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Abstract: In this paper we consider local “complementary” generalized

weighted Morrey spaces CM}{’gg}w’@(Q) with variable exponent p(z) and a general

function w(r) defining the weighted Morrey-type norm. We prove the bound-
edness of the Hardy operators in the spaces CM?;Q’}WD(Q) in case of unbounded

sets ) C R™.
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1. Introduction

Nowadays there is an evident increase of investigations, last two decades re-
lated to both the theory of variable exponent function spaces and operator
theory in these spaces. We refer for instance to the surveying papers [3], [4],
[24], on the progress in this field, including topics of Harmonic Analysis and
Operator Theory, see also references therein. Variable exponent Morrey spaces
LPA(R™), were introduced and studied in [1] in the Euclidean setting. In [1] the
boundedness of the maximal operator was proved in variable exponent Morrey
spaces LPA(R™) under the log-condition on p(-) and A(-), and for potential op-
erators a Sobolev type £P()A0) — £4()A0) _theorem was proved under the same
log-condition in the case of bounded sets.
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The generalized variable exponent Morrey spaces were introduced and stud-
ied in [11] in the case of bounded sets. In [11] the boundedness of the maximal
operator, potential operators and singular integral operators in variable expo-
nent Morrey spaces under the certain conditions were proved.

We consider the following Hardy operators

(e} a—n f
8 () = [a] P /M| %dy,

8 f(z) = 2]+ {;?ﬁg |
lyI>=]

where o > 0.

We use the following notation: R™ is the n-dimensional Euclidean space,
) C R" is an open set, xg(z) is the characteristic function of a set ' C R",
B(z,r) ={y € R": |zv —y| < r}), B(z,r) = B(z,r)NQ, by ¢, C,c1,ca etc.,
we denote various absolute positive constants, which may have different values
even in the same line.

2. Variable exponent local ”complementary” generalized Morrey
spaces

We refer to the book [5] for variable exponent Lebesgue spaces but give some
basic definitions and facts. Let p(-) be a measurable function on € with values
in [1,00). An open set € is assumed to be bounded throughout the whole paper.
We mainly suppose that

1 <p- <pz) < ps <o, (2.1)
where p_ := ess iélfp(l‘) >1, py:=esssupp(z) < co. By LP1)(Q) we denote
re

e
the space of all measurable functions f(z) on Q such that

Iy (f) = /Q |f ()PP dz < oo.

Equipped with the norm

Iy =t {n >0 10, (£) <1},

this is a Banach function space. By p/(:) = %, x € ), we denote the
conjugate exponent.

=
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For the basics on variable exponent Lebesgue spaces we refer to [26], [16].
P() is the set of bounded measurable functions p : Q — [1,00);
Plog(Q)) is the set of exponents p € P(Q) satisfying the local log-condition

1
p(x) = p(y)| < v —yl <5 nyel, (2:2)

where A = A(p) > 0 does not depend on z,y.
We will use also the following decay conditions:

"l — gy’

(o) = p(O)] < T el < 5. (2.3
(o)~ p(o0)] < = fol > 2 (24)

where po, = lim p(z) > 1.
T—00

Al9(Q)) is the set of bounded exponents p : Q — R satisfying the condition
(2.2);

tP9(Q) is the set of exponents p € P9(Q) with 1 < p_ < p(z) < py < 00;

for Q which may be unbounded, by Pso(Q), P29(Q), PL2(Q), A (Q) we
denote the subsets of the above sets of exponents satisfying the decay condition
(2.4) (when Q is unbounded).

For brevity, by Pé?ogo(Q) we denote the set of bounded measurable functions
(not necessarily with values in [1,00)), which satisfy the decay conditions (2.3)
and (2.4).

By ¢ we always denote a weight, i.e. a positive, locally integrable function

with R"™. The weighted Lebesgue space Lg(')(R”) is defined as the set of all
measurable functions for which

HfHLI;C)(Rn) = HfSDHLP(O(Rn)'

Let us define the class A,)(R") (see [6]) to consist of those weights ¢ for
which

[SD]AP(A) = S%P ‘Brl||90||Lp(~)(§($7r))H‘P71||Lp’(~)(§($7r)) < 0.
A weight function ¢ belongs to the class Ay 4 (R") if
— Op(z,r)—0g(x,r)—n —
(ayrac) = 58P EDT N ) gy 10 ) By < 2

Everywhere in the sequel the functions w(r), wi(r) and wy(r) used in the
body of the paper, are non-negative measurable function on (0, o).
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Definition 2.1. Let zg € Q, 1 < p_ < p(x) < py < o0o. The local
“complementary” generalized Morrey space MY ig}w(Q) is defined by the norms

TGP/(IO,T)
Y = SUp —————— Yo\ B ,
HchMz{?;g} r>18 w(r) ||f||Lp( )(Q\B(zo,r))
H‘PHLP’(J(E(I
_ (),T)) .
HchMZEC(E‘()Jx}WﬂP - ig]g W(?") HfHLf;(‘)(Q\B(:BO,T))'

Everywhere in the sequel we assume that

1l Lo ) (Bao.r
sup L7 (B(zo,1)) < 00, (2.5)
r>0 w(r)

which makes the space CM?&Z}“’(Q) non-trivial, since it contains LP()(Q) in this

case.

If also iggﬁ > 0, then C/\/ll{);g}w(ﬁ) = LP0)(Q). Therefore, to guarantee

that the “complementary” space CM?ig}w(Q) is strictly larger than LP(2), one
should be interested in the cases where

?ﬁp/ (zo,r)
lim ——— = 0. (2.6)
r—0 w(r)

Clearly, the space CM]{DQ’M(Q) may contain functions with a non-integrable
singularity at the point xg, i% no additional assumptions are introduced.
3. Weighted Hardy operator in the spaces CM}E(()'})’W’W(R”)

The proof of the main result of this section presented in Theorems 3.1 and 3.2
is based on the estimate given in the following preliminary theorems.

Theorem 3.1. Let p € Péf’go(R”), @ € Ay g (R"). Suppose also that
B > 0 and the functions (w1,ws) satisfy the conditions

t ca—0,(0,5)+04(0,s)
I a)ds o__wll) (3.1)
0 ||90||Lp’(»>(3(o,s)) S ||90||Lq’(»>(B(0,s))
I IO R e 10 (3.2)
o S°llellrer sy 5~ Plelromor

where t > 0.
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Then the weighted Hardy operator Aj is bounded from the space CMIE((]})’M’@(R”)

to the space CM%?M’@(R”)

Proof. Let f € CM{(()}? “UP(R™), § > 0. We have

£ (2)] / £ (2)] / £ (2)] /'Z' 51
dz = dz =9 s’ ds | dz
‘Z|’B |Z‘ﬂ B(0,r) \Z|’8+5 0
B(0,r)
:5/ s0-1 / ‘f(ﬁi)(‘sdz ds.
0 (zeRm:s<|z|<r} 2]

Applying Holder inequality, we get
|/ (2)]
2|8

|z|<r

_ ds
s_ﬁ HfHLp(J,so(Rn\B(O,s)) H‘P 1‘|LP/(‘)(B(077=))?

|z|<r

Then we have

|/(2)]
“——=d
2P
|z|<r
_ "1 ds
<C ||90 IHLP’(‘)(B(o,r))/O 5 ||f||Lp()(Rn\B(o s) o s (3-3)

Therefore by (3.3), (3.2) and (3.1) we have

||Agf||Lq('>»w(R"\B(0,t))

<cC H ||8071||Lp’(4)(3(07|.|))| : ‘ainJrﬁ

y / 1f o) e (rm\B(0,5)) ds
0 s’

La(),2(R™\B(0,t))

< C||f|| MP( W1 (P(Rn)

X

E |a_9p(0,|~|)+9q(0,\~\)+5 / wi(s) ds
el Lo (B(0,)-1)) 0

< C||f||cMP( ),w1 s W(Rn)
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‘ . |a79p(0,\'\)+9q(07|'|)+’8w1(‘ : |)

“N T8
- ||90||Lp’(»>(3(o,\.\))||90||Lq(~)(3(o,\.\)) La0) e (R™\B(0,1))
< C||f||cMP( )sw1s W(Rn)
a=0p(0,[-)+04(0,]-])
N R T (R
[l zac )(B(0,])) HSOHLP OBO,) || Latre (Rr\ B(0,2)

t ga—0p(0,5)+0, (O,s)w1 (8) @

< Ol sy |

< Cllf]

lellrosos) S

OJQ(t)

c ()W ol
Moy (R el parc ()(B(0,s))

O

Theorem 3.2. Let p € Péifo(R”), ¢ € Ay q)(R") Suppose also that
B < —n and the functions (w1,ws) satisfy the conditions

/t Sa—ap(o,s)+6q(0,s)wl(8) @ <c wg(t) ’ (3.4)
0 ||80||Lp’(~)(3(0,s)) § HSOHL‘Z/(‘)(B(OJ))
00 ¢—0p(0,5)+04(0,5)—B—1 = 0p(0,)+64(0,t)—f
/ ds < C (3.5)
t HQD”LQ(‘)(B(O,S)) HSDHL‘I(‘)(B(OJ))
where t > 0.
p()wi,¢p

Then the weighted Hardy operator A is bounded from the space CM{O}

to the space CM%]? “EY(RM).

Proof. Let f € MZ{)(()}?M’ (R"), 6 >0, -5 <n+ 3. We have

e / £(2)
/ o = o8 12
|z|>7 R™\B(0,r)

E
) \Z|—”—ﬁ—5|f(z)|(/ sts)dz
R\ B(0,r) 0
o
:5/ 1 / 127" £(2)|d= | ds
r {zeRm:r<|z|<s}
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Hence applying Holder inequality we get

£ (2)]
|Z‘n+ﬂd
|z|>r
S C\/,: Siniﬁil HfHLg(‘)(R"\B(O,T)) H8071||LP/(‘)(B(075))d8‘ (36)

Therefore by (3.6), we obtain
HAngLZ,(')(R”\B(O,t))

L |a+B
SCHI AN 220 (v B0y )

(oo}
X / g~nA-1 H§071HLP'(‘)(B(075))d8

L2 (Rm\B(0,1))

C | ‘ +5HfH 005—9;:(0,8)-1—9(1(0,3)—6_1(1
S .| () om, . / s
ZOENBOIN S el o 0. o
< C||f||cMP( wl (P(Rn)
P D) /°° SO0 A
leloomorm 1 Ielomos | a0 g o)
< C|f] [ [ OO Dy ] - ])
c P “’190 n)
Mooy el oo (g0, ML O 8013 || a0 (o (0.0

. t Sa—ﬂp(O,S)‘ng(O’s)wl(s) ds
< w s
11l M”( b “’(R”)/o ||80||Lp'(~>(B(0,s)) y
wa(t)
< C[fll

CMP SR el ey B(O,t))'
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