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1. Introduction

In this work we consider the functional integral equation in two variables

a(s) rb(t)
xz(t,s) = f <t,5,1‘(t, s),/o /0 u(t,s,v,w,x(v,w))dvdw) (1)

for t, s € Ry = [0,00). We will apply a Darbo type fixed point theorem and
employ a measure of noncompactness to prove the existence of solutions and
to show that solutions are uniformly locally attractive in the sense to be de-
fined below. As a corollary, we also obtain sufficient conditions for the global
attractivity of solutions. The form of equation (1) is very general and it can
be seen to include a number of previously studied problems as special cases;
we mention the papers [1, 3, 7, 15] as just a few examples. The approach of
using measures of compactness to study various properties such as bounded-
ness, monotonicity, stability, existence, uniqueness, attractivity, and asymptotic
behavior of solutions of integral equations is well known in the literature; for
example, see [1, 3, 4, 6, 9, 11, 12, 13, 16, 18, 19, 21, 22, 23, 24, 25] and the
references contained therein.

Let Ej be a real Banach space with the norm || - || and let B(a,r) be a
closed ball in Fy centered at a with radius r. If X is a nonempty subset of
E1, then by X and ConvX we denote the closure and convex closure of X. We
let Mg, denote the family of all nonempty and bounded subsets of E; and let
NEg, be its subfamily consisting of all relatively compact sets. The following
definition of a measure of noncompactness can be found in [8].

Definition 1. A function p: Mg, — Ry is called a measure of noncom-
pactness in Fj if it satisfies the following conditions:

(i) For all Y € Mpg,, if u(Y) =0, then Y is precompact;

(ii) The family ker u = {Y € Mg, : u(Y) = 0} is nonempty and ker ;1 C Ng,;

(iii) ¥ C Z implies p (V) < (2);

(iv) p(Y) = p(Y);

(v) 1 (ConvY) = (V)

(vi) p
)

AY+0-N2) <\ Y)+ Q=X u(Z) for X €0,1];

(vii) IfY,, € Mp,, Y, =Yy, Yoi1 C Y, forn=1,2,3,... and lim p(Y,) =0,
n—oo
then Yoo = (2, Y, # ¢.
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The family ker p is called the kernel of the measure p. Observe that the
set Yo in (vil) above is itself a member of the family ker u. In fact, since
w(Ys) < u(Yy) for any n, we infer that u(Yy) = 0. Thus, Y, € ker p.

The Kuratowski measure of noncompactness for a bounded subset S of a
metric space X is defined by (see [20])

n
a(S):inf{(5>0:S:USZ-, diam (S;) <6, 1 <i<n, neN},
=1

where diam (S;) denotes the diameter of the set S;, that is,
diam (S;) = sup{d(z,y) : z, y € S;} .
The Hausdorff measure of noncompactness for a bounded set S is defined as
X (S) =inf {e > 0: S has a finite e—net in X} .
We recall the following important definitions and theorems.
Theorem 2. (Shauder [2]) Let D be a nonempty, closed, and convex

subset of a Banach space E. Then every compact, continuous map T : D — D
has at least one fixed point.

Theorem 3. (Darbo [10]) Let Z be a nonempty, bounded, closed, and
convex subset of a Banach space E and let S : Z — Z be a continuous mapping.
Assume that there is a constant k € [0,1) such that

w(SM) < ku(M), M C Z.

Then S has a fixed point.

Definition 4. ([14]) Let F be the class of all functions H : Ry xRy — R4
satisfying the following conditions:

(1) max{z,y} < H(z,y), x,y >0,

(2) H is continuous and nondecreasing,

(3) H(z +y,p,q) < H(z,p) + H(y, q).

As an example of this definition, take H(z,y) = = + v.

Definition 5. ([17]) Let R denote the class of functions 8 : Ry — [0,1)
satisfying ((t,) — 1 implies ¢, — 0 as n — oo.
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Theorem 6. ([5]) Let C' be a nonempty, bounded, closed and convex
subset of a Banach space E. Suppose T : C — C' is continuous function such
that for any X C C,

w(TX) < B(p(X))u(X),

where v is an arbitrary measure of noncompactness and 3 € K. Then T has at
least one fixed point in C.

Remark 7. In [5], by taking 3(¢) = k with 0 < k < 1 for each ¢ > 0 in
Theorem 6, Darbo’s fixed point theorem is obtained. But if we take k = % €
[0,1), then it is obvious that S does not satisfy the condition 8(¢,) — 1 implies
t, — 0 as n — oo in Definition 5.

2. Fixed point theorem

In this section we establish a fixed point theorem that is a generalization of
Theorems 2 and 3 above.

Theorem 8. Let F be a nonempty, closed, convex, and bounded subset
of a Banach space X and let ¢» : Ry — Ry and L : E — E be continuous
functions. Assume that for all D C FE,

H (u(LD), ¢ ((LD))) < B(u(D)H (u(D), ¥(u(D))) ,

where 1 is an arbitrary measure of noncompactness, 5 € K, and H € F. Then
L has at least one fixed point in D.

Proof. Let Ey = E and construct the sequence {E,} such that E,1; =
Conv (LE,) for n > 0. Now, LEy = LE C E = Ey and E; = Conv (LEy) C
E = FEy. Continuing this process, we have Fg D 1 D ... 2 E, D E,01 D ...

If we can find m € N such that H (u(E,,), ¥ (u(Ey))) = 0, which in turn
would give pu(E,,) = 0, then we can conclude that F,, is relatively compact.
Moreover, since L(E,,) € Conv(LE,,) = Ey,+1 € E,, by Schauder’s fixed
point theorem L has a fixed point.

Let 0 < H (W(En), ¥ (u(Ey))) for all n > 1. Then,

H (1(Epg1), ¥ (1(Ent1))) = H (u(Conv(LEy)), ¥ (u(Conv(LEy))))
=H (M(LEn)ﬂ/}(:u(LEn)))
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Thus, for all n € N we have

H (p(Ent1), b (1(Eny1))) < H (1(En), ¥ (1(En))) ,

i.e., the sequence {H (u(Ey), v (1w(Fy)))} is non-negative and non-increasing.
Therefore, there exists h > 0 such that

lim H (H(En)7¢(H(En))) = h.

n—o0

If h >0,

H (p(Eny1), p(1(Eni1)))
H (u(En), (u(En)))

As n — oo, we obtain 3 (u(E,)) > 1, which is a contradiction to the fact that
B < 1. Hence, h = 0 and nh_)HgOH (W(Ep), v (u(Ey))) =0, so limy, o0 u(Ey) = 0.
Since E,, O E,4+1 and LE, C E, for alln =1,2,..., in view of Definition 1,

we conclude that Eo, = (),~; Ey is a nonempty, closed, and convex set and is
invariant under L. Therefore, by Schauder’s fixed point theorem, L has a fixed
point in F, C E. This completes the proof of the theorem. O

< B (u(En)) -

3. An application

In what follows, we will work in the Banach space BC(Ry xR ) consisting of the
set of bounded and continuous functions on Ry x R;. The space BC'(R4 xR)
is equipped with the norm

| z ||=sup{|z(t,s)| : t,s >0} for x € BO(Ry xRy).

A measure of noncompactness p in the space BC(Ry x R, ) is defined by Das
et al. [13] (also see Arab et al. [6]) as follows.

Let X be a nonempty and bounded subset of the space BC'(R4 x Ry) and
forz e X, e>0,and T > 0, let

(e, ¢) = sup{lalt,s) — 2(u,0)] 1,5, 0,0 € 0,T),
t—ul <e€ls—v] <€}
wl (X, €) = sup {wT(a:,e) cxe X}

w
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= wo(X) + limsup diam X (¢, s);

t,s—00
where

diamX (t,s) = sup{|z(t,s) —y(t,s)| : x,y € X}.

4. Solvability of equation (1)

Analogous to the definition of attractivity of solutions in BC(R4) in [24], we
need the following concepts in BC(R; x R;). Let G be an operator from
Dy ¢ BC(Ry x Ry) into BC(R4 x Ry) and consider the solutions of the
equation

(Gz)(t,s) = x(t, s). (2)

Definition 9. Solutions of equation (2) are said to be locally attractive if
there exists a ball B(zg,r) in the space BC' (R4 x R4 ) such that, for arbitrary
solutions x = xz(t, s) and y = y(t, s) of equation (2) belonging to B(zg,r)N D1,
we have

lim (z(t,s) —y(t,s)) = 0. 3)

t,s—00

If the limit (3) is uniform with respect to B(xg,7) N Dy, solutions of equation
(2) are said to be uniformly locally attractive or that the solutions of (2) are
asymptotically stable.

Definition 10. The solution = = z(t,s) of equation (2) is said to be
globally attractive if (3) holds for each solution y = y(t, s) of (2). If condition
(3) is uniformly satisfied with respect to the set Dj, solutions of equation (2)
are said to be globally asymptotically stable or uniformly globally attractive.

For the solvability of the functional integral equation (1), we will make use
of the following conditions:

(Hy) The functions a, b: Ry — Ry are continuous.
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(Hg) The function f: Ry x Ry x R x R — R is continuous and there exist a
nonnegative constant A < 1 and a continuous function m : Ry xR — R
such that

‘f(t757$7l) - f(t757y7p)‘ < K|$ _y‘ +m(t75) |l _p|
and sup {f(¢,s,0,0) : t,s € Ry} < 0.

(Hs) The function u : Ry x Ry x Ry x Ry x R — R is continuous and there
exists lp € R and a positive constant D such that:

a(s) rb(t)
m(t, s)/ / lu(t, s,v,w,ly)|dvdw < D for all t,s € Ry;
0 0

a(s) rb(t)
lim m(t, 8)/ / lu(t, s, v,w,z(v,w))
0 0

t,s—00

— u(t, s,0,w,y(v,w))|dvdw = 0;

and

a(s) prb(t)
m(t,s) / / fu(t, 5, v, w, (v, )
0 0

—u(t,s,v,w,y(v,w))|dvdw < D
for all t, s € Ry uniformly with respect to z, y € BC(Ry x Ry).
Theorem 11. Under conditions (Hy)-(Hs), equation (1) has at least one

solution in BC (R4 x Ry). Moreover, the solutions of (1) are uniformly locally
attractive.

Proof. Consider the operator G defined by

a(s) (t)
(Ga)(t,s) = | (t,s,xu,s), / / " u(t,s,v,w,azw,w))dvdw)
0 0

for any x(t,s) € BC(RyxRy). By condition (Hs), Gz is continuous on Ry xR,
and by (H2)—(Hs), for arbitrary t,s € Ry, we have

(Gz)(t, 5)|

a(s) rb(t)
< ‘f t,s,x(t, s),/ / u(t, s, v, w, z(v,w))dvdw
0 0
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- f(t,S,0,0)‘ + ‘f(t,S,0,0)‘

a(s) rbt)
/ / u(t, s, v, w, z(v,w))dvdw
o Jo

< K z(t,s)| + m(t,s)

+1f(t,5,0,0)]
< Kla(t, s)[ +2D +f(t,5,0,0)]
< K |a(t,s)| + M,
where M = sup {|f(t,s,0,0)| : t,s € Ry} +2D. Thus,
(G)(t,5)| < K |a(t,s)| + M.

Hence, Gz € BC(R4 x Ry). .
Let B, = B(0,r), where r = 22-. Clearly G maps the ball B, into itself.

For a given € > 0, take z, y € B, w1 || x —y ||< e. Then,

[(Gz)(t,5) = (Gy)(E, 5)]

( (tsxts/ / tsvwx(vw))dvdw)
—f(tsyts/ / tsva(vw))dvdw)‘

< K |z(t,s) — (ts\—l—mts/ / u(t, s, v, w, z(v,w))
—u(t, s,v,w,y(v,w))|dvdw.

In view of (Hs), there exists T' > 0 such that for ¢, s > T', we have

ts/a(s/ u(t, s,v,w, z(v,w))

Thus,

—u(t, s,v,w,y(v,w))|dvdw < e.

[(Ga)(t,s) = (Gy)(t, )] < (K +1)e.

Now let ¢, s € [0,7]. Then by the continuity of the function u on [0,7] X
[0,T] x [0,B] x [0,A] x [-r,r], where A = sup{a(t):t€[0,T]} and B =
sup{b(t) : t € [0,T]}, we have

ts/a(s/ ult, s, v,w, z(v, w))
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—u(t, s,v,w,y(v,w))|dvdw — 0

as ¢ — 0. Hence, G is continuous on B,..

Now consider any nonempty set X C B, and fix T' > 0 and ¢ > 0. Choose
x € X and ty, to, s1, s2 € [0,T] with |t; — t3] < € and |s; — s3] < €. Then, we
have

[(Gz)(t2, s2) — (Gx)(t1, s1)|

< ‘ <t27527 (t2782)

<t27827 x(t1,51),

52) b(t2)

%

0
52) b(tg

u(te, s2,v,w, z(v,w))dvdw, >

o\

0

52) b(tg

/ u(te, s2,v,w, z(v,w))dvdw,
82 b(tg

/ u(te, s2,v, w, z(v,w))dvdw, ‘

0

82) b(tg
/ u(te, s2,v,w, z(v,w))dvdw,

82 b(tg
/ u(ty, s1,v,w, z(v,w))dvdw, ‘
0

a 82 b(tz
/ u(ty, s1,v,w, z(v,w))dvdw,

u(te, s2,v,w, z(v,w))dvdw ) ‘

+
~
~
no
)
no
A
~
=
o)
=
\_/

o\

[e=]

o - o
~ [l
—_ .
® 2
[ -

8
—
/—\ ~
~ —
[ .
w 2
s ~
\_/
O\ O\
o

~
=
)
e
—
~
=
w
e
\_/

o\

0

a 81 b(tl
— f | t1,s1,2(t1,51), / / u(ty, s1,v,w, z(v,w))dvdw, ‘
0 0

< K |a(tz, s2) =ty s0)| + W5 (f.0)
(s2) b(t2)
tlasl / / tQ,SQ,'U w .’L‘(U ’LU))
—u(ty, s1,v, w,y(v,w))|dvdw

b(tz
m(ty, s1) / / u(ty, s1,v,w,y(v,w))| dvdw,
a(s1)

b(t1)

+
KH
VR
~

=
)
T
’Q
=
o)
i
o\

where
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D = ABsup{|u(t,s,v,w,z)| : t,s € [0,T], v € [0, B],
w e [OvAL S [_Ta T]}a

‘f(tQ,SQ,J},y) —f(tl,Sl,l‘,y” :
WTT]j (f,€) =sup t1,ta, 51,82 € [0,T], [ta —t1] <,
’ |so —s1| <€,z €[-rr],y €[-D,D]

w! (u,e€)
m(ti, s1) [u(ta, s2,v,w, ) — u(ts, s1,v,w,y)| :
= sup t17t2781)82 S [O)T]a |t2 - tl‘ < €, 5
|so —s1] <€, x€[-rr],ve|0,B],wel0A]
UT = su m(tl,Sl) ‘U(tl,Sl,’U,w,y” :t1781 € [OvTL
! P x € [—r,r],ve0,B], we [0,A] ’
wT(a, €) = sup {|a(s2) — a(s1)| : [s2 — s1] <€, 52,81 € [0,T]},

wl'(b,€) = sup {|b(ta) — b(t1)| : [ta — t1] <€, ta, t; € [0,T]}.

Therefore,
[(Gx)(t2, s2) — (Gx)(t1, s1)]
< Kwl(z,€) + WTT]j (f,€) +wl (u,€) + Ulw" (a, e)w” (b, ¢€).

Using the above estimate, we have

WT(GX,e) < Kw'(X,6) + W]; (f¢)
+ wl'(u, €) + U wT (a, €)w™ (b, €).

From the continuity of f, u, a, and b, we see that
W:,j (f,e) =0, wz(u, €) — 0, wT(a, €) — 0, and wT(b, €) =0

as € — 0. Thus, we obtain

Wl (GX) < Kwl'(X).
As T — oo, we have

wo(GX) < Kuwo(X).
Again for t, s € Ry and x y € X, we have
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(Gz)(L,5) = (Gy)(L, )|
< K |x(t,s

ts/ / u(t, s, v, w, x(v, w))

u(t, 5,0, w, y(v, w))|dvdw.

Using condition (Hg) and letting ¢, s — oo gives
limsup diam(GX)(¢,s) < K limsupdiamX (¢, s).

t,s—00 t,s—00
Thus, we have
u(GX) < Ku(X), where K € [0,1).

Therefore, by taking H(z,y) = x4+ y,v» =0 and f(t) =k, t >0,k € [0,1) in
Theorem 8, we can conclude that the operator G has at least one fixed point
in By, so equation (1) has at least one solution in B, C BC(R; x Ry). The
solutions of equation (1) are uniformly locally attractive since all solutions of
equation (1) in B, belong to ker p. O

Corollary 12. If in addition to conditions (Hy)-(Hs), we have that
f(t,s,x,0) is bounded, then the solutions of equation (1) are globally attractive.

Proof. Let Q@ = sup{|f(t,s,x,0)|:t,s € Ry, x € R}. Then for any z €
BC(R4+ x Ry), we have

a(s)  rb(t)
‘(Gl‘)(t, 8)| S ‘f <t,8,$(t, 8)7/ /bt U(t,S,U,’U),J)(’U,IU))dUdIU)
0 0

— f(t,s,z(t,s),0)| + |f(t,s,x(t,s),0)]

/ / u(t, s,v,w,z(v,w))dvdw

S 2D + Q =T,
so G(BC(Ry xRy)) C By, = B(0,r1). Thus, all solutions of equation (1) are
in By,. As in the proof of Theorem 11, we can show that u(GX) < Ku(X) for

any subset of B, , and we can find a subset C' of B,, such that this set contains
all solutions of equation (1) and p(C') = 0. That is, tlim lz(t,s) —y(t,s)| =0
,§—>00

m(t,s) +Q

for all =,y € C. Thus, the solutions of equation (1) are globally attractive. O
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We conclude this paper with an example.

Example 13. Consider the equation

sin(tsx(t, s))
1+ 252

vwa? (v, w) + st (1 + z*(v,w)) v'w!
A e

x(t,s) =

for t,s € Ry. Here we have

ft,s,2,y) = iujr(%xg Y
and
vwz? + st (1+$ )U Lyptt
ult, s, v,w,z) = (14+1¢7s7)(1 + z4)
Now
sin(tsx sin(tsy
‘f(t,s,x,l) - f(t,s,y,p)' = 1_‘_(15252 B 1-1-(15252 -
< — ts |z —y|+ |l —pl.
T+ 127

e 6 S €R+} < 1 and m(t,s) = 1 for all ¢t,s € R,.
Clearly, f, u, m, a, and b are all continuous functions on their respective do-
mains. We have

Here K = sup{

sup{f(t,s,0,0):t,s € Ry} =0
and
sup{f(t,s,z,0):t,s € Ry,z € R}

is finite, i.e., f(t,s,x,0) bounded. Also,

1 vwa? vwy?
u(t,s,’u,w,x) —u(t,s,v,w,y) = 1417571 + 24 - 1+y4
< VW
T 14+t7s7

and
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lim / /
t,s—00

u(t,s,v,w,z) —u(t,s,v,w,y)|dvdw

1 VsVt
< lim  ———= vwdvdw p =0
ts—oo | 14+17s7 J, 0
Again,

lim / / u(t, s, v,w, z)| dvdw
t,s—00
11, 11
t}saoo { T3 77s / / vw + stvw )dvdw}

i st N sTt7
 Yim 2
1 + t787 t,5—00 4 144

ie., lim fof fo\[|u t,s,v,w,r)| dvdw < 133

t,s—00

Hence, the conditions of Corollary 12 are satisfied, and so equation (4) has
at least one solution in BC' (R xR ), and solutions of this equation are globally
attractive.
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