 ∈ Å. Set p1 = fp0. If fp1 ∈ Å, set p2 = fp1. If

fp1 ∈ ∂A, set p2 = fp1 and we have p2 ∈ Å, and the last case is fp1 /∈ A,
set p2 = W (p1, fp1, θ) ∈ ∂A, θ ∈ (0, 1). In this case, p2 is well define because
W (p1, fp1, 1) = p1 ∈ Å, W (p1, fp1, 0) = fp1 /∈ A then W (p1, fp1, 0) ∈ Ext(A)
and since {W (p1, fp1; θ), θ ∈ [0, 1]} is connected and the fact that (M,F, T, s)
is fully convex, there exists θ

′

∈ (0, 1) such that W (p1, fp1, θ
′

) /∈ {p1, fp1}, by
Lemma 3.1 we have

{W (p1, fp1; θ), θ ∈ [0, 1]} ∩ ∂A 6= ∅.

By induction we may obtain sequence {pn} such that

pn = fpn−1 if fpn−1 ∈ A and pn = W (pn−1, fpn−1; θ), θ ∈ (0, 1) if fpn−1 /∈
A. Additionally we have if pn = W (pn−1, fpn−1; θ), θ ∈ (0, 1) then pn+1 = fpn
and pn−1 = fpn−2. We observe also that there exists a subsequence {pnk

}k∈N
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such that

pnk+1 = fpnk
.

Now let

Gn = {pn, pn+1, ...};

Pn = Gn, n ∈ N.

Observe that {Pn} is nested sequence of nonempty closed sets.

Step 2: We prove that

DPn(ϕ(t)) ≥ DPn−2
(t) (1)

holds for every t > 0.

Three cases must be considered:

Case 1.

pn+i = pn+i−1 and pn+j = pn+j−1 for arbitrary i, j ∈ N.

In this case we have

Fpn+ipn+j
(ϕ(t)) = Ffpn+i−1fpn+j−1

(ϕ(t))

≥ Fpn+i−1pn+j−1
(t)

≥ DPn−2
(t).

Case 2.

pn+i = pn+i−1 and pn+j = W (pn+j−1, fpn+j−1, θ), θ ∈ (0, 1) for arbitrary
i, j ∈ N.

In this case we have

Fpn+ipn+j
(ϕ(t)) = Ffpn+i−1W (pn+j−1,fpn+j−1,θ)(ϕ(t))

≥ min
{

Ffpn+i−1pn+j−1
ϕ(t), Ffpn+i−1fpn+j−1

ϕ(t)
}

= min
{

Ffpn+i−1fpn+j−2
ϕ(t), Ffpn+i−1fpn+j−1

ϕ(t)
}

≥ min
{

Fpn+i−1pn+j−2
(t), Fpn+i−1pn+j−1

(t)
}

≥ DPn−2
(t).

Case 3.

pn+i = W (pn+i−1, fpn+i−1, θ1), θ1 ∈ (0, 1)

and

pn+j = W (pn+j−1, fpn+j−1, θ2), θ2 ∈ (0, 1)

for arbitrary i, j ∈ N.
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In this case we have

Fpn+ipn+j
(ϕ(t)) = FW (pn+i−1,fpn+i−1,θ1)W (pn+j−1,fpn+j−1,θ2)(ϕ(t))

≥ min{Fpn+i−1pn+j−1
(ϕ(t)), Fpn+i−1fpn+j−1

(ϕ(t))

, Ffpn+i−1pn+j−1
(ϕ(t)), Ffpn+i−1fpn+j−1

(ϕ(t))}

= min{Ffpn+i−2fpn+j−2
(ϕ(t)), Ffpn+i−2fpn+j−1

(ϕ(t))

, Ffpn+i−1fpn+j−2
(ϕ(t)), Ffpn+i−1fpn+j−1

(ϕ(t))}

≥ min{Fpn+i−2pn+j−2
(t), Fpn+i−2pn+j−1

(t)

, Fpn+i−1pn+j−2
(t), Fpn+i−1pn+j−1

(t)}

≥ DPn−2
(t).

By definition of the probabilistic diameter of Pn we have

DPn(ϕ(t)) = sup
ε<ϕ(t)

inf
i,j∈N

Fpn+ipn+j
(ε).

Since the function
ε 7→ inf

i,j∈N
Fpn+ipn+j

(ε)

is nondecreasing, then

sup
ε<ϕ(t)

inf
i,j∈N

Fpn+ipn+j
(ε) ≥ Fpn+ipn+j

(ϕ(t)).

Then
DPn(ϕ(t)) ≥ DPn−2

(t).

Step 3:We prove that the family {Pn} has probabilistic diameter zero. Let
λ ∈ (0, 1) and t > 0. Since Gk ⊆ A for all k ∈ N then Gk is probabilistically
bounded set. By Lemma 2.2, there exists t0 > 0 such that

Fab(t0) > 1− λ,

for all a, b ∈ Gk, then
inf

a,b∈Gk

Fab(t0) ≥ 1− λ.

Hence
DGk

(t0) = sup
ε<t0

inf
a,b∈Gk

Fab(ε) ≥ 1− λ.

Since ϕ ∈ Φ then there exists r ≥ t0, such that

lim
n→∞

ϕn(r) = 0.
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Thus, there exists l ∈ N such that

ϕl(r) < t.

From (1) we have

DGn(ϕ
l(r)) ≥ DGn−2

(ϕl−1(r))

≥ DGn−4
(ϕl−2(r))

...

≥ DGn−2l
(r).

Let n0 = 2l + k and a, b ∈ Gn0
, since ϕl(r) < t. Then

DGn0
(t) ≥ DGn0

(ϕl(r))

≥ DGn0−2l
(r)

≥ DGk
(r)

≥ DGk
(t0)

≥ 1− λ.

By Lemma 2.1, we get

DPn0
(t) ≥ 1− λ,

for all a, b ∈ Pn, then the sequence {Pn}n∈N has probabilistic diameter zero.

By Lemma 3.2 and Lemma 3.3 we infer that there exists q ∈ A such that

⋂

n∈N
Pn = q.

Step 4: We prove that q is a fixed point of f .

Since the sequence {Pn}n∈N has probabilistic diameter zero, then for each
λ ∈ (0, 1) and each t > 0 there exists n0 ∈ N such that for all n ≥ n0 we have

Fpnq > 1− λ.

Then

lim inf
n→∞

Fpnq ≥ 1− λ,

and by the condition (C1) we get

lim
n→∞

pn = q.
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Hence
lim
n→∞

pnk+1 = q and lim
n→∞

fpnk
= q.

Since ϕ ∈ Φ, then there exists u ≥ t, such that limn→∞ ϕn(u) = 0, hence there
exists l ∈ N such that ϕl(u) < t. Then we have

Ffpnk
fq(t) ≥ Ffpnk

fq(ϕ
l(u))

≥ Fpnk
q(ϕ

l−1(u)).

Then
lim inf
n→∞

Ffpnk
fq(t) ≥ lim inf

n→∞
Fpnk

q(ϕ
l−1(u)).

Since limn→∞ pnk
= q and limn→∞ fpnk

= q and by the condition (C1) we get

Fqfq(t) ≥ Fqq(ϕ
l−1(u)).

Hence
Fqfq(t) ≥ 1 for every t > 0.

Therefore
fq = q,

and q is a fixed point of f .
Suppose that q ∈ ∂A, then fq ∈ Å, hence q ∈ Å a contradiction because

Å ∩ ∂A = ∅, therefore q ∈ Å.
Step 5: We prove the uniqueness of the fixed point.

Assume that there exists w ∈ Å such that fw = w. We have

Ffqfw(ϕ(t)) ≥ Fqw(t)

for every t > 0. So
Fqw(ϕ(t)) ≥ Fqw(t)

for every t > 0.
By Lemma 3.4 we get q = w.

The following example illustrates our results.

Example 3.1. Let f : R → R be defined by fx = 3
5 − x2

2 and let
ϕ : R+ → R

+ be defined by

ϕ(t) =











t
t+1 , t ∈ (0, 1),

− t
3 +

4
3 , t ∈ [1, 43 ],

t− 7
12 , t ∈ (43 ,∞).
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(R, F, TM , 2n−1) is a fully convex b-Menger space with the convex structure
W (a, b;λ) = λa+(1−λ)b satisfying the condition (C2) and since F is continuous
then the convex structure verifies the condition (C1) (see [12]).

We take A = [−1
2 ,

1
2 ], we have f(∂A) ⊆ Å. It is clear that the set A is closed

and bounded, then A is probabilistically bounded. Also we have that the set
{W (a, b;λ), λ ∈ [0, 1]} is an interval for all a, b ∈ R then {W (a, b;λ), λ ∈ [0, 1]}
is a connected set.

Now we prove that f is probabilistic ϕ-contraction. We have

Ffafb(ϕ(t)) = H(ϕ(t)− |fa− fb|n)

= H(ϕ(t)−
1

2n
|a2 − b2|n).

In other hand it is clear that ϕ(t) > t
4 , then ϕ(t) ≥ t

2n for all n ≥ 2 and we
have since a, b ∈ [−1

2 ,
1
2 ], |a

2 − b2| ≤ |a− b|, then

Ffafb(ϕ(t)) = H(ϕ(t) −
1

2n
|a2 − b2|n)

≥ H(
t

2n
−

1

2n
|a− b|n)

= H(t− |a− b|n)

= Fab(t).

We have that ϕ ∈ Φ. Therefore all conditions of Theorem 12 are satisfied. Then

f has unique fixed point −5+
√
55

5 ∈ Å.

References

[1] S. Banach, Sur les oprations dans les ensembles abstraits et leur application
aux quations intgrales, Fundam. Math., 3 (1922), 133-181.

[2] D.W. Boyd, J.S.W. Wong, On nonlinear contractions, Proc. Amer. Math.

Soc., 20 (1969), 458-464.
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