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Abstract: The present paper is devoted to the study of classical solution
of an inverse boundary-value problem for the linearized equation of motion
of a homogeneous elastic beam with an over-determination condition. The
goal of the work is to determine both solution and the unknown coefficient
together for the considered problem in the rectangular region. First, in order
to investigate of solvability of the inverse problem, we reduce original problem
to the auxiliary problem with trivial data. Applying the Fourier method and
contraction mappings principle, the existence and uniqueness of the classical
solution of the obtained equivalent problem is proved. Furthermore, using the
equivalence, the unique solvability of the appropriate auxiliary inverse problem
is shown.
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1. Introduction and Preliminaries

In the rectangular region Dy : 0 <z <1, 0 <t < T we consider inverse
boundary-value problem for the one-dimensional equation of motion of a ho-
mogeneous elastic beam [15]

Utt(xa t) + u$$$$(x7 t) + ,BUmC(l‘, t)
=p(tu(z,t) + f(z,t), (x,t) € Dr, (1)

for the unknown functions wu(z,t), p(t), with conditions

u(z,0) = p(z), u(z,0) =9(x), 0 <z <1, (2)
w(0,t) = u(1,t) = uge(0,t) = Uz (1,8) =0, 0 <t < T, (3)
1
/ o(@)uls, t)dz = h(t), 0<t < T, ()
0

where T, 8 are positive integers, f(x,t), p(z), ¥(z), g(z), and h(t) are known
functions of x € [0,1] and t € [0, T].

In many cases the practical requirements lead to the problems of determin-
ing the coefficients or the right hand side of a differential equation (ordinary
or in partial derivatives) from some known functional of its solution. Such
problems are called inverse problems of mathematical physics. The practical
importance of inverse problems is so great (they arise in various fields of human
activity, such as seismology, mineral exploration, biology, medicine, desalination
of seawater, movement of liquid in a porous medium, etc.) which puts them
a series of the most actual problems of modern mathematics. The presence
in the inverse problems of additional unknown functions requires that in the
complement to the boundary conditions that are natural for a particular class
of differential equations, impose some additional conditions - overdetermination
conditions. The basics of the theory and practice of studying inverse problems
of mathematical physics were established and developed in the fundamental
works of the outstanding scientists A.N. Tikhonov [23], M.M. Lavrent’ev [16],
V.K. Ivanov [11], and their followers.

Inverse problems associated with differential equations of various types,
have been studied by many papers and monographs, in particular [1, 3, 4, 6, 7,
9, 10, 13, 14, 17, 19, 20]. But the problem statement and the proof techniques
used in this paper are different from those presented in these works. The
technique used in this paper is based on the passing from the original inverse
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problem to the new equivalent one, the study of the solvability of the equivalent
problem, and then in the reverse transition to the original problem.

Moreover, the vibrations and wave movements of an elastic beam were in-
vestigated by B.S. Bardin [5], T.P. Goy [8], D.V. Kostin [15], Y.T. Mehraliyev
[2], Yu.A. Mitropolsky [18], J.M. Thompson [22], V.Z. Vlasov [24], and et al.

The simplest nonlinear model of the motion of a homogeneous beam is
described by the equation

Pw 0w 0*w

3 _
92 + e +k8x2 + aw + w” =0,

where w is beam deflection (after the displacements of the points of the midline
of the elastic beam located along the z-axis). Note that a similar equation also
arises in the theory of crystals, in which w is parameter of order [12].

We introduce the set of functions

C?*MDr) = {u(z,t) : u(z,t) € C*(D7), Upgaa(x,t) € C(Dr)}.

Definition 1. The pair {u(x,t),p(t)} defined in the domain Dy is said to
be a classical solution of the problem (1)-(4), if the functions u(z,t) € C%*(Dr)
and p(t) € C[0,T] satisfies Eq. (1), condition (2) on [0, 1], and the statements
(3)-(4) on the interval [0, 7).

Theorem 2. Suppose that f(x,t) € C(Dr), ¢(z), ¥(z) € C[0,1], g(z) €
Ly(0,1), h(t) € C?[0,T], and the conditions
1 1
[ s@ot@idz =), [ glayieriz =1
0 0

hold. Then the problem of finding a classical solution of (1)-(4) is equivalent to
the problem of determining the functions u(z,t) € C**(Dr) and p(t) € C[0,T)
from the (1)-(3), and satisfying the condition

1
h// + /g u$$$$ z, t dx +5/ u$$(1‘ t)d
0

gx)f(x,t)de, 0 <t <T. (5)

+
O\H
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Proof. Let {u(z,t),p(t)} be a classical solution of the problem (1)-(4). Dif-
ferentiating both sides of (4) twice with respect to ¢, gives

1
/g(a:)ut(x,t)da: = h'(t),
0

1
/g(a:)utt(a:,t)dx =h"(t), 0<t<T. (6)
0

Multiplying both sides of (1) by a special function g(x) and integrating
gives, in turn,

1
d?
i / g(@)ule, t)dz + [ (@) umsse (@, )z + B / 9(@)tns (2, )z
0

o _

1 1
= p(t) /g(x)u(x,t)da: + /g(a:)f(a:,t)dx, 0<t<T. (7)
0

0
Hence, taking into account (4) and (6), we conclude that condition (5) is
satisfied.
Now, assume that {u(z,t),p(t)} is the solution of problem (1)-(3), (5). Then
from (5), taking into account (7), we have

1
2
5 | [ st@nte.nds - nie
0

we find
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1 1
/g Yug (0,t)dz — h'(0) /g (x)dz — W' (0) = (9)
0

From (8), taking into account (9), it is clear that the condition (4) is also
satisfied. The proof is complete. O

2. Classical Solvability of Inverse Boundary-value Problem

We seek the first component u(z,t) of classical solution {u(z,t),p(t)} of the
problem (1)-(3), (5) in the form

= Zuk(t) sin \gx, A\p = km, (10)
k=1

where
1

ug(t) = Q/U(J:,t) sin \pxdr, k=1,2,....
0

Then applying the formal scheme of the Fourier method, from (1) and (2)
we have

ul (t) + Af = BADug(t) = Fe(t;u,p), 0<t<T; k=1,2,..., (11)
ur(0) = g, up(0) =Yg, k=1,2,..., (12)
where
1
Fu(tu,p) = pt)us(t) + () /f £, ) sin Agada,
0

1
Y = 2/g0(a:) sin A\pzdx, ¥y, = 2/1/1 r)sin \pxdr, k=1,2, ...
0
Suppose that 0 < 5 < Z-. Solving the problem (11)-(12) gives

1
u(t) = @ cos Bt + @wk sin St

t
—1—5— /Fk(T;u,p) sin B (t — 7)dr, k=1,2,..., (13)

k
0
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where
Br = \/ AL — BAL.

In order to determine the first component of the solution of the problem
(1)-(3), (5) we substitute ux(t) (k =1,2,...) into (10) and obtain

Z{sok 008 Byt + - iy sin Bt

k=1

t
1
—1—5— /Fk(T;u,p) sin By (t — 7)dt} sin Az (14)
k
0
Now, from (5), taking into account (10), we have

1
p(t) = [h(H)] " B (1) — / o(@) (. t)da
0

1

—I—Z (\F = BAD)ug(t) /g(a:) sin A\gxdx}. (15)
k=1

0
In this way to obtain the equation for the second component of the solution

to the problem (1) - (3), (5) we substitute expression (13) into (17) and get
1

p(t) = [h()] " {h"(t) — / 9(2)f (a t)de

0

#3204 = Dlpwcosit + ﬁiwk sin it
=1

1
/Fk Tiu, p) sin B (t — 7)dT] / )sin Agxdx}. (16)
0
Thus, finding the solution of problem (1) - (3), (5) is reduced to the finding

solution of system (14), (16) with respect to unknown functions u(z, t) and p(t).

The following lemma plays an important role in studying the uniqueness of
the solution to problem (1)-(3), (5).

Lemma 3. If {u(z,t),p(t)} is a solution of (1)-(3), (5), then the functions
1

Q/U:L‘tsm)\kxd:v k=1,2,.

satisfy the system (13) on the interval [0,T].
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Proof. Let {u(z,t),p(t)} be any solution to problem (1)-(3), (5). Multiply-
ing both sides of the Eq. (1) by a function 2sin \yx (k = 1,2, ...), integrating
by parts, and using the relations

1
Q/Utt x,t) sin \pxdz
0
1
d2 . "
=2 Q/U(l‘,t) sin \pzdr | = u(t), k=1,2,...,
0

2

Ugy (2, 1) Sin Apzdr

o _

1
= —/\i Q/U(J:,t) sin \pxdr | = —)\iuk(t), k=12, ..,
0
1
2/umm x,t) sin \pxdz
0

=\ 2/u(a:,t) cos \pzdr | = Mg (t), k=1,2, ..,
0
we deduce that satisfies (11).
Similarly, from (2) we obtain that condition (12) is satisfied. Thus, the
system of functions uy(t) (k = 1,2,...) is a solution to problem (11), (12). From
this it follows directly that the functions ug(t) (k = 1,2, ...) satisfy the system

(13) on [0,7]. The lemma is proved. O
1
Obviously, if ug(t) = 2 [u(z,t)sin \yadz, k = 1,2, ... is a solution to system
0
(13), then the pair {u(z,t),p(t)} of functions u(x,t) = > ux(t)sin \yx and p(t)
k=1

is also a solution to system (14), (16).
It follows from Lemma 3 that

Remark 4. Suppose that system (14) and (16) has a unique solution.
Then the problem (1)-(3), (5), can’t have more than one solution, i.e. if problem
(1)-(3), (7) has a solution, then it is unique.
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Now, to study problem (1)-(3), (5), we consider the following spaces.
Denote by B;T a set of all functions of the form

= Zuk(t) sin \px, A\, = 7k,
k=1

considered in Dy where each of the function wu(t) (k = 1,2,...) is continuous
on [0,7] and

Jp(u) = (Z oY ||u1<t>uo[o,ﬂ>2) < +o0.

k=1

The norm in this set is defined as follows
e, )], = T (u).

Next we denote by E2 the space of vector-functions z(x,t) = {u(z,t),p(t)},
which u(z,t) € B2T= p(t ) e C[0,T7.
The norm in the set E;l will be

o, 1)l = N, )l 55, + 90 cpoy-

It is known that BgT and E2 are the Banach spaces [21].
We now consider the operator

®(u,p) = {®1(u,p), P2(u, p)},
in the space E%, where

Dy(u,p) = ii(z,t) = 3 w(t) sin e, Bo(u,p) = p(t),

HME%

b

1
and the functions u(t) (k= 1,2,...) and p(t) are equal to the right-hand sides
of (13) and (16), respectively.

Then we find
l 1
o0 [e.e] 2
(Z % k)l ego.ry) ) <2 (Z (A% k) )
k=1 k=1

+VT /Ti X fr(r
0

k=1

)
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NI

+T [p(®)ll oo, <Z (AR Huk(t)HC[O,T])Z) ; (17)
k=1

1

h//(t) o

1500y < 1RO g { 9(@)f (. )da

o

0,7

(&) o (&

(Z(Amk>)l+ﬁ<2§ (AR Sl )

k=1

1
2

WE

(A2 \@k|)2>

E
Il

1
2

+ Tllp()ll o,y (Z (A% Huk(t)HC[O,T})Q) ] g(fC)LQ(o,1)}- (18)
k=1

Suppose that the data of problem (1)-(3), (5) satisfy the conditions

(A1) o(z) € CH0,1], ¢ (x ) € Ly(0, 1),
0(0) = (1) = ( ¢ (1) = D (0) = (1) = 0;

)=

C40,1], ¥"(x) € Ly(0, 1),
¥(1) = ¢"(0) = 4"(1) = 0;
f

x,t), fo(z,t), fra(x,t) € C(D7), foax(z,t) € Lao(Dr), and f(0,t) =
17t) = f:l?:l?(oa ) f$$(1>t) =0,0<t<T,

< I, g(x) € Ly(0,1), h(t) € C*[0,T1,
0 t

Then from relations (17) and (18), correspondingly we have

(Z (A2 ||ﬂk(t)||C[O,T])2>

k=1

<9 Hg,(s’) (@) + 1" @) 00 + VT Ioza(@, Ol 0

loso

NI

+T'[lp) 0,1y <Z (AR [lur(t) HC[OT])) , (19)
k=1
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W'(t) = [ g(a)f(z,t)dx

o _

1Bl com < H[h(t)rlHC[o,T} {

clo,1]

(ZA) 140 [0, 19

+\/T‘|f$$$(xat)“L2(DT) + T [lp@®)l oo,y

X (Z ()\2 Huk(t)Hc[o,T})Q) ] 9(1‘)1:2(0,1)}- (20)
k=1

We denote by

am =2 @@ A @l o+ VT el Ol oo

W'(t) = | g(@)f(z,t)dx

o _

Ao(T) = H[h(t)]’chm,n {

clo,7]

+<§hf)iuwmwa
k=1

@) o) + VT o@Dl o) 196 ooy

1

L»(0,1)

By(T) = ||[A( 1H0[o 7] (Z)\ ) L+ B)T [lg(@)l g0,y »
and rewrite (19), (20) as
[a(z, )l gy . < A(T) + Bu(T) [Pl cpo,ry 1l ) g3 . (21)
1B o,y = A2(T) + B2(T) lp@)llcpo.my 1ul@, Dlipg . - (22)

From the inequalities (21) and (22), we conclude

i, )15 + 158 o
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< AT) + B [p(0) oo m e, Dl ., - (23)
where
A(T) = Ai(T) + Ax(T), B(T) = B1(T) + B2(T).
Thus, the following assertion is valid.
Theorem 5. If conditions (A1) — (A4) and
B(T)(A(T) +2)* < 1, (24)

hold, then problem (1)-(3), (5) has a unique solution in the ball K = KR(HZHE%
R = A(T) +2) of the space E5.

IN

Proof. In the space E%, consider the equation
z2=®z, (25)

where z = {u, p}, the components ®;(u,p), i = 1,2, of operator ®(u,p), defined
by the right sides of equations (14) and (16), respectively.

Now, consider the operator ®(u,p) in the ball K = K of the space E3.
Similarly to (23), we obtain that for any z = {u,p}, z1 = {u1,p1}, and 2o =
{ug,p2} € Kg the following inequalities hold:

192]| g5 < ACT) + B(T) [p(®)llcpomy lul: )l pg.,. » (26)
[®z1 — @2 ps < B(T)R

*(lp1(®) = p2()llcpomy + lua (@, 8) —ua (@, 1)l 5z - (27)

Then by (24), from (14) and (16) it follows that the operator ® acts in the
ball K = Kp, and satisfy the conditions of the contraction mapping principle.
Therefore the operator ® has a unique fixed point {u,p} in the ball K = Kp,
which is a solution of equation (25), i.e. the pair {u,p} is the unique solution
of the systems (14), (16) in K = Kp.

Then the function u(z,t) as an element of space BS’T is continuous and has
continuous derivatives g (z,t), Ugpe (T, 1), Ugrr (2, ), and Uzgpe(x,t) in Drp.

From (9) it is easy to see that

(Z (A Huglk(t)HC[o,T}P) <(1+p)

k=1
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1
o0
x(Z}ﬁwmw%Wmﬂ |1 e, 6) + PO, ) g
k=1

Hence, we conclude that the function uy(z,t) is continuous in the domain
Dr.

Further, it is easy to verify that equation (1), and conditions (2), (3), and
(5) are satisfied in the usual sense. Consequently, {u(zx,t),p(t)} is a solution of
(1)-(3), (5), and by Lemma 3 it is unique in the ball K = Kpr. The proof is
complete. O

L2(0,1)

From Theorem 2 and Theorem 5, it implies the unique solvability of the
original problem (1)-(4).
In summary, we conclude the following result.

Theorem 6. Suppose that all assumptions of Theorem 5, and

1
[ s@etwyiz !g (2)dz = 1(0)

0

hold. Then problem (1)-(4) has a unique classical solution in the ball K =
Kr(l|2lg < R = A(T) +2).
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