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Abstract: The paper presents the estimate for the total variation distance
between the distribution of the number of appearances of homogeneous disjoint
events in a segment of strongly ergodic Markov chain on the finite state space
and accompanying Poisson distribution (i.e., Poisson distribution with a pa-
rameter equal to the expectation of the random variable under consideration).
For this purpose the Chen—Stein method was used. As a result Poisson and
normal limit theorems for the number of events appearances are derived. The
considered scheme describes the well-known number of runs on consecutive let-
ters, the number of f-recurrent runs, etc., and can be used for describing the
properties of distribution of the special form scan statistic.
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1. Introduction

The problem of the number of runs of consecutive identical letters in a sequence
of independent random variables [7] and its generalization to the case of a
sequence forming a Markov chain (see, e.g., [4]) are well known. We consider
the following more general scheme.
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Let {X;,j =1,...,n} be a Markov chain, s > 1. We suppose (informally)
that the random event A; depends only on the random variables X, ..., X,
and that the set of events {A;,7 =1,2,...,n — s} is homogeneous and has the
property P{A4;A;} =0 for |i — j| <s.

In this paper, we study the distribution of the number of appearances of
events A; in a segment of a Markov chain. For example, such a scheme describes
the well-known run of consecutive letters. Thus, according to [7, p.62], the
letters X, ..., X s form a run of consecutive a’s of at least ¢ length if X; 1 #
a,Xj+2 = a,...,Xjth = a.

This definition could be expanded. Let f : Ay, — An be a numerical
function, [ > 1. We define the event as follows:

A ={X;u # f( X5, Xjp—1), Xy = [(Xjg1, - X)), -
Xjirt = (Xt Xjpire—1) b

In this case, the event A; means that X;,..., X, ;4 form an f-recurrent run
of length at least ¢ (see. [17]). The events A; and A; are incompatible for
li—j|<s=t+1

It is easy to see that the concept of the f-recurrent run includes a run of
consecutive a’s ([7, p.62]). Indeed, if | = 1 and the function f = a,a € Ay,
then

Aj={Xjn #a,Xjp0=0a,...,Xj111 =a}

and the f-recurrent run coincides with the run of consecutive a’s of at least ¢
length.

The exact distributions of the numbers of runs in binary Markov chains were
studied by Savelyev and Balakin [23, 24], Antzoulakos [1], Inoue [11], and their
limit distributions in Markov chains with any number of states were obtained by
Tikhomirova [25], Chryssaphinou et al. [5], and Fu et al. [9]. The distribution of
the length of the longest run was considered by Erdos and Revesz [6], Fu [8], and
Lou [13] for a sequence of independent random variables and by Chryssaphinou
and Vaggelatou [4, 26] and Zhang [27] for a Markov chain.

The distribution of the number of f-recurrent runs in a sequence of inde-
pendent random variables was studied by Mikhailov [16, 17]. Similar results
for the number of usual and f-recurrent runs with possible omissions of letters
were obtained by Mezhennaya in [14] and [15], respectively. There are other
generalizations of the problem about the distribution of the number of runs. For
example, Minakov [22] discussed the distribution of the number of monotone
tuples and runs in a finite ergodic Markov chain.
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The problem under consideration is closely related to the problem of the
number of repetitions of tuples in a random sequence. The limiting distribution
of the number of pairs of identical tuples in a Markov chain was studied by
Mikhailov and Shoitov [18, 20, 21], and the number of tuples with the same
structure by Mikhailov [19].

The considered problem is also related to the description of properties of
widely known scan statistics. According to [10, p. 58], scan statistic is defined
as follows:

i+s—1
T, (u) = max g Iy
n,s() 1<i<nkt1 L {X;>u}
Jj=i

(in what follows 14 is an indicator of a random event A). The value of T, s(u) is
equal to the maximum number of exceedance occurrences by the random values

{Xj,7=1,...,n} of the threshold value u among all moving windows of length
s. We denote
i+s—1 i+s
Ai=9 D 0 I =11 D Lysuy =1
J=i J=i+1
Then

(T s(u) < 1} = {z_: I, = 0} .
=1

The distributions (both exact and asymptotic) of scan statistics for a sequence
of independent random variables have been well studied [10], and their appli-
cations in various applied problems [10, 2] are also widely discussed.

In this paper, we estimate the total variation distance between the distri-
bution of the number of appearances of events A; in a segment of Markov chain
and the accompanying Poisson distribution. As a result the Poisson and normal
limit theorem for the random variable under consideration will be derived.

2. Main Results

Let {Xj,j =1,...,n} be a strongly ergodic stationary Markov chain with the
states set Ay = {1,...,N}, N > 2, with the transition probability matrix

P = ||papllapesy and stationary distribution {74, a € An}. The elements of

(n) 1)

the matrix P" are denoted by p,;, forn =1p; = pap-
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According to [12, Cor.4.1.5, p. 71] there are constants C,~ > 0 such as
|pgnb) —mp| < Cmpe™ ™, n > 1. (1)

We assume that the random event A; depends only on the random vari-
ables Xj,..., X s, s > 1, and that the set of events {A;,7 =1,...,n — s} is
homogeneous and has the property P{4;A4;} =0 for |i — j| < s.

Let I' = {1,...,n — s}, {aj = I;,j € I'} be the set of random indicators
corresponding to the random events {A4;,j € I'}, and Q, = P{A;} be the
probability of any event from the set {A4;,j € I'}.

We define the random variable £ = Z;:f aj, which is equal to the number
of appearances of events A; in {X;,j =1,...,n}, and its expectation

As = EE = (n— 5)Qs. (2)

The following notation will be used: £(§) for the distribution of the random
variable &, Pois(\) for the Poisson distribution with parameter A, A/(0, 1) for the
standard normal distribution, and p (£(§), £(n)) for the total variation distance
between £(&) and L(n), respectively. For non-negative integer random variables
& and 7 the total variation distance is given by the formula

p(L(©). L) = 5 3" IPE =} ~ Pl =)
u=0

Theorem 1. Let s,.n > 1 and Ay > 1. Then

p(£<£>,Pois<As>)<(2<s+2m>+1+ 2¢ ) A

e"—-1)n—s
+Ce ) /X, (2 4+ Qe mtD) 4 e*'y(ererl)) 7

where the constants C' and v are defined in (1).

Corollary 2. Let s,n — oo, such that s/n — 0, Qs — 0, \s = A € (0,00).
Then L(§) — Pois(\).

Corollary 3. Let s,n — oo, such that \s — 0o, sAs/n — 0, Ay = o(e?®).

Then L((§ — Xs)/vVAs) = N(0,1).

Corollaries 2 and 3 follow immediately from Theorem 1.
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3. Proof of Theorem 1

We will use Theorem 1.A of [3, p. 9] and the proof scheme proposed by Mikhailov
and Shoitov [21] and Minakov [22] to estimate the total variation distance be-
tween the distribution of the random variable £ and the accompanying Poisson
distribution (i.e., the Poisson distribution with parameter \y).

For each i € T' we define the set of indices I'f = {j € I'\{i}} such that
a; and «; are strongly dependent. The remaining indices are assigned to the
set T = I'\{T'{ U {i}}, which is called a set of weak dependence for a random
indicator «;. We present the formulation of Theorem 1.A from [3] for our case.

Theorem 4. For each i € T, let the set I'\{i} be split into the disjoint
subsets I'; and I'}’. Then

p(L(€), Pois(As)) < min {1, Ai} (S1 + S2) + min {1, \/LA_} S (3)

where

S1=> > EqEq, (4)

el jersu{i}

Sy = Z Z Ea;aj, (5)

il jers

S3=> E[Ea; — B (| {ay,5 €T} (6)
el

Letm>1. WeputI'y ={jel:1<|i—j| <s+m}, ' =T\ ({i}uly),
and estimate all summands in (3).
Let us begin with the sum S;, which is given by (4). Since |I'Y U {i}| <
2(s+m)+ 1 and |[I'| =n — s, then considering the definition (2), we derive
S1< (2(s +m) +1) (n = $)Q2 = (2(s +m) + 1) A,Qs. (7)

Next, we turn to Sy (see (5)). The incompatibility of events A; and A; with
li — j] < s leads to

i+s+m
SQ S 2 Z Z Eaiaj.
i€l j=i4s+1

Due to the Markov property we obtain

Eajo; = P{4;A;} = P{A;}P{4;|4;} < Qs max P{4;|X;is =a}. (8)
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Then

_ (G—i-s) 1
P{Aj|Xi+s =a} < brgji\i Doy W_st

< max (1 4+ CeiV(j*ifs))iQs =(1+ 0677(]'72'75))625-
be Ay Ty

Substituting this estimate into (8), we obtain
Eajo; < (14 Ce U792,
Then, it follows from (5) that

m

_ 1—em
Sy < 2(n — 5)Q? ;(1 + Ce ) =2(n — 5)Q? <m + Cﬁ) .
Applying definition (2) to the last estimate produces
Sy < 2\ ¢ 9
2 <2XQs | m+ o —1)° 9)

To estimate the sum S3 we use the scheme proposed by Mikhailov and
Shoitov [21] and Minakov [22]. We start with a separate summand of S3, which
we denote as s3; as follows:

53, =E|Qs — E(o[{aj,7 € T{})].
According to the Markov property there are three possible cases:
a)form+2<i<n—s—m-—1

53 = E|Qs — E (i { Ximm—1, Xitstm+1})];
b)for 1 <i<m+1
s3; = E|Qs — E (o4 Xitsimr1)|;
c)form—s—m<i<n-—s
53; = B|Qs — E (| Xi—m—1)] -

First, for case a) we have

s3i= Y Qs —B(lXiim 1 =0 Xifsrmi1 =b)|x
a,be An

xP{Xi m1=0a,Xitstmi1 = b} =
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= Z |Q3P{Xi—m—1 = aaXi-l—s-i-m—I—l = b}_
a,be AN

—P{A;, Xi 1 =0, Xiys1mi1 = b} (10)

Since P{X;_—1 = a, Xitstmt1 = b} = mp ZJZQ(MH), then the use of (1) leads
to the following estimate

520D —m| < Cmem s FAmAD),

Now we can find the upper and lower bounds for the second probability in

(10):

1
P{A’LyX’L m—1 —a XZ+S+m+1 — b} < Ta maj‘( p(m-I—l) Qspz()??’g+l)

u,ve u

< me®s max (1l + Ce_"f(m‘i'l))iﬂ-b(l 4 Ce—w(m—i—l))

u,vEAN Ty
= TampQs(1 + Ceiy(erl))Z. (11)
Analogously,
1
u,vEAN Tu v,
1
> 1,Qs min (1 — Ce V™M) —7, (1 — Ce 7 (mHY)
u,EAN T
= 7Ta7Tst(1 — 06_7(m+1))2, (12)

Substituting (11) and (12) into (10), we obtain

s34 < Z TaTbQs [(1 + Ce*’Y(erl))Z B (1 _ 06*7(5+2(m+1)))}
a,be Ay

< Cef'y(erl)QS |:2 + Cef'y(erl) + ef'y(ererl))] ] (13)

The number of such summands in the sum S3isn — s — 2m — 2.

We turn to case b). Similarly to case a) we derive

83,0 = Z Qs — E(i| Xitstm+1 = a) | P{Xits4m+1 = a}
a€EAN

= Z |QsP{Xitstm+1 = a} —P{A;, Xitsimi1 = a}|
aEAN
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= > Qs — P{A:, Xitsmi1 = a}. (14)
acAn

Now we write the upper and lower bounds for the second probability in
(14):

P{A;, Xitspms1 = a} < max Qgpimth
vEAN ’

< Qs max mg(l+ Cef“*(m“)) = 1,Q4(1 + Ce*'Y(mH)),

u,vEAN

P{A;, Xivstmi1 =a} > m}‘H Qi) > 1,Q4(1 — Ce7mHh),
VEAN ’

From the last two formulas we derive

$30S Y TaQs [(14+ Ce0mD) —1) = e, (15)
aEAN

Similar calculations in case ¢) lead to the same estimate. The total number
of summands in cases b) and c¢) is 2m + 2. Substituting the estimates of the
terms (13) and (15) into (6), we obtain the following estimator:

Sy < Ce " MHNQ (n — s — 2m — 2) (2 + CemmHl) 4 6_7(S+m+1)>
+Ce ™MD Q (2m + 2)
< Qe VmH N (2 + Ce Mt e*V(“mH)) : (16)

The statement of the theorem arises from the formulas (7), (9) and (16). The
proof of Theorem 1 is complete.
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