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Abstract: Graph theory has much advancement in the field of mathematical
chemistry. Recently, chemical graph theory has become very popular among
researchers because of its wide applications in mathematical chemistry. The
molecular topological descriptors are the numerical invariants of a molecular
graph and are very useful for predicting their bioactivity. A great variety of
such indices are studied and used in theoretical chemistry, pharmaceutical re-
searchers, in drugs and in different other fields. Among topological descriptor,
connectivity indices are very important and they have a prominent role in chem-
istry. In this article, we study the chemical graph of copper oxide and compute
the eccentricity based Zagreb indices for Copper oxide. Furthermore, we give
analytically closed formulas of these indices which are helpful in studying the
underlying topologies.
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1. Introduction

There are a lot of chemical compounds, either organic or inorganic, which pos-
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sess a level of commercial, industrial, pharmaceutical chemistry and labora-
tory importance. A relationship exists between chemical compounds and their
molecular structures. Graph theory is a very powerful area of mathematics
that has wide range of applications in many areas of science such as chem-
istry, biology, computer science, electrical, electronics and other fields. Chem-
ical graph theory is a branch of mathematical chemistry in which we apply
tools of graph theory to model the chemical phenomenon mathematically. This
theory contributes a prominent role in the field of chemical sciences. Some
references are given, which hopefully demonstrate the importance of this field
[6, 8,9, 10, 12, 13, 14].

Let G = (V, E) be a graph, where V' is a non-empty set of vertices and E is
a set of edges. The chemical graph theory applies graph theory to mathematical
modeling of molecular phenomena, which is helpful for the study of molecular
structure. This theory contributes a prominent role in the field of chemical
sciences. Chemical compounds have a variety of applications in chemical graph
theory, drug design, etc. A great variety of topological indices are studied and
used in theoretical chemistry, pharmaceutical researchers. In chemical graph
theory, there are many topological indices for a connected graph, which are
helpful in study of chemical molecules. Development of chemical science had
an important effect by this theory.

If p,q € V(G), then the distance d(p, q) between p and ¢ is defined as the
length of any shortest path in G' connecting p and g. Eccentricity is the distance
of vertex u from the farthest vertex in G. In mathematical form,

e(u) = max{d(u,v)|V u € V(G)}. (1)

Recently in 2010, D. Vukicevi¢ et al., and in 2012, Ghorbani et al., proposed
some new modified versions of Zagreb indices of a molecular graph G [7, 16].
These indices are eccentricity based indices, which are defined as

M{(G)= ) [e(u) +e(v)],

weF(G)

MG = Y @),

veV(Q)
M3(G)= > e(we(v).
weE(G)

Some applications of eccentricity based Zagreb indices are given in [3, 4, 5, 17].
The Copper oxide/cupric oxide form an inorganic chemical compound CuO.
This is an essential mineral found in plants and animals. Copper has enormous
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applications in medical instruments, drugs, and as a heat conductor, among
others. Some applications of Copper and Cupric oxide are given in [1, 11, 15].

In Fig. 1(a), the copper hydroxide is depicted and when hydrogen atoms
are depleted from Cu(OH ) then the resultant graph is depicted in Fig. 1(b).
The 3D graph of copper oxide CuO is depicted in Fig. 2. Copper oxide is used
as the source of copper in mineral and vitamin supplements and is considered
safe. Its use in medical devices, and industrial and consumer products, is novel.

The safety aspects of the use of copper oxide in products that come into contact
with open and closed skin must be considered [2].
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Figure 1: (a) Cu(OH )z (b) CuO

2. Main results and discussion

In this section, we discuss the first Zagreb eccentricity index M (G), second
Zagreb eccentricity index M;*(G) and third Zagreb eccentricity index M (G)
of copper oxide. Here we consider the copper oxide graph CuO = G. In
this article, we consider the copper oxide molecular graph CuQO, as depicted
in Fig. 1(b). The construction of the CuO graph is such that the octagons
are connected to each other in columns and rows; the connection between two
octagons is achieved by making one C4 bond between two octagons. For our
convenience, we take m and n as the number of octagons in rows and columns,
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Figure 2: 3D Copper oxide CuO

respectively. The cardinality of vertices and edges in CuO are 4mn + 3n +m

and 6mn + 2n, respectively.

(e(u),e(v)) frequency Range of k
(4k + 2m, 4k +2m + 1) 4m e
(Ak+2m+ 1,4k +2m+2) | 2(m+1) | 250 < |k < 22
(4k+2m+2,4k+2m+3) | 2(m+1) | 250 < |k < Z=m=2
(4k +2m + 3,4k + 2m + 4) 4m nom < f < Znom-2

2

Table 1: Edge partition of Copper oxide for ((m,n)-levels) where m
and n both are even and m > 2, n > 2m , based on eccentricity of
end vertices of each edge with existence of their frequencies.

(e(u),e(v)) frequency Range of k
(4k +2m + 1,4k + 2m + 2) 4m nom < | < 2l
(4k + 2m + 2,4k + 2m + 3) 4m Do fp < 23
(4k+2m+ 3,4k +2m+4) | 2(m +1) | 252 < |k < 2n=m=3

Table 2: Edge partition of Copper oxide for ((m, n)-levels) where m
and n both are odd and m > 1, n > 2m + 1, based on eccentricity
of end vertices of each edge with existence of their frequencies.
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(e(u),e(v)) frequency | Range of m and n Range of k
(4k + 8,4k +9) 4m m>1,n>2m |2 <k<n-3
(4k+9,4k+10) | 2(m+1) | m>1,n>2m |22 <k<n-3
(4k+10,4k+11) | 2(m+1) | m>1,n>2m |22 <k<n-3
(4k + 11,4k +12) 4m m>1,n>2m |%32<k<n-3

M‘

Table 3: Edge partition of Copper oxide for ((m, n)-levels) where m
is odd and n is even, based on eccentricity of end vertices of each
edge with existence of their frequencies.

e(u),e(v requency ange of m and n ange o
f R f d R fk
+ 6,4k + m—+1 m>2,n>2m = <k<n-
(4k + 6,4k +7) | 2( ) 2 2 "23 k 2
+ 7,4k + m m>2,n>2m — <k<n-—
(4k + 7,4k + 8) 4 2 2 "23 k 2
+ 8,4k + m m>2,n>2m = <k<n-—
4k + 8,4k +9 4 2 2 ”23 k 3
+ 9,4k + m—+ m>2,n>2m = <k<n-—
(4k + 9,4k +10) | 2( 1) 2 2 ”25 k 3

Table 4: Edge partition of Copper oxide for ((m, n)-levels) where m
is even and n is odd, based on eccentricity of end vertices of each
edge with existence of their frequencies.

e(u) frequency | Range of m and n Range of k

k m m>2,n>2m k=2n
dk+2m+1][2m+1) | m>2,n>2m |50 << 2n=m=
dk+2m+2 | 2m+1) | m>2,n>2m |22 <f<2om2
k+2m+3 [ 2m+1) | m>2,n>2m |50 <f<n2
Ak +2m +4 2m m>2n>2m |20 <f < Ion2

Table 5: Vertex partition of Copper oxide for ((m,n)-levels) where
m and n both are even, based on eccentricity of each vertex with

existence of their frequencies.

2.1. Eccentricity based first Zagreb index

In this section we find the first Zagreb eccentricity index of Copper oxide

My (G(m,n)).

Theorem 1. Let G(m,n) for all m,n € N, where m and n both are even,

be the copper oxide, then the first Zagreb eccentricity index of G(m,n) is



986 H.-X. Li, A. Qudair Baig, M.R. Azhar

e(u) frequency | Range of m and n Range of k

k m—+ 1 m>1,n>2m+1 k=2n
dk+2m+1| 2m+1) [m>1,n>2m+1 <<zl
4k + 2m + 2 2m m>1,n>2m+]1 <k < el
dk+2m+3 | 2m+1) [ m>1,n>2m+1 << e
dk+2m+4 | 2m+1) [ m>1,n>2m+1 <k < Zmmss

i
3

| o

3
3

| o
3

3

| o

3
3

)

Table 6: Vertex partition of Copper oxide for ((m,n)-levels) where
m and n both are odd, based on eccentricity of each vertex with
existence of their frequencies.

e(u) | frequency | Range of m and n Range of k

k m m>1,n>2m k=2n
4k +9 | 2(m+1) m>1,n>2m |2Z2<k<n-3
4k+10 ] 2(m+1) | m>1L,n>2m |22 <k<n-3
k+11]2(m+1) | m>1,n>2m |22 <k<n-3
4k + 12 2m m>1,n>2m |22<k<n-—3

Table 7: Vertex partition of Copper oxide for ((m,n)-levels) where
m is odd and n is even, based on eccentricity of each vertex with
existence of their frequencies.

e(u) | frequency | Range of m and n Range of k

k m+1 m>2,n>2m k=2n
k+7 [ 2m+1) | m>2,n>2m [2E2<k<n-—2
4k + 8 2m m>2,n>2m |Z2<k<n—2
4k+9 [ 2m+1) | m>2,n>2m [23<k<n-3
4k+10 | 2(m+1) | m>2,n>2m |23 <k<n-3

Table 8: Vertex partition of Copper oxide for ((m,n)-levels) where
m is even and n is odd, based on eccentricity of each vertex with
existence of their frequencies.

2n—m

M;(G(m,n)) =16 %,,2,{(3m + 1) Y, P okt m o+ 1))

2

Proof. Let G(m,n), where m and n both are even, be the Copper oxide
containing 4mn + 3n + m vertices and 6mn + 2n edges.
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The formula of the first Zagreb eccentricity index is
ME(G) = ) [e(uw) +e(v)).
weF(G)

Using the edge partitioned from Table 1, we have the following computations:

2n—m—2

My(G(m,n) =3, 50{20m+1) > 2. ((4k+2m+1+ 4k +2m +2) + (4k +

M

2n—m—

2m+2+4k+2m+3))+4mzk77§_m ((4k +2m + 3 + 4k + 2m + 4) + (4k +
- 2
2m +4k +2m+ 1))}

2n—m—2 2n—m—4

= Yo 2mA D) Y, 2 (8k+dm3) 4 (8k+4m+5)) +4m Y, 2, ((8k+
4m+7)+(8k+4m+1)§} i

2n—m— 2n— m 4

=D 2m+1)3, 2. n (16k +8m +8) +4m3> 2 .. o (16k + 8m + 8)}.

After some simplification, we have

2nm2

M (G(m,n)) =163 ,,5,{(3m + 1)Zk 2 2E+m+ 1)} O

2

Theorem 2. Let G(m,n), for all m,n € N, where m and n both are
odd, be the copper oxide, then the eccentricity based first zagreb index M of
G(m,n) is:

+ Zk:_ig; (12m(2k + m) + 21m + 8k + 7)}.

Proof. Let G(m,n), where m and n both are odd, be the Copper oxide
containing 4mn + 3n + m vertices and 6mn + 2n edges.
The formula of the first Zagreb eccentricity index is

M (G)= ) [e(u) +e(v)].

weF(G)

Using the edge partitioned from Table 2, we have the following computations:

M (G(m,n) =32 51{2, _im (2(m +1)(4k +2m + 4k + 2m + 1) + 4m(4k +
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2n—m—3

2m+1+4k+2m+2)) + 3, 7, (4m(dk +2m + 2+ 4k +2m + 3) +2(m +
-2

1)(4k +2m+3+4k+2m+4))}

2n 2n—m—3

=Yt 1, ,3mm (2(m-1)(8k+-4m-+1)-H4m(Sk-+Am+3) 45, _ L, (4m(8h+
dm+5)+2(m+1)(8k +4m + 7))}

._\

= 22m>1{2k im ((m+1)(8k+4m+1)+2m(8k+4m+3))+2
4m + 5) + (m + 1)(8k + 4m + 7))}

After some simplification, we have

2n—m—1

M7 (G(m,n)) =232 51{>, _i-m (12m(2k +m) + 11m + 8k + 1)

2n—m—3

+Zk="2%“ (12m(2k +m) + 21m + 8k + 7)}. O

Theorem 3. Let G(m,n), for all m,n € N, where m is odd and n is
even, be the copper oxide, then the eccentricity based first zagreb index M7 of
G(m,n) is:

M (G(m,n)) =16 3,5, {(B3m +1) )5 n-s (25 +5)}-
Proof. Let G(m,n), where m is odd and n is even, be the Copper oxide

contains 4mn + 3n + m vertices and 6mn + 2n edges.
The formula of the first Zagreb eccentricity index is

M{(G)= Y [e(u) +e(v)).

weE(G)

Using the edge partitioned from Table 3, we have the following computations:

M;(G(m,n) :Zm>1{zk o 4( (m+1)(4k+9+4k+10)+2(m +1)(4k +10+
4k +11)) + Zk e 4(4m(4k+11—|—4k—|—12)—|—4m(4k+8—|—4k—|—9))}

=Y s {3 4( (m+1) (4k+9+4k+10+4k+10+4k-+11))+> 7~ n_ (4m(4k+
11+4k:+12+4k+8+4k:+9))}

=Yt { s nca (2(m + 1)(16K + 40)) + D nzs (4m(16k +40))}
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= Yo {2(m + 1) +4m) )70 n-s 8(2k +5)}.

Finally, for all m,n € N, where m is odd and n is even, the eccentricity based
first zagreb index of copper oxide G(m,n) is

M (G(m,n)) =163, {(3m +1) 3370 n-a (2k +5)}. -

Theorem 4. Let G(m,n), for all m,n € N, where m is even and n is
odd, be the copper oxide, then the eccentricity based first Zagreb index M7 of
G(m,n) is

Mf‘(G( 1)) =230 {30 n=3 (8K(3m +1) + 43m +13)
+Zk n- 3(8k:(3m+ 1) 4+ 53m + 19)}

Proof. Let G(m,n), where m is even and n is odd, be the copper oxide
contains 4mn + 3n + m vertices and 6mn + 2n edges.
The formula of the first Zagreb eccentricity index is

M{(G) = Y [e(u) +e(v)).

weE(G)

Using the edge partitioned from Table 4, we have the following computations:

M;(G(m,n) :Zm>1{zk — 3( (m+1)(4k + 6 + 4k + 7) + dm(4k + 7+ 4k +
8)) + 2y - 3(4m(4k+8+4kz+9)+2(m+1)(4k+9+4k+10))}

= Yot {0 s (20 4 1)(8k +13) + 4m(8k +15)) + Y170 (4m(8k +17) +
2(m + 1)(8k + 19))}

=Y {23 ns (8km +13m + 8k + 13 + 16km + 30m)
—|—2Zk o 3(16kzm—|—34m—|—8k:m—|—19m—|—8k;—i—19)}
=23, s{E e 3(24km+43m+8k+13)+2k ns (24km+53m +8k+19)}.

Finally, for all m,n € N, where m is even and n is odd, the eccentricity based
first zagreb index of copper oxide G(m,n) is
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M (G(m,n)) =2 Zmﬂ{zzj%g (8k(3m + 1) + 43m + 13)
+ Zgj’# (8k(3m + 1) + 53m + 19)}.

2.2. Eccentricity based second Zagreb index

In this section we find the second Zagreb eccentricity index of the Copper oxide
G(m,n) which is denoted by M{*(G(m,n)).

Theorem 5. Let G(m,n), for allm,n € N, where m and n both are even,
be the copper oxide, then the eccentricity based second zagreb index M{™ of
G(m,n) is

2n—m—2

M{*(G(m,n)) = 3, 5o {4mn?+4 D nem (2(2k+m)? (4m~+3)+4(2k+m) (5m+
3) + 15m + 7)}. i

Proof. Let G(m,n), where m and n both are even, be the copper oxide
contains 4mn + 3n + m vertices and 6mn + 2n edges.
The general formula of second Zagreb eccentricity index is

MG = ) @)
veV(G)

Using the edge partitioned from Table 5, we have the following computations:

2n—m—2

M (G(myn) = 30, 50{m Y gn, (k) +2(m + 1) 30 2, ((4k +2m + 1)% +

k=17

2n—m—2

(4k +2m +2)* + (4k +2m + 3)*) +2m 30, 2 ., (4k +2m +4)?}
- 2

2n—m—2

= Y sadm(2n)? + 23 :},Tm ((m + 1)(48Kk2 + 12m? + 48km + 48k + 24m +

14) + m(16k? 4 4m? 4 16 + 16km + 32k + 16m)}

2n—m—2

= Y so{dmn? + 25 2 (m(64k + 16m? + 64km + 80k + 40m + 30) +
- 2

(48k2 + 12m? + 48km + 48k + 24m + 14)}

2n—m—2

= Y sofdmn® + 230 2 (m(16(2k +m)? + 40(2k + m) + 30) + 12(2k +
- - 2
m)? + 24(2k +m) + 14)}.
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After some simplification, we have

»

M (Gm,m)) = Ypg (Amn+4 Y 2 (2(2k-+m)? (4me4+3)+4(2h-+m) (5m+

3) 4+ 15m +7)}. O

Theorem 6. Let G(m,n), for all m,n € N, where m and n both are odd,
be the Copper oxide, then the eccentricity based second Zagreb index M{* of
G(m,n) is

2n—m—1

My (G(m,n)) =23, > {202 (m + 1) + 32, _ 2. (8(2k +m)? + 12(2k +m) +

2

2n—m-—3

5+ Ak +2m+1)%) +(m+1)3, n2m( (2k +m)? + 28(2k +m) + 25)}.

Proof. Let G(m,n), where m and n both are odd, be the copper oxide
contains 4mn + 3n + m vertices and 6mn + 2n edges.
The general formula of second Zagreb eccentricity index is

M (@)= Y [0

veV(Q)

Using the edge partitioned from Table 6, we have the following computations:

M (Gm,m) = Sl + 1) S an(k)? + X, 2 (20m + 1)(4k + 2m +

2

1)2 -+ 2m(dk -+ 2m+2)2) 4 2(m+1) 0,20, (4 +2m+3)2 + (4k +2m +4)2)}

2

2n—m-—1

= Ypsilm +1)2n)* + 35, 2, 2m(4k +2m + 1)* + 8m(2k +m + 1)* +

2
2n—m—3
24k +2m +1)?) +2(m + 1) 3, 2., ((4k +2m +3)* +4(2k +m +2)*)}

2

= 22m>1{2n (m+1)+ E 3
2n

(k+2m+12) + (m+1)Y, 3mm (322 + 8m? + 32km + 56k + 28m + 25)}.

( (32k? + 8m? + 32km + 24k + 12m + 5) +
3

After some simplification, we have

M (G, ) = 2500 {20%(m + 1) + zk:_m—m (8(2k + m)?® + 12(2k + m) +

2n—m-—3

5+ Ak +2m+1)%) +(m+1)3, n2m( (2k +m)? 4+ 28(2k + m) +25)}. O
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Theorem 7. Let G(m,n), for all m,n € N, where m is odd and n is
even, be the Cpper oxide, then the eccentricity based second Zgreb index M{™
of G(m,n) is

My*(G(m,n)) =43, {mn®+ 3173 = o (M(32k% 4+ 168k +223) 4 24k* + 120k +
151)}.

Proof. Let G(m,n), where m is odd and n is even, be the Copper oxide
contains 4mn + 3n + m vertices and 6mn + 2n edges.
The general formula of second Zagreb eccentricity index is

My (G) = ) [e(o)*.

veV(Q)

Using the edge partitioned from Table 7, we have the following computations:

M (G(myn) = 3,51 {m Ek on(B)? +2(m + 1) 3073 na (4 +9)% + (4% +
10)? + (4k + 11)?) +2m Y7 75 4(4k+12) }

=Y s {m2n)? 423070 4((m+1)(48k2+240k:+302)+m(16k2+144+96k)}

= s {4mn® +2 Zk n_t (m(48k% + 240k + 302 + 16k + 144 + 96k) + 48k? +
240k + 302)}

=3 s {4mn? + 23070 4( (64k* + 336k + 446) + 2(24k* + 120k + 151))}.
After some simplification, we have

Mi*(G(m,n)) =43~ {mn? +Ek o 4( (32k? 4 168k +223) + 24k% + 120k +
151)}. O

Theorem 8. Let G(m,n), for allm,n € N, where m is even and n is odd,
be the Copper oxide, then the eccentricity based second Zagreb index M{* of
G(m,n) is

M;*(G(m,n)) _2Zm>2{2n (m—l—l)—i—zk = 25 (m(32k% + 120k + 113) + (4k +
7)?) + (m+1) Zk n=s (32k? + 152k + 181)}.

Proof. Let G(m,n), where m is even and n is odd, be the Copper oxide
contains 4mn + 3n + m vertices and 6mn + 2n edges.
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The general formula of second Zagreb eccentricity index is
MG = Y ).
veV(Q)

Using the edge partitioned from Table 8, we have the following computations:

Mi*(G(m,n) = Zm>2{(m+ 1) Eeon(k)? + Xy ns (2(m + 1)(4k + 7)2
m(4k +8)%) + 2(m +1) i T ((4k +9)° T (4 +10)2))

= Yo {(m +1)(2n)? + sz s S_s(m((4k +7)% + (4k + 8)%) + (4k + 7)%) +
2(m +1) Zk; e nos (16k% + T2k + 81 + 16k* + 80k + 100)}

=Y msa{dn? (m+1)+2zk e s (m((16k* +49 + 56k + 16k* + 64 + 64k) + (4k +
7)? )+2(m+1)zk o 3(32l<:2+152k+181)}

= Zm>2{4n (m—l—l)—l—QZk o 5 (m((32k% 4+ 120k + 113) + (4k + 7)%) +2(m +
1)Zk s o5 (32k2 +152k+181)}

After some simplification, we have

Mi*(G(m,n)) =237, 50{2n (m+1)+2k o 3( (32k? + 120k + 113) + (4k +
)+ (m+1)3075 s 25 (32k% + 152k + 181)}. O

2.3. Eccentricity based third Zagreb index

In this section we find the third Zagreb eccentricity index of the Copper oxide
G(m,n) which is denoted by MJ(G(m,n)).

Theorem 9. Let G(m,n), for all m,n € N, where m and n both are
even, be the copper oxide, then the eccentricity based third zagreb index My
of G(m,n) is

2n—m-—2

M3 (G(m,n)) =163, Zk:,f,Tm {m(3(2k +m)? +6(2k +m)+4) + (2k +m+
1)%}

Proof. Let G(m,n), where m and n both are even, be the Copper oxide
contains 4mn + 3n + m vertices and 6mn + 2n edges.
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The general formula of third Zagreb eccentricity index is

M3(@)= ) [e(u)ev)):

weE(G)
Using the edge partitioned from Table 1, we have the following computations:

2n—m—2

ABC5(G(m,n)) = 3 =0{2(m + 1) 32, 2. (46 + 2m + 1)(4k + 2m + 2) +

(4k+2m+2)(dk +2m+3)) +4m 3>, 7, ((4k+2m+3)(4k +2m+4) + (4k +
2m)(4k + 2m + 1))} ’

2n—m—2
= Ym>o{2m + 1) 30, 2. (4K + 2m + 2)(4k + 2m + 1 + 4k + 2m + 3) +
- - 2
2n—m—2

813 ((4h+2m -+ 3)(2k +m+2) + (2 +m) (4h +2m + 1)}

2n—m—2

= m>2116(m + 1) Zk:;ﬁTm 2k +m+1)2k+m+1)

2n—m—2

+8m S, 2, (16K + 16km + 16k + 4m? + 8m + 6)}.
- 2

After some simplification, we have

2n—m—2

M3 (Gmn)) = 1600 X 2w {m(3(2K + m)? + 6(2k +m) +4) + (2k +
m+1)21, ’ 0

Theorem 10. Let G(m,n), for all m,n € N, where m and n both are
odd, be the copper oxide, then the eccentricity based third zagreb index M3 of
G(m,n) is

2n—m—1 2n—m—3

M3) =4, {3, _ 2. (4k+2m+1)(6km+3m> +2k+3m)+ 3
- -2
2m + 3)(6km + 3m? + 2k + 5m + 2)}.

(ke

2

Proof. Let G(m,n), where m and n both are odd, be the Copper oxide
contains 4mn + 3n + m vertices and 6mn + 2n edges.
The general formula of third Zagreb eccentricity index is

M3(G)= ) [e(w)e(v)].
weFE(G)

Using the edge partitioned from Table 2, we have the following computations:
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2n

M3 (G(m,n)) = Zm>1{2
om + 1)(4k + 2m + 2)) + ZZ" 2 (dm(4k + 2m + 2)(4k + 2m + 3) + 2(m +

2

1)(4k + 2m + 3)(4k + 2m + 4))}

3mm (2(m + 1)(4k + 2m)(4k + 2m + 1) + 4m(4k +
3

2n—m—1

= Zmzl{zsz—m (4(m+1)(2k+m)(4k+2m~+1)+8m(4dk+2m+1)(2k+m+

2n—m—3

1))+Zk:3,Tm (8m(2k+m+1)(4k+2m+3)+4(m+1)(4k+2m+3)(2k+m+2))}

2n—m—1
=4 Zmzl{zsz—m ((4k +2m +1)(2km +m? + 2k +m + 4km + 2m? +2m)) +

2nm3

> mm (4 +2m + 3)(4km + 2m® + 2km + 2m + m® + 2m + 2k +m + 2))}.
2

After some simplification, we have

2n—m—1 2n—m—3

M) = 42@1{2]6:3% (4k+2m+1)(6km+3m? +2k+3m)+ > :3,2m (4k+

2m + 3)(6km + 3m? + 2k + 5m + 2)}. O

Theorem 11. Let G(m,n), for all m,n € N, where m is odd and n is
even, be the Copper oxide, then the eccentricity based third Zagreb index Mj
of G(m,n) is

M (G(m,n)) =163, -, Zk o 4{4m(3k:2 + 15k + 19) + (2k + 5)%}.
Proof. Let G(m,n), where m is odd and n is even, be the Copper oxide

contains 4mn + 3n + m vertices and 6mn + 2n edges. The general formula of
third Zagreb eccentricity index is

M3(G)= ) le(u)e(v)).

weE(G)
Using the edge partitioned from Table 3, we have the following computations:

M3 (G(m,n)) = >_,>1{2(m + )Zk s ((4k + 9)(4k + 10) + (4k + 10)(4k +
11)) 4+ 4m Zk . 4((4l<: +11)(4k +12) + (4k +8)(4k+9))}

= Pzt T {20m -+ 1)k + 10)(8k +20) + dm((4k + 1Ak +3) + 4(k +
2)(4k +9))}
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=Y st Son e 4{16(m + 1)(4k? + 20k + 25) + 16m(4k? + 11k + 12k + 33 +
402 4 8k + Ok + 18)}

= 163,51 205 - a_a{(m + 1)(4k? + 20k + 25) + m(8k* + 40k + 51)}.
After some simplification, we have

M3(G(m,n)) =163, > 1 o 4{4m(3k:2 + 15k + 19) + (2k + 5)2}. O

Theorem 12. Let G(m,n), for all m,n € N, where m is even and n is
odd, be the copper oxide, then the eccentricity based third zagreb index M5 of
G(m,n) is

M;(G( n)) = 4Zm>2{zk - 3( (24k* + 86k + 77) + 8k? + 26k + 21) +
S n_s (m (24k? + 106k + 117) 8K 4 38k + 45)}.

Proof. Let G(m,n), where m is even and n is odd, be the Copper oxide
contains 4mn + 3n + m vertices and 6mn + 2n edges.
The general formula of third Zagreb eccentricity index is

M3(G)= ) le(u)e(v)).

weE(G)

Using the edge partitioned from Table 4, we have the following computations:

M3 (G(m,n)) =3, 0{> 1 as nza (2(m + 1)(4k + 6)(4k +7) + dm(dk + T)(4k +
8)) + Zk n- (4m(4k + 8)(4k + 9) +2(m + 1)(4k + 9)(4k + 10)) }

= Zm>2{2k o 3( (m+1)(2k—|—3)(4k:+7)—|—16m(4k:+7)(k:—l—Q))-i—Zk - 3(16m(k:+
9)(4k + 9) + 4(m + 1)(4k + 9)(2k + 5))}

= Coa {4 s (4R 1) (m 1) (2 +3) + dm(k +2))) +4 7 (4h +
9)(4m(k + 2) + (m + 1)(2k + 5)))}.

After some simplification, we have

M3 (G(m,n)) = 4Zm>2{zk . 3( (24k* + 86k + 77) + 8k? + 26k + 21) +
S s (m(24k? 4 106k + 117) - 8k2 4+ 38K + 45)}. O
-2
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